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third-harmonic generation (THG) or frequency tripling 

self-phase modulation (SPM) 

 

due to the possible different permutations of the input fields: 

 

 

if no resonances in between the fundamental and third harmonic 

7.1 Third-harmonic generation (THG) 

THG possible in both centrosymmetric and non-centrosymmetric media, 

also possible in solids and liquids  

arguably the most interesting case: generation of UV and VUV in gases 

 

 

in low-conversion limit (almost always in THG), similar to SHG: 
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With stronger focusing, the Rayleigh range, over which the beam is  

focused, becomes smaller than the length of the conversion region 

 

 

effective interaction length ~ Rayleigh range, i.e.,  

 

phase-matched case: 

 

detailed calculation for case of strong focusing for third-order processes: 
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in solids:  in general difficult to achieve phase matching for THG 

                solution: SHG + subsequent SFG 

in gases:  by suitable mixing of different gases, the dispersion can be  

                 compensated, thus achieving phase matching,  

                 THG conversion efficiencies up to 10% achieved 

7.2 The nonlinear refractive index 

SPM effects come along with an additional factor 3 compared to THG, 

(due to number of possible permutations of input frequencies) 

if only an electric field in x-direction: 

 



linear polarization, definition via 

 

electric field: 

 

intensity 
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SPM       XPM   coherence term 

description via circular polarizations 

 

 

 

 

 
 

 

independent, if the definition is based on electric field or intensity 



7.3 Molecular orientation and refractive index 
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7.3.1 The Lorenz-Lorentz law 
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spherical cavity inside a 

polarized isotropic medium 
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Clausius-Mossotti or 

Lorenz-Lorentz: 
 

local field enhanced:  



7.3.2 Intensity-dependent refractive index 
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canonical ensemble of molecules (temperature T)  

exposed to external electric field 
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energy of dipole in electric field 



7.4 Self-phase modulation (SPM) 
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assume a purely linearly polarized or circularly polarized beam,  

 polarization is conserved 

 

 

 

 

ansatz  

 
 

SPM coefficient 

 

 
 

   

 

 

phase modified  instantaneous intensity 

|envelope|2 in time domain does NOT change 
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instantaneous frequency 
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nonlinear phase shift 

strong spectral broadening 
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always two instants during the pulse, which  

contribute to the same generated frequency 

 

 

constructive/destructive interference 

depending on relative phase at these times 

  maxima/minima in SPM spectrum 

zero points in spectrum for 

 

number of minima N on one side of the spectrum: 



16 

SPM for Gaussian pulse: 



7.5 Self-focusing 
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transverse beam profile becomes instable 

intensity-dependent refractive index 

 

for Dn2>0: 

•phase velocity in center reduced  

•phase fronts bend due to the induced 

lens (”Kerr lens”) 

•self-focusing of the beam 

relevance: 

•Kerr-lens mode-locked laser oscillators 

•unwanted detrimental effect of ”hot spots” 
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simple physical consideration in 2D: 

 

 

 

 

 

Snell’s law   total internal reflection for  
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above this critical power, self-focusing exceeds diffraction. 

 

Note the quadratic scaling with wavelength!  

 

 

in 2D  (1 longitudinal, 1 transversal dimension): spatial solitons occur.  

 

in 3D  (2 transversal dimensions): 

catastrophic self-focusing occurs, that eventually is balanced by other 

nonlinear effects, e.g.,  

- saturation of the intensity-dependent refractive index 

- self-defocusing due to plasma formation by multi-photon ionization 

  (”filamentation”) 
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i.e., small-angle approximation 
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