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Review: coherent and incoherent light-matter interaction

Laser Rate Equations

Built-up of Laser Oscillation and Continuous Wave

Operation

Stability and Relaxation Oscillations

Laser Efficiency

UFS Lecture 9: Laser Dynamics
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Steady-state solution

For moderate field strength E0, the 
magnitude of the Rabi-frequency is 
much smaller than the optical 
frequency, |Ωr| << ω, the inversion 
and dipole moment do not change 
much within an optical cycle of the
field.

If the optical pulse duration is longer 
than energy relaxation time constant 
T1, implying that the temporal variation 
of the EM field is slow than the energy 
decay, we can assume that population 
inversion and dipole moment are 
always at the steady-state though the 
steady state value adjust following the 
amplitude variation of the EM field.   

0 0



3

Inversion saturation 

Intensity:

Steady state inversion:
Stationary inversion 
depends on the intensity 
of the incident light

We introduce the normalized lineshape function, which is in this 
case a Lorentzian:

Unsaturated inversion

Saturated inversion

Saturation intensity:
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Dielectric Susceptibility

Multiplication with the number of atoms per unit volume, N, relates the 
dipole moment of the atom to the macroscopic polarization P

Definition of the complex susceptibility

Linear susceptibility of the medium

Expectation value of the dipole moment
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Linear susceptibility

If the incident EM field is weak

Linear susceptibility derived using semi-classical model

Linear susceptibility derived using classical harmonic oscillator model

As the EM field has a frequency close to the oscillator’s intrinsic frequency 
and define                        , the shape of the susceptibility computed quantum 
mechanically agrees well with the classical susceptibility derived from the 
harmonic oscillator model.
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Linear susceptibility
Real and imaginary part of the susceptibility
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Positive imaginary susceptibility 
indicates exponential growth of 
an EM wave traveling in the 
medium.
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Linear susceptibility: semi-classical versus classical

The phase relaxation rate 1/T2 of the dipole moment determines the 
width of the absorption line or the bandwidth of the amplifier. 

The amplification can not occur forever, because the amplifier 
saturates when the intensity reaches the saturation intensity. This is a 
strong deviation from the linear susceptibility derived from the 
classical oscillator model. 

§ Light can not extract more energy from the atoms than the energy 
stored in them, i.e., energy conservation holds. 

§ Induced dipole moment in a two-level atom is limited by the 
maximum value of the matrix element. 

§ In contrast, the induced dipole moment in a classical oscillator 
growth proportionally to the applied field without limits.



Initially, unstable feedback loop. 
Oscillation builds up until amplifier 
saturates such that there is zero net 
roundtrip gain.

8
The Laser (Oscillator) Concept

Gain saturation is critical in laser operation



Self-consistent in steady state

V.A. Lopota and H. Weber, “fundamentals of the semiclassical laser theory” 9
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Optical pulse duration >> T1,
T2

Steady state equations:

Three regimes of solving Bloch equations

T2 << T1, polarization is in equilibrium 
with the applied field. No transient 
oscillations of the electronic system. 

Adiabatic equations:

Coherent equations:
Rabi oscillation

e.g. semiconductors:  T2~50 fs
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Adiabatic equations: induced transitions

T2 << T1Adiabatic equations:

Light intensity:

Resonant interaction between atom and EM field: 

energy relaxation (e.g., 
spontaneous emission) 

Induced transitions (absorption, 
stimulated emission)

Photon flux density

Interaction cross 
section



Stimulated 
emission

Spontaneous 
emission

Absorption

Laser rate equations
Interaction cross section: [Unit: cm2]

§ Interaction cross section is the probability 
that an interaction will occur between EM 
field and the atomic system.

§ Interaction cross  section only depends 
on the dipole matrix element and the 
linewidth of the transition

12



How to achieve population inversion?
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Pumping by 
absorption

relaxation

relaxation

relaxation

Four-level gain medium

Induced transitions

relaxation 
rate

relaxation 
rate

relaxation 
rate

Pumping 
rate
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Laser rate equations for three-level laser medium

σ21 is the cross section for stimulated emission between the levels 2 
and 1. Iph is the photon flux.

Many atoms are available in the ground 
state such that optical pumping can 
never deplete N0. That is why we can 
assume a constant pump rate Rp.

