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Instruction: Please return electronically to your TA via slack. If you are using programming

language to do numerical simulations or plot figures, attach the original code with your
answers.

Problem 4.1: Rate Equations for Four-Level System (30 points in total)
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Figure 1: (a) Transitions in Nd:YAG (b) Ring laser with Nd:YAG gain medium.

As an example for a four level laser we consider the transition at 1, = 1.064 um of the Nd:YAG
laser (see figure above). The laser is optically pumped with diode lasers at A, = 0.8 um from the
ground state ( %Iy, ) into the ( *Fs ;) level. From that level the fast relaxation processes lead to
transfer into the upper laser level ( 4F3/2). This level is long-living. Again an excitation in the lower
laser level ( *I3;/,) relaxes very quickly into the ground state ( *I/,), such that the lower laser
level can be considered empty. Thus the relaxation rate ys,,v10 > ¥21- The interaction cross-
section for stimulated emission between levels 2 and 1 is g,; = 6.5-1079cm?. The effective
cross-section of the beam is 5000 um? and the cavity length is L = 1 m.



(a) Write down the rate equations for the four level laser in terms of

e Level population, i.e. the total number of atoms in each level Ny, N;, N, and Nj;

¢ Intensity I of the resonator mode at wavelength 1, = 1.064 um of the ring laser in
Fig. 2(b) containing the Nd:YAG crystal as the gain medium;

e Pumping rate R,,, i.e. the number of atoms transferred by the pump from the ground

level ( *Iy/,) to the third level ( *Fs,,) per unit time;

Assume, that only one mode of the ring laser can reach the threshold and that the ring
laser is running unidirectional. (5 points)

(b) Determine the differential equation for the time-dependent intensity of the resonator mode.
For simplicity assume that both the mode cross-section A.rr and the intensity I are
constant over the resonator. Eliminate the fast relaxing populations of level 3 and 1 by
putting dN; /dt = dNs/dt = 0. The result should be
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where

e V = A5 Listhe volume of the gain medium;

e 1y, =c/2isthe group velocity at 1, = 1.064 pm;

o vy, = /Ay is the laser frequency;

* v,y is the decay rate of photons in the cavity T /Ty corresponding to T=1% loss
per roundtrip (equal to the inverse photon lifetime). (5 points)

(c) The upper state lifetime of Nd:YAG is 1/y,; = 250 us. It accounts for spontaneous
emission in all possible modes of free space and nonradiative transitions. If the laser is
below threshold, derive an expression for the ratio of number of transitions from the upper
to the lower laser level to the number of spontaneously emitted photons into the laser
mode. Identify the system parameter that dominates this ratio and discuss why it is this
system parameter. (4 points)

For the following question (d), (e), (f) and (g), we can neglect the spontaneous emission
into the laser mode.



(d) What is the minimum pump power to reach the threshold for lasing for a 1% output
coupler? Assume no internal losses. (4 points)

(e) What is the maximum differential efficiency of the laser that can be achieved? (4 points)

() Inthe following we assume that the laser crystal is not perfect and generates additional
2% of internal losses at the laser wavelength per roundtrip. What is the optimum output
coupling T,,; to maximize the output power if the maximum available pump power is
1 W? What is the corresponding output power and the overall efficiency in this case? (3
points)

(g) Plot the output power as a function of the pump power for T,,,.. Also plot the output
power vs. the output coupler transmission T for a pump power equal 1000 times the
threshold pump power. (2 points) (You can use any preferred numerical tool: Python,
Matlab for this question. Attach your script and the resulting plots to your answers.)

(h) Repeat part (f) for the case without any internal loss. Compare the maximum power that
can be achieved with and without internal losses given 1 W pump power. (3 points)



