NLO Lecture 2: Important Nonlinear Optical Processes
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1.2 How does Nonlinear Optics work?

P: Polarization (Dipole moment / unit volume)

p: dipole moment per atom or molecule
N: Number density

P=Np

q: charge that is displaced
I: displacement

p=g¢q-l
(a) ) (b) E field
®

-

Figure 1.1: A simple atom model explaining the effect of in optical electric
field on the induced polarization in an atom: (a) without field, (b) with field.
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Perturbation Expansion

p: nonlinear dipole moment of atom or molecule

E E\? E\* E
- o (£ @ (& 3 [ 2 LU E ey
P=1a q{o‘ (Ea>+a B) " \E) " w5 Y

a¥: typical excursion of electron cloud at the critical field
is on the order of the Bohr radius

o’ = d, = 107%m

E, :critical field where perturbation theory breaks down:
ionization field strength

“© __qy4. 1()-MK = 1.4GV /em, (1.2)

E, =
dmegd? m

6o = 8.854 - 107 F/m the vacuum dielectric constant



Estimate for nonlinear susceptibilities

1 mol, i.e. the typical density is Ny = 6 - 10*® cm™3

Nonlinear susceptibilities

P =¢ [X(l)E +YPE2 OFE3 + ... ] : (1.3)
order 7 || v model value typ. material value
\(1) - Neall)
1 __ coba n=2.9 Quartz: n=1.45
~ (.0
(2)
9 X
=
(3)
3 A ]
=

Table 1.2: Linear ancl nonlinear optical susceptibilities from a simple atom model.
We used no(KDP)= cdy, = a® =100 m e = ¢ = 16-10717 C, ¢ =

8.854 - 1012 F/m, E, = ﬁr =14-10" V/m, N =6- 1023 10m=>



Estimate for (nonlinear) susceptibilities

Refractive index:
n? = (1+xW). (1.4)

As table (1.2) shows, the model predicts

(1) L N@Oda

_ 1.5
X Fe (1.5)

refractive index n = 2.9

About right!



1.3 Important nonlinear optical processes

Let’s assume:
that there are two waves with angular frequencies w; and ws and resulting wave
numbers, then the second order term includes

. . 2
E? = (El cos (w1t — k1z + @) + Es cos (wat — koz + 902)) . (1.6)
or
E? = FE?cos® (it — kiz + ;) + E2cos? (wat — koz + )
+ 2FE31FE5cos (wit — k12 4+ ¢q) cos (wat — kaz + ) (1.7)

Using the addition theorem of the Cosine-function

cos(a) - cos(f8) = % [cos(av + B) + cos(a — §)]

we find
1 /- ~
B = = (Ef + E§>
1 /4 .
5 (Ef cos [2 (w1t — k12 + ¢q)] + E3 cos [2 (wat — koz + gpz)]>
+ ElEQ COS ((wl — wg)t + (]{71 — kQ)Z —+ ©Y1 — 902) (18)
+ E1E2 COS ((wl + Cdg)t + (k’l + ]{72)2 + ©1 + @2) .



Important nonlinear processes

susceptibility

nonlinear pProcess

\(2) (.2w‘1 wl.w1)

frequency doubling

Y9 (ws; wy, £ws)

sum- and difference-frequency generation.
2-photon absorption, saturable absorption

y? (w1;wi, 0)

linear electro-optic effect, SFG process

Pockels effect ‘”.2.}. .

\(2) (0; w1, —w1)

optical rectification s
w1

x®) (w; w1, 0,0)

DC Kerr effect

) (wi;wy, w1, —wi)

self-phase modulation, self-focusing
2-photon absorption, saturable absorption

X (2w wy,w, 0) field-induced second-harmonic generation

X\ (Bwy; wy, wi, wi) frequency tripling

X (wo; wa, w1, —wi) stimulated Raman scattering (wy;p = ws — wq)
Y (2w — wa; wy, wy, —ws four-wave mixing, CARS (wyip = wo — w1)

Table 1.3: Important nonlinear optical susceptibilities and corresponding nonlinear

optical processes. The first argument in the susceptibility gives the frequency of

the generated wave and the other arguments after the semicolon give the frequency

components of the input waves.
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1.3.1 Linear electro-optical or Pockels Effect
KDP: Potassium dihydrogen phosphat: KH,PO,

—_— E,
Xl

M

y

KDP crystal

Induced birefringence when electric field is applied in z-
direction

AQ§ — k(nw/ — ny/)L



Electro-optic modulator

KDP: Potassium dihydrogen phosphat:

analyzer
| X '\ N
In X' out
— \/r y' yl —
¥
polarizer KDP crystal A /4 plate

Induzed birefringence when electric field is applied in z-
direction

AQ§ — k(nw/ — ny/)L



Electro-optic modulator

‘ ‘ 3
€:122:1+,\ = ‘7?-2—1:,\:,\_() E+4\ |E|+

‘) / 2 - ; 4 / ;
or n” = (ng+ An)* = nj + 2noAn.

