UFS Lecture 8: Bloch Equations

Semi-classical Light Matter Interaction

(1) Two-level system and Bloch equations
(2) Rabi oscillation: coherent light-matter interaction

(3) Steady-state solution of Bloch equations: linear
susceptibility

(4) Adiabatic solution of Bloch equations: laser rate
equation



Population inversion for amplification

Amplification requirement: N, > N,
N; is the number
B 1 g _(E, —E,)) density (also known as
2 — 22 exp( 2 - ) the population density)
N, g, KT of molecules in state i
————

(i.e., the number of
molecules per cm3).

l T is the temperature,

? and k is Boltzmann’s
constant = 1.3806503
X 10-23 J/°K

Under thermal equilibrium conditions, the lower energy levels are
populated first, and are always more populated than the higher levels.



Four-level system with optical pumping

Typical lifetime of energy level 2:
3 Nd:YAG  ~230 ps

\—\_\ Nd:YLF  ~520 ps
= 2

1064 nm
Nd:YAG
laser

808 nm
pump




Light-matter interaction: classical harmonic
oscillator model

1) Light is modeled by Maxwell egns. \/V\/\/\/\/VV\
2) Matter is modeled as harmonic oscillator.
3) Two sets of equations: Maxwell equations + eAVAVAVAVA@—

dipole equation.

4) Explains linear optics (dispersion, Pos. Neg.
absorption) Charge Charge
- w,
X(Q) = o
Q-0 +2jQ0
0
0A(z,t) 1 62 , _ |
— = + — A(z,t) +d
02 (gain) : ( Qg at2) = ) Speson

HWHM - gain bandwidth 4



Light-matter interaction: semi-classical model

modeled by Maxwell equations).

1) Light is treated as a non-quantized,
classical electromagnetic field (

2) Mater is quantized (resulting
energy levels) by a non-relativistic

quantum-mechanical approach. —

3) Three sets of Eqns (Maxwell-Bloch Eqgns): /‘f/f%

E: Maxwell equations (pulse duration T)

w: population inversion (decay with time constant T,)

d: dipole moment (decay with time constant T, dephasing time)

4) Explains Rabi oscillation, stimulated emission, absorption, etc.



Superposition states and radiative transitions

For energy eigen state:
e Average dipole moment vanishes.
(r) = 7| (7, 1) |2 7 =0 Therefore the atom does not radjate in
a stationary state as postulated in the
Bohr model.

= —e f} — O
For superposition state: 1s + 2p (m=0)

d €—r/r1€—jE1t/h+ 1 r i 7/271(()%1)6’ ]Eot/f)

T
ﬁ(lmo( (1) + Y91p(7 1)) = \/}\/ﬁ( 4427

In the probability density (i.e. the magnitude square of the wave function), the

=
ol |
4

contributions between the ground state and excited state interfer positively or
negatively depending on the .
\
two wave functions, which | .
depends on the phase angle * |

relative phase between the
3)} xg—
AEt/h \Vitll AE — E‘) _ El' r==>0 e ',IT hiAFE = ,I,— h/AE = j‘— h/AE t=h/AE




The two-level model for light-matter interaction

4

A

E, V(x)
Ve
S~ e
\ e
\_/ 5 |
-d/2 = d/2 X
// m\ i

1D-model for a two-level atom.



The two-level model for light-matter interaction

Hamiltonian of the atom: H,

—

H 4 'we(‘f)) = 1 'l.i’e(‘r)
Ha vy(7) = Eg ¥(7)

General state of this two dimensional quantum mechanical system

is:
(7, 1) = cglt) ¥(F) + colt) ve(F)
\CQ\Q propability to find the atom in the ground state
|ce\2 :  propability to find the atom in the excited state
The time dependenc%of these coefficients follows from the Schrodinger
Equation: ihe U (FY) = Hy ¥ ()

]
i B (Eg(t) ¥g(7) + e(t) ¥ (7)) = (Ey cg(t) %4(F) + Ee ce(t) ¥,(7))



The two-level model for light-matter interaction

By multiplication of this equation from the left with the complex conjugate
ground state or the excited state and integration over space using the
orthogonality relations for the energy eigenstates, we obtain two separate
equations for the time dependence of the coefficients:

e, = —jWE, Withéy, =8, /h

&, —jw .6, With w, = E,; /B

The solution is the general time dependent solution of the two level
system

Wiri) = cg(O)e_j“"gt -Lirg(F) +e,(0)e 3w Y, (T)

How does the atomic dynamics change in the presence of an
external electro-magnetic field and environmental perturbations?



