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2.4 Properties of the nonlinear susceptibilities 
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2.4.1 Physical fields are real 

2.4.2 Permutation symmetry 

numbering 1 to n arbitrary  use symmetric definition 



2.4.3 Symmetry for lossless media 
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two additional symmetries: 

• imaginary part of the susceptibility describes loss and gain 

     susceptibilities of lossless media are real 

• complete permutation symmetry independent, if the frequency is 

an input or output frequency 

 

 

 

In combination with first symmetry (Eq. (2.40)) 

 



2.4.4 Kleinman’s symmetry 
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low-frequency range: medium lossless,  

susceptibilities essentially independent of wavelength 

 indices of susceptibilities can arbitrarily be permuted, 

    nonlinearity responds instantaneously to the electric field 



2.4.5 Neumann’s principle 
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coordinate transformations (inversion, mirror image and rotation) T 

of field and polarization vectors E and P 

 

 

 

 

 

 

 

 

inversion, mirror image and rotation are  

orthogonal transformations:  
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employing Einstein’s summation convention 

 

 

 

relations in the two coordinate systems 

 

 

 

Then 

 

 

 

 nonlinear susceptibilities are tensors 

transformations, that do not change the physical reference between 

the fields and media, leave the susceptibilities invariant.  

The 32 crystal classes, that can be derived from the 7 crystal 

systems, are characterized by being invariant under a point 

group. I.e., the susceptibility tensor of materials, belonging to a 

certain crystal class, must be invariant under the corresponding 

point group (Neumann’s principle). 
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Example: let’s consider inversion 

 

 

susceptibility tensor of the inverted medium 

 

 

If the medium is invariant under inversion, it follows for n=even 

 

 

i.e., in an inversion symmetric medium, the susceptibility 

tensors of even orders vanish  

(no linear electro-optic effect, no SHG) 

 

Of the 32 crystal classes, already 11 possess inversion symmetry. 

Remaining 21 non-centrosymmetric crystal classes, the number of 

nonvanishing tensor elements        further reduce because of other 

symmetries. The symmetry properties of        are the same as those 

of the piezo-electric tensor. 
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If the even nonlinear optical processes are forbidden by symmetry 

(e.g., in media such as glasses, gases, fluids), processes of third 

order are the dominating nonlinearity. The existing inversion 

symmetry also reduces the non-vanishing susceptibility tensor 

elements of third order         . 



2.5 The reduced susceptibility tensor of second order 
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second-order susceptibilities are expressed in terms of nonlinear 

coefficients 

 

 

 

If Kleinmann symmetry condition is valid (or for SHG), the nonlinear 

coefficients can be formulated in reduced form                        , i.e., 

in these cases the indices j and k can be permuted. 

 

 

 

For SHG 
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The 14 Bravais lattices 
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Example to illustrate how the susceptibility tensor of a crystal class, 

that is invariant with respect to a point group, is restricted: 

 

point group mm2   (e.g., KTP und KNbPO4) 

 

This crystal class is invariant under 180°rotations around z-axis 

and mirror images on the planes m1 and m2, that 

contain the rotation axis 

 

tensor elements transform just like the coordinates 
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If the second-order nonlinear processes are forbidden by symmetry, 

then the dominating nonlinearities are of third order.  

This is obviously the case in particular for isotropic media, such as 

liquids, gases or glasses, as they are inversion symmetric. 

 

Isotropic media in addition possess other symmetry properties, 

e.g., invariance under mirror imaging on a plane. This symmetry 

requires that each index must occur twice, unless the 

corresponding tensor element vanishes. 

 

 the possible 34=81 tensor elements already reduce to 

21 elements. 

2.6 The third-order susceptibility tensor 
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Chapter 3:   The wave equation with sources 
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The nonlinear wave equation (3.3) can be solved approximately 

for the case of plane quasi-monochromatic waves propagating into 

the positive z-direction: 

 

 

 

Slowly Varying Envelope Approximation (SVEA) 

 

 

 

 

 

Inserting the ansatzes (3.4) and (3.5) in (3.3) 
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Some remarks on 

 

 

 

•The medium conductivity σ leads to losses and therefore 

damping of the propagating wave.  

•The medium’s nonlinear polarization can lead to both gain or 

damping, depending on the relative phase between the electric 

field and the polarization (parametric amplification, frequency 

conversion, stimulated scattering processes as Raman and Brillouin 

scattering, multi-photon absorption). 

•If the nonlinear polarization is in phase or in opposite phase of 

the electric field, it corresponds to a a nonlinear change of the 

refractive index, leading to a phase shift of the electric field 

(Pockels effect, Kerr effect).  

•If the polarization is advancing the field by 90o, the polarization is 

supplying energy to the field. In the opposite case, the polarization 

is extracting energy from the field.  

•phase relation is changing during propagation, if no phase 

matching of the process, i.e., k = kp, is achieved. 26 