X(2) E,
2%0

An =

— Ny — ny/



Modulator transmission

1.2 —

0.8 |-

0.4 —

power transmission

0.0 |--

| | | | |
-0.4 -0.2 0.0 0.2 0.4

VIV,

Figure 1.3: Transmission through an electro-optic modulator
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1 mol, i.e. the typical density is N4y = 6 - 10** cm

Estimate for nonlinear susceptibilities

Nonlinear susceptibilities

PZEO [X(l)E+X(2)E2_|_X(3)E3_|_ ]7

—3

(1.3)

order i || v model value typ. material value
\(1) __ Nea)
1 __ coka n=2.9 Quartz: n=1.45
~ (.0
\(2) s g Neal)
2 coEg Ve = ’\?% =30 kV | KDFP: V...=7 5 k\
o (e X
(3)
. \
3 |
=k

Table 1.2: Linear and nonlinear optical susceptibilities from a simple atom model.
We used ng(KDP)= 2.3, d, = o) = 107109 m, e = ¢g = 1.6-1071° C, ¢ =
8.854-10~2 F/m, B, = 25 =1.4-10" V/m, N = 6-10% - 10°m~>.



1.3.2 Self-phase modulation
% 7.
I = ‘E) /(2Zy) according to
n = ng(w) + noyl. (1.13)

Z is the impedance of the wave in the mediun

3XVIEP _ 3xW 21

An = nQI[ = — .
4 2710 4 Mo
3v®Z, 3 @
nor = ~ i
4 nk 4 egconi
order 7 || v model value typ. material value
\(1) __ Nea)
1 _ . coba n=2.9 Quartz: n=1.45
=75
\(2) __ Nea®
2 coE3 V=21 —30kV | KDP: V, =7.5kV
54.1071tm o
3 s 9 | Quartz: ng




1.3.3 Self-focusing

Refractive index n >1
Lens

Intensity-dependent refractive index: "Kerr Lens"  catastrophic self-focusing

Kerr-Lens Mode locking

self-focusing Aperture

WER

Laser
beam

T.0

.

QCO<KPDTHVNODT—I DO ON

Intensit
Intensit

Intensit
y

Time Time ' Time 14



Amplitude

1.3.4 Optical Solitons

Nonlinear Schrodinger Equation (NLSE)
0A(z,t) 52 A b,

-~ 19 .
3 - = —D2 7 <40 .*U‘A D, =— ﬂz is GVD.
92 ot2 t2
1 20
COS £ 10—
g_ 0 wavelength in um
2. c | | —
s 1.2 16
15 :‘i'] 0
Il i 3
1l
N 1 -20
Iy
05+ iln’,”llm,mflm ’"m "” A\ il
EEW%%%}‘%%%&\\ Figure 1.4: Disperson of standard optical fiber in practical units.
. e

0.2
0.4

Distance z
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2 Nonlinear optical susceptibilities

A general electric field can be written as a superposition of waves with different
frequencies (sum or integral)

Z Z {E wg el Wal=ker) | ¢ }e (2.1)

WQ,>O 1=1

r,t) =Y P"(r1) (2.2)

with
P (r t) = Z 1 { wy) el rt=ior) 4 c.c.} e;. (2.3)
2

16



Nonlinear optical susceptibilities

For the i-th component of the n-th order nonlinear polarization with fre-
quenz w, we define the susceptibility tensor as

A

P (wy) = = ST (@t W wn) By (@) - Br(wa), (2.4)

P 4.k
wp = Zwi and k;, = Zki' (2.5)
i=1 i=1

where the sum over P is the summation over all possible permutations of
frequencies wy, ....,w,, that lead to the same resulting frequency w, and m is
the number of fields with a frequency different from zero. For visualization a
few examples

PP(ws) = & wak wi,ws) Bj(wn) B(ws), (2.6)
w3 = Wy —|— wy and ks = k; + ko. (2.7)

( — Sum Frequency Generation, SFG)
17



Nonlinear optical susceptibilities

PP(ws) = c0 ) xih(ws s wi, —wa) Bj(wi) B (wn), (2.8)
'k
W3 — W1 — Wo und k3 — k1 — kg. (29)

( — Differenz Frequency Generation, DFG)

~ 0e A A A
PP (wy) = —* ZXS);Z (Wa : wi, w2, —ws) Bj(wr) B (w2) By (w3), (2.10)
gkl
Wy = W)+ Wy — Ws und k4 :kl—l—kg—kg. (211)

( — Four Wave Mixing, FWM)