Light-matter interaction in dipole approximation

_ -

. Dipole energy in H,; =—d- E(7 .t)

Dipole moment: ¥ -
P d = —eqr.  E-field: )

: ; . Position of electron
Dipole approximation:

The spatial extension of the electron cloud in an atom is a few Angstrom,
while the light wavelength typically a few hundred nanometers.

—

Hy=—d- EF t)=—d- E(ﬂ. == a, E(t>|_) Spatially unifprm
\L \L vector potential

Position of electron Position of atom
Hamiltonian for Atom in E-field: Hi pr = H4 — d - E(z‘)

The time-dependent solution of the two level system under a EM field
can be written as

U(7,t) = cg(t) Yg(F) + ce(t) Ye(T)
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Expected value of the dipole moment

>

<3>= [ (r0d ®(r.nd r| (1) = e(t) ©y(7) + calt) vel)

<d> — |Ce|2ﬂee - |cg|2A P \[eg tié e \[

Matrix elements of the dipole moment:

j\[ee = / d U 77) dr = _QO/L, (7“) | (7“) =0 symmetry
Vg = [0 du,(7) = —eo [0 707 ar

Mo = [y dvur) ar= 1%

Y S S, (38 By
Moy = /U d Y, (T) dr = —ep /Ug(F) 7 Ug(7) =0 symmetry

<(1> = c:cg‘\_.’/eg+c.c.
11




Equations of motion for the probability amplitudes

Hamiltonian for Atom in E-field: Hir = H 4 — d- E(t)

The time-dependent solution of the two level system under a EM field
can be written as

(7, t) = c4(t) ¥y(7) + celt) Pe(T) ] ha—at\ll (7,t) = HarV¥ (7,t)

New equations of motion for the probability amplitudes:

—

: g e Wovmon ob. 20
Gy = e —|—.]cgﬁ (/ Ve (7) d 9, (T) dr) - B(t),

: ; e o = -
e, = —JuE +']CQF </ Vo (7) d Y (T) dr) - E(1).
2
E-field as amplitude = sy
and polarization: E(t) = E(t) €, l
A—[’e - € . " : A—[): Cl
ée — _.iwece +.icg ;Z eE(t) Cg = —TIWgGg T JCe ’9; E(t)
) ,




Monochromatic field: () — ; (Eoe™ + Ege ™)

Expect strong interaction between atom and E-field if: Weg = We — Wy ~ Q)
. . G -'c+w2+w . w‘e+wg—w‘t
Introduce new amplitudes: (', = eJ( 5Lt s = ‘¢ eJ( > )
Leads to:  _ - : T
. W w W f Wetwgt+w o - e — f Wetwgt+w
G — (Bt 0atO o ) aFE e b MR e, ()
i 2 1 h
. __ We + d s — G < ] L WeTtwg—w : J_[’* ® E? — L wetwg—w,

Frequency detuning between atomic
transition and electric field frequency: \[* >
i ) B
A_T Qr T(E0+E* 1 t)

C?upled mode eq”at'gfs: If Rabi frequency is small:

—(Y = —JAC, +j— 0 |Qr1 << Weg ~ W

Rabi Frequency:

(f{t é Rotating wave approximation (RWA)
: Ay lies: 5

—Cy = HAC, +j=C. app M,

gk * TS e ] 2 i E0 = iconst:

fl 13



Zero detuning:

d
—C,
a’t

N
v

Rabl Oscillation

- ]

A e QQ* — D
—jAC, +]7”(Y
)
HRC T 1= 5 O,
_,C,
5
8
1—C'
4
2
_‘Qr| Cvg
4

If the atom is at time t = 0 in the
ground-state

C4(0) =1 and @ (0} =1

Oscillation solution:

)y
Cy(t) = cos <‘ 5 lt)
€,
C.(t) = —jsin <|—2‘t>

Probabilities for finding the atom in the
ground or excited state are:

2,
et = cost (EH)

>

€2,
lce(t)]? = sin <|2|t>
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Rabi Oscillation

Expectation value of dipole moment:

<cz> — ﬂegcec;nLc.c. = —ﬂ_]egsin(|Q.,ﬂ|t) SIN (Wegt)

The coherent external field drives the population of the atomic system
between the two available states with a period: 7 _ o /0
5 ,

Dipole moment oscillates with %1‘*
frequencies (), — s G \/\

O 1 —>
Atoms do not radiate at the same R4 m on Qrt
frequency as the incoming light. The LN

emitted light rather shows sidebands
offset by the Rabi-frequency called
Mollow-sidebands. This is a nonlinear
process.

Where is our first order linear
susceptibility x(w)?

If this coherence is destroyed fast enough, Rabi-oscillation cannot happen

and it is then impossible to generate inversion in a two-level system by
interaction with light.



Motion eqns for dipole moment and population inversion
=  Additional interactions with the environment cause the loss of coherence in the
atomic system.

» These energy non-preserving processes cannot be easily included in the
Schrodinger Equation.

= \We can treat these processes phenomenologically in the equations of motion for
the expectation values of the dipole moment and the population inversion.

- S 2 2
Population inversion is definedas w = F. — P, = |c.|” — |¢g]

Complex slowly varying dipole moment is defined as

< At —jwt *
<(i> = c.cgMey + coc. _ L, W= C (J ] (' ('
[ Wetwgtw
| [eN O = ug =510
Q) = CUS( 2 f) d is complex and I =y
slowly varying g - e ]

C.(t) = —jsin (l {r|1‘> —> compared with the
2 external EM wave’s

. . > 17 jwt s
S 2 () e ey OSC|IIat|On. <(1 = J.'-'\-[egd €J _'_ C,.C‘.
r << 'v(./eg A O




Motion eqns for dipole moment and population inversion

d 9 d 9
—. = -GNC.JH-—20. —€ = ANC Y
- Ce JANG -] 5 Co dtC”g HAC: +] : C.

Applying the product rule we find
d d d
—d = —Cr|C,+C | =C
dt™ (dt ) A (dt 9)
. 3k Q *k k Q *
3 JING O — 2(*0+]A(*0+|200

),
= ]2Ad + .17 S W

And for inversion:

d d : R
Lo = (L) e (26) G e

_ (—]AC @ ,%0 CE —JAC,CE — %

. Cng> + c.c.

= +4j%d+c.c
17



Decay of population inversion

d . B B : g
—w=4+jYd+cc — > W= K d— 10 d
dt
Three incoherent processes reduce or increase the upper-level population:
= Spontaneous emission The three processes are described by
» Interaction with the host material the following equation: Steadv-stat
(collisions, lattice vibrations) zL ——> po?oilgtlzr? ©
. Increa}se of the population by @ Energy relaxation
pumping time

Steady-state population:
negative at thermal equilibrium without pumping
positive with pumping

Include both external EM field and energy decay:

w—w , ; .
o= — -+ d—iQ, d

18




Decay of polarization (dipole moment)

7 A, |

A=teg %
2
d Q- : g A
—d=2Ad+j— w — d=](Weg —w)d+ = w
—d=J20d+ |5 - u d=]j(weg — w) >

An external EM field induces dipoles, which generate the macroscopic
polarization. If the field is switched off, the polarization will disappear.

» Energy decay of the two-level system

= Collisions with the host material disoriented the direction of dipoles,
causing dephasing. The resulting polarization becomes zero, although the
single dipole still exists.

» Dephasing can happen much faster than energy relaxation and is
characterized by a time constant To.

Include both external EM field and polarization decay:
QI' o _®_ J (weg — W))d + .]7 w

— > dephasing time
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Bloch equations

w— W
W o= — = +iQE d—iQ, &
T

k. Q,
= (7 i (e~ )+ i w

=T

M, - &

), =
h

(EO__I_E* _JQvUt)

= Bloch equations describe the dynamics of a statistical ensemble of
two-level atoms interacting with a classical electric field.