For (a):



equilibrium upper 
state population w/o 
photons present

upper level lifetime 
due to radiative and 
non-radiative 
processes
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Laser rate equations for three-level laser medium

If the relaxation rate        is much
faster than       and the number of 
possible stimulated emission events 
that can occur                                   ,
we can set N1 = 0 and obtain only a 
rate equation for the upper laser level:

This equation is identical to the equation for the inversion of the 
two-level system:
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Spectroscopic parameters of selected laser materials



V:= Aeff L Mode volume
fL: laser frequency
I: Intensity

vg: group velocity at 
laser frequency
NL: number of photons 
in mode
nL: photon density in 
mode

s: interaction cross section
17

More on laser rate equations

Intensity I in a mode propagating at group velocity vg in one direction 
with a mode volume V is related to the number of photons NL stored in 
the mode with volume V by

2∗ = 2 for a linear laser resonator 
(then only half of the photons are 
going in one direction)

2∗ = 1 for a ring laser

Laser gain material



Number of atoms in 
upper level:

Number of photons 
in mode:

upper level lifetime

Number of photons
spontaneously 
emitted into laser mode

Photon lifetime:
l: amplitude loss per roundtrip
2l: power loss per roundtrip
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More on laser rate equations

Photon lifetime in the 
cavity or cavity decay 
time

Laser cavity with a semi-transparent mirror with transmission T produces a 
small power loss 2l = − ln(1−T ) ≈ T (for small T ) per roundtrip in the cavity.

Cavity round trip time:
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Output power: small signal gain ~ stL - product

Rewrite rate equations using measurable quantities

Circulating intracavity  power Round trip amplitude gain
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Buildup of laser oscillation

During laser buildup, 

we can neglect the spontaneous 
emission Pvac, and the gain is 
unsaturated:

The laser power builds up from vacuum 
fluctuations once the small signal gain surpasses 
the laser losses: 

Saturation sets in within the built-up time

Buildup of laser power from 
spontaneous emission
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Beyond the gain threshold, some time after the buildup phase, the laser reaches 
steady state. Neglecting the spontaneous emission, saturated gain and steady 
state power can be calculated: 

Steady state operation: output power vs small signal gain

gs = g0

P s  = 0

Below threshold:

Pumping rate to reach threshold 
is proportional to the optical loss 
of the mode per roundtrip, the 
mode cross section, and inversely 
proportional to the σ · τ L.



§ Pumping begins when a laser is turned on, and the population 
inversion eventually reaches a steady-state value.

§ This steady-state population inversion is determined by the 
pumping rate and the upper level lifetime,           .

§ This steady-state population inversion corresponds to the small 
signal gain      .

§ As the gain exceeds the cavity losses, the laser intra-cavity power 
begins to grow until it eventually reaches the saturation power and 
begins to extract energy from the medium. 

§ As the intra-cavity power grows, stimulated emission reduces the 
population inversion, and consequently the inversion reaches a 
new, lower steady-state value such that the reduced gain equals 
the losses in the cavity: 
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General description of laser operation
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Stability and relaxation oscillations 

How does the laser reach steady state, once a perturbation occurs?

Stimulated lifetime

The perturbations decay or grow like

Non-zero solution exists only if the 
determinant of the coefficient matrix 
is 0:
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Stability and relaxation oscillations 

Introducing the pump parameter , which tells us 
how much we pump the laser over threshold, the eigen frequencies 
can be rewritten as
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Relaxation oscillations: a case study 

Diode-pumped 
Nd:YAG-Laser:

Typically observed relaxation oscillations in time and frequency domain.

The physical reason for relaxation 
oscillations and later instabilities is, 
that the gain reacts too slow on the 
light field, i.e. the stimulated lifetime 
is long in comparison with the cavity 
decay time.
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Pump photon energy

Efficiency: Differential Efficiency:

Laser efficiency: how much pump power converted to 
laser output power

Steady-state 
intracavity power:

Laser power losses include the internal losses 2lint and 
the transmission T through the output coupling mirror:

Laser output 
power: Pump power:

If the laser is pumped many times over threshold: 

Laser efficiency is fundamentally limited by the ratio of output coupling 
to total losses and the quantum defect in pumping.