Remember, the susceptibilities are symmetric with respect to a permutation
of the input frequencies {w;}, since it is arbitrary which frequency is considered
to be wy,i.e.there is

nglz(w - W1, W2, ) — XEIZJ)(CU - W2, Wi, ) (212)
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2.2 Classical model for nonlinear optical suszeptibility

oV (x) r
F(x) = — 7= — MW (1 + — + b2> (2.13)
= —mwgaj — mﬁgxz — mfsx” (2.14)
W? w2
ith B, = — and — . 2.15
with [ - an B3 = =l (2.15)
d*x wWo d,r
d*x 540 dx €o
dt2 Q p + wir + Box® + Baa’ = _EE(t)' (2.16)

Perturbation Solution:

Box + Bar?| < Wi x(t) = 2o(t) + exq(t) + ao(t) + ...
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d2
ﬁ—i—

Zero order solution

wod | o _ &
2th +w0> wo(t) = ——E(1)
wWo d

wo d
26()% + w%) To(t) = —2Box011 — 3B31571

(2.18)
(2.19)

(2.20)
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2.2.1 Linear Susceptibility
1

xo(t) = 3 (Zo(w)e™ + c.c.)
PY¢) = % (P(l)(w)ej“’t + c.c.) — —Neg - zo(t)
1n case of a ti11‘10—va.1‘__\;'i11g? field with amplitude F(w) and frequency w
E(t) = % (E(,w)e-jwt & c.c.) (2.21)

Eq. (2.18) with xo(t) or its Fourier transforms

g —€0 A
(0) : Zo(w) = = E(w),
m (wg —w? + ]§w0w>
i"\'r 2 A A
0 Ew) = Eo,\(l)E(w).

(1) = PU{w)=
m (wg —w?+ j%wow)

Therefore, the linear susceptibility 1s NeZ .
wp = 1/ —2 1s the plasma frequency
mEO -
'\'TCQ w2
1 s O P é )¢
W (w) = - (2.22)



Real and Imaginary Part of the Susceptibility

X(l) _ X(l)/ _|_]-X(1)// (223)
2
2 (1 — %)
V= Z]; 0 (2.24)
0 w2 4 w?
[(‘@)*@E]
2 2 w
O = 2 2o (2.25)
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Real and Imaginary Part of the Susceptibility

e} 1.0 0.6
N -
b L 04 &
= o
3 - 02 3
£ 0.5 00 =
S G
e — -0.2 *
© A
C
5 04 P
2 00 |
£ 0.0 0.5 1.0 1.5 2.0

w/ wy

Figure 2.1: Susceptibility arising from the linear harmonic oscillator model for the
electron cloud surrounding an atomic core.
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Real and Imaginary Part of the Susceptibility

w
W) = (2.26)
(wo —w? + ]awow)
2 1 1
_ 2“{13, _ (2.27)
o | (F+iw=uh) (§+i+uep).
2 1 1
~ 2P - (2.28)
2340 (%—I—j(w—wo)) (%—i—j(w%—w@)_
2
1
~ 2P  fir w um +wyp. (2.29)

274 (é +7(w— Wo))

where w) = wp,/1 — é is the exact resonance frequency of the damped

harmonic oscillator.
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2.2.2. Nonlinear Susceptibility

ri1(t) = z1(0)+ L (Z1(w)e?™" + c.c.)

()

_|_% (Z%l(QW)ejQWt + C.C.) + % (ﬁ:l(Sw)eijt + C.C-)

With the susceptibility x)(w), which is up to the prefactor—Ney/ey equal to
the impulse repsonse of Eq.(2.18), we can find the first order amplitudes of all
the different frequency components according to

#(0) = ~Bry ( — ) Bw)| (@30
B\ (o — w2 + )

e (—Ng—?)_Q}X(l)(w)\Q sl ey
h(2) = ‘f”m‘w( Yo) Terber, @)
n) = OO (VO T 00 0w) @)

()’ (w), (2.34)
#1(3w) = _5”‘(1) 3“’ < NGO) V(WP E(W). (2.35)
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X? (2w; w, w)
X(B) (UJ, W, —W, w)

X (3w; w, w, w)

Susceptibilities
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2.3 Miller’s 6-Coefficient

XE?%(Qw LW, W) B XE?IZ(QCU LW, w)
— 2
X G @)X (@) (12(2) = 1) (n2(w) = 1)
—mﬁg 8(2)
2 N2

Experimentally one finds, that these coeflicients do not depend strongly on
the material for morganic materials. We assume that the deviation x (see
Eq. (2.13)) is the lattice constant with a ~ (N)~/3, then we obtain with Eq.
(2.15) for the Miller coeflicient

|05k | = mey €
ijk| ~~ 9 A'T.;)/?»c—.g'
- _ ~10 -1
Ao = 200 nm, wy = 37 fs~! a=3-107" m

%
‘(Szjk‘ ~ 3.7 - 10_12—
m 27



