
  

 

Nonlinear optics: a back-to-basics primer  
Guoqing (Noah) Chang, October 12, 2015 
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Lecture 2: nonlinear susceptibility 
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Interaction between EM waves and materials 

Light wave perturbs material 

Perturbed material alters the light wave 

Examples of changes to light wave: 
 
− Frequency  
− Amplitude and phase  
− Polarization state 
− Direction of propagation 
− Transverse profile 



Response to a monochromatic field: forced 
electron harmonic oscillator 

mass damping frequency of undamped oscillator 

force 
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electron charge 

)(2 2
02

2

teExm
dt
dxm

dt
xdm −=++ ωγ

tjetx ωx)( = tjetextp ωp)()( ==

E
2

/x 22
0 ωγωω j

me
+−

−
=

ωγωω
εωχ

j
mNe

2
)/()( 22

0

0
2

+−
=

tjetE ωE)( =

E
j

mNeNexP
ωγωω 2

/
22

0

2

+−
==



Note on complex notation 
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We live in the “real” world; that is, a real world signal has components of 
positive frequency and negative frequency. 

Normally it is safe in calculation to only keep the complex, positive-
frequency component. Of course, you may also calculate the susceptibility 
for the negative-frequency: 

tjetE ω−∗= E)(



In linear optics, susceptibility is independent of 
the input light field 
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Linear optical system 

Linear 
Optical 
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Potential energy function 
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Potential energy function for this harmonic oscillator is 

This is a good parabola approximation when the 
amplitude of E-field is weak. As E-field becomes large 
enough, the electron oscillation amplitude 
proportionally increases to the level that higher-order 
correction term needs to include: 

Potential energy function for a non-
centrosymmetric medium. (Adapted 
from Nonlinear optics, Boyd) 
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Higher order correction 

This equation describes an anharmonic electron 
oscillator. That is, the oscillation response to a 
sinusoidal wave is NOT a sinusoidal wave anymore.  

http://physics.stackexchange.com/questions/12753
1/lack-of-inversion-symmetry-in-crystal 

Color code—blue: linear response; green: 
frequency doubled; red: DC 



Linear interaction is an approximation for weak field 

wave 
equation: 

New frequencies are generated due 
to nonlinear light-matter interaction. 

Small amplitude 
Sine wave input 

Excited polarization 
at the same frequency 

Large amplitude 
Sine wave input 

Modified output that contains 
DC, and harmonic waves 

In general,      is a nonlinear function of   P E
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Linear 
susceptibility 

2nd order 
susceptibility 

3rd order 
susceptibility 

4th order 
susceptibility 



Response to an intense field:  
forced electron anharmonic oscillator 
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Nonlinear response 
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                             we can use perturbation theory to solve the equation 
by expressing the solution in the form of a power series expansion in the 
strength of  η

For 
2
0ωη <<x

Plugging          into the oscillator equation, we require that the terms proportional to 
          

                each satisfy the equation separately.  
)(tx

0η 1η 2η

:0η
m

teEx
dt

dx
dt

xd )(2 )1(2
0

)1(

2

)1(2 −
=++ ωγ

:1η 2)1()2(2
0

)2(

2

)2(2

][2 xx
dt

dx
dt
xd ηωγ −=++

:2η )2()1()3(2
0

)3(

2

)3(2

22 xxx
dt

dx
dt
xd ηωγ −=++



Perturbation theory 
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Perturbation theory 
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Follow the similar procedure, we get the amplitudes of the response at the other 
frequencies: 
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Second-order susceptibility 
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Follow the similar procedure, we get the 2nd-order susceptibility at the other frequencies : 

Sum-frequency generation (SFG) 

Difference-frequency generation (DFG) 

Second-harmonic generation (DFG) 

Optical rectification (OR) 

1=F 21 ωω =

21 ωω ≠2=F

Degeneracy factor: 



Even-order nonlinear effects vanish for centrosymmetric 
optical crystals 

Nonlinear 
polarization 

E field 
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For centrosymmetric optical crystals, if we 
replace E by –E, according to the symmetry, 
P should become –P. This means 

NNNN EE 2)2(2)2( )( χχ −=− 0)2( =Nχ

For example, glass is centrosymmetric and 
therefore the lowest-order nonlinearity arises 
from the third-order nonlinear susceptibility. 12 

E field 

Nonlinear 
polarization 



Linear susceptibility is a matrix for optically 
anisotropic media 
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Only true for 
optically isotropic 
media 
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For optically anisotropic media, linear susceptibility is a 3X3 
matrix (a 2nd-rank tensor): 

),,(),( zyxji =



2nd-order susceptibility is a 3rd-rank tensor 
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Take sum frequency generation(SFG)                                as an example: 
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We can represent the lengthy expression using tensor notation: 

is a 3rd-order tensor with 27 (3X3X3) elements. According 
to the crystal symmetry, most of them are zeros. 
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Susceptibility is a tensor 

Linear (the 1st-order) susceptibility is a 2nd -order tensor (i.e., 3 by 3 matrix):  

A more convenient notation: repeated 
indices imply summation. 

