UFS Lecture 2: Linear Pulse Propagation

2.1 Maxwell’s Equations of Isotropic Media

2.1.1 Helmholtz Equation
2.1.2 Plane-Wave Solutions (TEM-Waves) and Complex Notation
2.1.3 Poynting Vector, Energy Density and Intensity

2.2 Classical Permittivity
X

Figure 2.1: Transverse electromagnetic wave (TEM)



2.1 Maxwell’s Equations of Isotropic Media

Maxwell’s Equations: Differential Form

Current due to free charges

S o 8D -
Ampere’'sLaw VxH = o + J, - (2.1a)
Faraday’s Law <V F — _%_B (2.1b)
"'t ? \
Gauss'sLlaw V.D = p  <——Free charge density (2.1c)
No magnetic charge V-B = 0. (2.1d)

Material Equations: Bring Life into Maxwell’'s Equations

2a)

eE + P Polarization (2.22
2b)
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= pH + M. Magnetization (2.

o
|



Vector Identity: VX (6xE) =6’(ﬁ E) — AE.
Vx(VxE)=-VxZ =2 (G 5)
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AE - o (]+60 =+ at> = VXM +V (V E) (2.3)
V d of light =
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No free charges, No currents from free charges, Non magnetization

182 = of &5\ . 9 / . //#
A— = = + + —VAM+V (VLE). (24
(A cgatz)E ”0( : 8t2p> o/ M v(v E> (24)

Every field can be written as the sum of tansverse and longitudinal fields:

ﬁxE] —0and V- ET =0

Only free charges create a longitudinal electric field:

-

E = ET Pure radiation field

Simplified wave equation:

18N = I* ..
(A"%aﬂ) E=mgah (2.7)

bo
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Wave in vacuum Source term



2.1.1 Helmholtz Equation

Linear medium:  P(7t) = €o/d7f' X(t—t)E(F.t). (2.8)
dielectric susceptibility
~ %0
E(f w)= / E(7 t)e™9tdt, (2.11)
P(F.w) = eoX(w)E(7, w) (2.12)
(A + “;—) E(w) = —poeoi(w) E(w) (2.13)
-2
(A—I—Z—;(l—l—)\(af)) E(w)=0 (2.14)
0

Medium speed of light: c(w) = ¢o/n(w) with 1+X(w)=n(w)*:

Can be complex Refractive Index



2.1.2 Plane-Wave Solutions (TEM-Waves) and Complex Notation

R B T SN
Real field: Eg(r.t) = 5 | £(r.t) + £z(7. 1) } = e {EEU ﬂ}
Artificial, complex" E,;(ﬁf"- t) = Ex el“t=k) (k)
Into wave equation (2.14):
Dispersion relation: k|2 = {u E = k(w)?
c(w)?
k = ‘ié‘ k(w) = +=n(w). (2.21)
Co
k=2m/\, Wavelength (2.22)



What about the magnetic field?

Faraday’s Law:

—ik x (B FD &(F) ) = —ipgwHg(7 1)

— E~ -
Hi(7t) = =W+ x & = Hpe =
oW
—> () = o x &(k)
k 1
—> H:=—F-=—FE-:



Characteristic Impedance

'o"‘ lLlO ‘I' .
LF = [oC = 4| = —ZF,
| €06, M

Vacuum Impedance:

Stealth

,U .
377 O !
Q{84 Airplane?

\o 60

€. h and k form an orthogonal trihedral
elh kle k_LAh.

Example: EM-Wave polarized along x-axis and propagation along z-direction:

k) = &,. E(F t) = Eycos(wt — kz) &,
ko E
T% — E H(7t) = 2 cos(wt — kz) €,

Fy



Figure 2.1: Transverse electromagnetic wave (TEM) [6]



Backwards Traveling Wave

Backwards

|

E(F t)=E &“tkT &

H(r t) = H eW+F) €y.

k

oW

H=-——E

10



2.1.3 Poynting Vector, Energy Density and Intensity

relative permittivity: ¢ =1+ y

Quantity Real fields Complex fields
2
. — — — ary \ — l =1
Electric and w, = %E - D = 1¢p€, E? (We) = 7€0€r |E]
_ ) . - . _l—,—’_-l —,2 _’2
lllagl}etlc. energy Wy = 2H B = gﬂolurH (W) = %Ho# H
density W = We + Wy, o
. (w) = (ue, + (W)
Poynting vector S=FExH T= %E X ﬂ
: a2 , divl +1E-j
Poynting theorem | divS + E -j + a_th =0 . ™ 2= —+,_ .
+2jw((wm) — (we)) =0
Intensity I=|S =cw I =Re{T} =c(w)
Table 2.1: Poynting vector and energy density in EM-fields
R 2
Example: Plane Wave: (w) = s¢,6|£],
nl wt—kz) = 1 2 1 2
Eu*.t):Ee-- - € I=- E"=-Zr H|".
=\, ¢, = | 2ZF 2
I = E ?E.