= Polarization of the medium is related to the expectation value of
the dipole moment of the atomic ensemble feeds into Maxwell
equations, resulting in the Maxwell-Bloch Equations.



Steady-state solution

For moderate field strength Eg, the
magnitude of the Rabi-frequency is
much smaller than the optical
frequency, [Q;| << w, the inversion
and dipole moment do not change
much within an optical cycle of the

field.
Pg1A
Fé A T 2n Qrt
1=
0 T | —»
<d>* T 2n Qrt

(haly
IR

If the optical pulse duration is longer
than energy relaxation time constant
T4, implying that the temporal variation
of the EM field is slow than the energy
decay, we can assume that population

inversion and dipole moment are

always at the steady-state though the
steady state value adjust following the
amplitude variation of the EM field.

d = o0 W =0

i (\[4~ ﬂ)ll,5
g. = =

s 2R 1/T5 + j(w — weg)
wo

L,

1/T,)|\[ €|?

l_’_ T° (1/T5)2 +(w .g—W)

= Eol?
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Inversion saturation

We introduce the normalized lineshape function, which is in this
case a Lorentzian:

- (1/TQ)2
= (1/T3)? + (weg — w)?

Intensity: QZF IEO |2

Unsaturated inversion

: : / Stationary inversion
Steady state inversion: (= 7 depends on the intensity
1+ +L(w)

of the incident light

Saturated inversion

Saturation intensity: 1

T 7r
I, = é
n? o et

22



Dielectric Susceptibility

Expectation value of the dipole moment S .
<d.‘> = il et + c.c.

Multiplication with the number of atoms per unit volume, N, relates the
dipole moment of the atom to the macroscopic polarization P

1 — . — . s 3049
PRl = - (BOeJ'“’t +£0e‘J'“’t) = NM,.d, et + c.c.

!

Py =2NM.,d.

Definition of the complex susceptibility P, = EOX(w)gEO
Linear susceptibility of the medium

— “k j 4\17 ?‘US
G = \[E’ :\ [€ =
X( ) g I heo 1/T2 —l—.](w - we—g)
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Linear susceptibility of the medium is a 2"9-rank tensor

,(, ,) o W_) 1\_’* ]\' Wg
My e “Fheo1/T + j(w — weg)

Assume that the direction of the atom is random, i.e. the alignment of the atomic
dipole moment, and the electric field is random. We have to average over the

angle enclosed between the electric field of the wave and the atomic dipole
moment, which results in

* * * A2
\[egl*\[iﬂ \[eﬂﬂ[igy \[eglﬂ[*: \[egr 02 0 N :
Mgy Mige MegyMiyy MMy, | =| 00 3T, o [y
Moge M2, Mo MY, Moy M, 0o o0 T2

For homogeneous and isotropic media the susceptibility tensor shrinks to a
scalar

l 5 JINV Wy
= héo l/T) (w —weJ)

X(w) =

24



Linear susceptibility

. . /
If the incident EM field is weak —L(w) <L 11— ws =~ wy

S
Linear susceptibility derived using semi-classical model

it e ]*\* wo
(w) = =|M.,|2:
X( ) 3 .g‘ heo I/TQ e ok (w — weg)

Linear susceptibility derived using classical harmonic oscillator model
2

f r y ) (S0 e Y, ! ." ;,"62 l ‘
N (w) N %é et X (w) IN e (2©)
Qrl) = = —> s S Q
(QF —w?) + 2_]&)—%0 j(w — Qq )+ o

As the EM field has a frequency close to the oscillator’s intrinsic frequency
and define () = Tgweg , the shape of the susceptibility computed quantum

mechanically agrees well with the classical susceptibility derived from the
harmonic oscillator model.
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Linear susceptibility
Real and imaginary part of the susceptibility >\'( ) = 9. ( ) + X ( )

D
gL (weg W)L(W) Positive imaginary susceptibility

X' (w) = -
3heg indicates exponential growth of
,, =N T an EM wave traveling in the
X' (w) = 3% (w). medium.
IEQ
For an inverted 04
~ system
_E 02 =
- =
—~ 05 00
= S -
Ta2 02 =
-0.4
0.0 -0.6
0.0 0.5 1.0 15 2.0
o/