Tensor describes linear relations between geometric vectors, scalars, or other tensors.   --Wiki 

Tensor rank 

# of components 

0 (scalar) 

130 =

1 (vector) 2 (matrix) 3  4 

331 = 932 = 2733 = 8134 =

Examples a
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2nd-order susceptibility is a 3rd -order tensor 
with 27 elements:  )()(),,( 21
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Kleinmann symmetry reduces number of tensor elements 
If all the frequencies involved are far away from the resonance frequencies of the medium, 
the nonlinear susceptibilities are independent of frequency and         indices become equal: 
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Under Kleinmann symmetry condition, 
27 elements are reduced to 10. 



Contracted suffix notation 
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Contracted suffix notation is more commonly used in literature: 
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Contracted suffix notation 
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 Under Kleinmann symmetry condition, 
some of these 18 elements are the 
same, and there are actually 10 
independent elements.  

1425 dd = 1531 dd =1226 dd =

2432 dd = 2334 dd = 1335 dd = 1436 dd =

 Crystal symmetry causes most of the elements to be zero 
for most symmetry groups. Take BBO as an example:  
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There are only 4 independent elements. 

Vpmumd /2.2)064.1(16 = Vpmumd /03.0)064.1(15 =

Vpmumd /04.0)064.1(31 = Vpmumd /04.0)064.1(33 =



Example: SHG of o wave in BBO 
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z (optic axis) 
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One special case: assume the k vector in the yz 
plane, and the electrical field is along the x-axis; 
that is, we consider an ordinary wave.   
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Diople oscillating along k-direction does 
not radiate into k direction. 

In the k-z plane and 
therefore it radiates e wave 
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Seems to suggest choosing               to maximize 
the nonlinearity.  The answer is NO! (we will show 
why later.) 
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Early history of lasers  

 1917: on the quantum theory of radiation – Einstein’s paper 
 

 1954: MASER by Charles Townes (1915—2015) et al. 
 

 1958: Charles Townes (Nobel Prize in 1964) and Schawlow 
(Nobel Prize in 1981) conceive basic ideas for a laser. 
 

 1960: LASER coined by Gordon Gould (1920-2005). 
 

 1960: First laser (Ruby) by Maiman 
 

 1961: First HeNe laser, followed by invention of most lasers. 
 

 1977: Gordon Gould awarded the patent for the laser. 

Optics & Photonics News, 2014 

MASER: Microwave Amplification by Stimulated Emission of Radiation 
              (Means of Acquiring Support for Expensive Research) 

If you’re a nobel prize winner, and 100 years old, you can 
comment other winners using harsh words: 
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The very weak spot due to the second harmonic is missing. It was 
removed by an overzealous Physical Review Letters editor, who 
thought it was a speck of dirt and didn’t ask the authors first. 

SHG Input 

First SHG experiment performed 1 year  
after laser was invented 
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SHG in daily life: green laser pointer 
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Take-home message 

 Material polarization at high input E-field can be modeled 
by anharmonic electron oscillation. 
 

 2nd –order nonlinear susceptibility is a 3rd rank tensor 
with 27 elements and 3rd –order nonlinear susceptibility 
is a 4th rank tensor with 81 elements.   
 

 Most of these tensor elements are zero rendered by 
Kleinmann symmetry and crystal symmetry. 
 

 Even-order nonlinear effects vanish for centrosymmetric 
optical crystals. 



Suggested reading 

Anharmonic oscillator model 
 

-- Robert Boyd, Nonlinear optics, chapter 1 

 
Nonlinear susceptibility: tensor and symmetry 
 
 

-- Geoffrey New, Introduction to nonlinear optics, chapter 4 
-- George Stegemann and Robert Stegemann, Nonlinear 
optics, chapter 2 
-- Robert Boyd, Nonlinear optics, chapter 1 
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