Oscillating dipole moment emits new EM wave at

the oscillating frequency
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Lorentz model of light-atom interaction

When light of frequency f excites an atom with resonant frequency 7,.:

"H$%68 S () H( 10 %otH(
F9(+%, "M% s .
\Ji\ ) DI%(0# ,$*(1",
E = E = A B2 g
c

1&)/+2(,,#0$*(1",
Onresonance @ !"/ A

D/%(O#/,SF (1", SHEY0( #+$HHY, &-~1$-+V6(F*) A8Y6, 81+ %6 (**),(-/$
HO(+SIHBSH(1"$),$,"HE+) 24S.&HG HI%H  (/%(0#/ $*(1" $(/ H& HEH+S
8(,"$, "HS/HBS* (1" $)0(/1$,-$,"#$,&)/+2(, #O$*(13

1"#$%8&'%()*$(++'#$(+$ féelhtive phase -.$,"#$5(/%(0#/,$*(1",$)/03$," (+$
#2(,,#0$*(1",3$$4-&$#5)26*#7$(.$, " #+#$,8-$8)9#+$) &#3:; <= $-.$
6")+#78,"#5>#)258(**$>#9%),,#/'), #03$7?#$%)**$," (+$)>+-&6,(-/3
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Interference depends on relative phase

2"4#1$,8-$8)9#+$)00$, - 1#,"#&$B(,"$, "#$+) 2#$%-26*#5$#56-1#,()*+7
8#$)00$, "#$%-26*H#5$)26*( 04+78, "# | B
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(| H& HE&HIYoHL (| H&HEHIYoHL " O (| H& H&HYHL
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2.2 Classical (dielectric) Permittivity

Densit
o ~ dipole moment _ _,/ y
Polarization: P(t) = = N - p(t)
volume
Elementary Dipole
= dipole moment .~
Pw) = - =N-p
volume
. N - E(w)
Dielectric Suszeptibility: g(’w‘) = =
€oL(w)
Lorentz Model: eAVAVAVAVAe
P H. A. Lorentz
0s. Neg. (1853-1928)
Charge Charge

Figure 2.2: Classical harmonic oscillator model for

radiation matter interaction y



Response to a Monochromatic Field

E(F.t) =

(7a.t) = E(t)E,

—

~

\

d*z  Qp dr

m g + 2 A mE — 'm.Qg:z: = eqFE/(t) «— force
mass / .
quality factor frequency of undamped oscillator
[
1’5 — m — E
- (- W) +2jFw
Vel
T m eg
X(w) =
_( ) (Qg — wz) -+ 2]w’%Q
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Real and Imaginary Part of the Susceptibility

p . / ) . A~

X(w) = Xp(w) + iX;(w)

17



Real and Imaginary Part of the Susceptibility

. N

X(w) = Xp(w) + ixs(w)

0.0 0.6
G = - 3
g 04 g
N peo==°" — 0.2
' N
g '0.5 s 0.0 ODN
3 02 2
= .04 =
0.0 0.5 1.5 2.0

Figure 2.3: Real part (dashed line) and imaginary part
(solid line) of the susceptibility of the classical oscillator

model for the dielectric polarizability 8



Real and Imaginary Part of the Susceptibility

(@) = Xolw) + i%(w)

Example: EM-Wave polarized along x-axis and propagation along z-direction:

&g &I,

In general:

/ / /
#n/ #: C $,|| #-_\/ $_./| n #_(/$ n _# %$ ||)/# ! #4 !l $# %
& & &

:%##ﬁ_«#"ww&
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In a Metal

Free electrons between background ions

d*z o Sdx / . »
m + 2 — +mfix = e E(T). 2,41

In general: Cu o o (# $ I ) &$/_:
" N \ | /!
(#.8 1 )!+)l./ #.{ |
At =4 ' |

Wty § NEEY. Y #.9%
T8 T8 R

19 IHS%E ()& SHU) IS | 1 S(%,+0Y
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+ uv FAR-IR
S VIS-IR
g
- o
Absorption g
:c\nd refractive Wavelength 2
index Vs. <t
© SRR
Wavelength = S N I -. l,.e’f |
/ 3
||./ ! — '_ll' ll'/ ! % >
! #, x| M A A3 Wavelength A
Classical Optics & < (0 : normal dispersion (blue refracts more than red)
e Pt % > 0 : anomalous dispersion

Ultrafast Optics

/

\

2 . .
£% > 0 : normal dispersion

short wavelengths slower than long wavelengths

2 - -
Z—\’% < (0 : anomalous dispersion

short wavelengths faster than long wavelengths

21



Sellmeier equations to model refractive index

If the frequency is far away from the absorption resonance ‘! - #"‘ >>"#!I_!
) (9 - o) |
,’{,(CO) = C()p ' > 9/ ./ |
5 5\2 Q, > OQ H= ;
(QO - ) + 20)— $|!' #./ I

Normally there are multiple resonant frequencies for the electronic oscillators.

It means in general the refractive index will have the form

%

%y/#:n + ' $| I :ll + I #I ‘$l
.! # I 1 0/0 u I $ [} ] g

Fused Quartz Sapphire

a; 0.6961663 1.023798
as 0.4079426 1.058364
az 0.8974794 5.280792

A7 4.679148-107%  3.77588-107F
A5 1.3512063-1072  1.22544-1072
A2 0.9793400-10°  3.213616-10



Linear propagation of a pulse

. 1"/ 1 |
#+ =13 Y gy $
<_\.Tw—;(1+i(w')9 E(w)=0 > # $+—$"! #'" =
CO n
Neglecting diffraction (e.g. inside an optical waveguide) 0o |
o | CEDEC !
. transform 1 #I % " _ &#$%n ./ ! IIO/B#$!
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