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Chapter 1

Introduction

The goal of this class is to understand nonlinear optical phenomena and how to
describe them efficiently. These phenomena are often underlying new optical
sources, optical communication systems, measurement and diagnostic tech-
niques. With the wide availability of high-intensity lasers, the research field is
also rapidly expanding in new areas beyond perturbative phenomena called ex-
treme nonlinear optics such as strong-field physics in gases, liquids and solids,
and, here in particular the phenomenon of high-order harmonic generation.
Also, nonlinear optical phenomena underly some major laser application areas
such as optical communications, advanced laser sources and laser materials
processing.

1.1 Why Nonlinear Optics?

• Many devices used in ultrashort pulse laser physics and optical commu-
nications are based on nonlinear optical phenomena

• The capacity of optical communication systems are limited by fiber non-
linearities

• The limits to ultrafast laser physics are determined by optical nonlinear-
ities

• Microwave measurement techniques are based on nonlinear optical tech-
niques (electro-optic (EO) sampling)

• Frequency conversion to UV, EUV and the mid-IR and THz region

• Strong-field physics in gases, liquids and solids

• High-order harmonic generation (HHG)

3



4 CHAPTER 1. INTRODUCTION

• Laser materials processing

• Nonlinear optical microscopy

If light is not very tightly confined and power levels are not excessive, typ-
cial optical nonlinearities can be considered as small and therefore one needs
considerable intensities to use optical nonlinearities, especially under nonreso-
nant excitation. In the optical to mid-IR wavelength range 400 - 10,000s nm,
high intensities can be directly produced by laser sources with high spatial
and temporal coherence. Ultrashort laser pulses enable very high peak inten-
sities at a given average power simply by the ratio between pulse repetition
period and the pulse duration. A standard example today is the output of a
Ti:sapphire laser producing 10-fs duration pulses at 100-MHz repetiton rate
with 1 W average power. This corresponds to pulses with a peak power of 1
MW. For more examples, see Table 1.1.

typ. (Nd:YAG) (Nd:glass, LLNL) Ti:sapphire
pulse energy W 0.1 J, (1 Hz) 1 kJ (0.1 mHz) 2 J
pulse duration τ 10 ns 500 fs 40 fs
peak power P 10 MW 2 PW ( 2 · 1015W) 50 TW
intensity I ≈ 3 TW/cm2 ≈ 0.7 · 1021W/cm2 ≈ 1.5 · 1019W/cm2

peak field E ≈ 50 MV/cm ≈ 0.7 TV/cm ≈ 66 GV/cm

Table 1.1: Typical peak powers, intensities and peak fields generated from the widely
available short-pulse laser system Q-switched Nd:YAG laser, a petawatt Nd:glass
laser at Lawrence Livermore National Laboratory (LLNL), and a commercially avail-
able Ti:sapphire laser (P = W/τ , I = P/A, A = πr2 mit r = 5µm, E =

√
2Z0I

with Z0 = 377Ω).

The peak powers, intensities and field strengths in Table 1.1 need to be
compared with the average total power consumption on earth, which is today,
P ≈ 20 TW, and the breakdown field in air under ambient conditions of
E = 30 kV/cm, or the field that holds the 1s-electron in hydrogen on its
course around the nucleus, which is E ≈ 6 GV/cm. As Table 1.1 shows, today
one can easily reach peak powers 2 orders of magnitude beyond the average
total power consumption of the earth and with field strength far above the
intra-atomic electric fields.

Therefore, it is not too surprising that the first nonlinear optical effect was
discovered just 1 year after the birth of the laser, which was second-harmonic
generation in quartz by Peter Franken et al. [8].
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Figure 1.1: A simple atom model explaining the effect of an optical electric field on
the induced polarization in an atom: (a) without field, (b) with field.

1.2 How does Nonlinear Optics work?

Most nonlinear optical effects, especially at not too high intensities, rely on a
nonlinear relationship between the electric field applied to a material and its
induced polarization. The polarization is the dipole moment per unit volume,
which can be written as P = Np, where N the number density of elementary
dipole moments (e.g., number of valence electrons or atoms or molecules) per
unit of volume, and p is the dipole moment per elementary dipole. The induced
dipole moment, a vector, is the product of the charge q and its displacement l
due to the field in a chosen coordinate system, i.e., p = q · l. If the applied
field is weak, we expect that the charge separation that sets in due to the
field depends linearly on the field, see Fig. 1.1. If the field is increased, we
expect that the induced dipole moment can be expanded in a Taylor series
with respect to the field:

p = ql = q

{
α(1)

(
E

Ea

)
+ α(2)

(
E

Ea

)2

+ α(3)

(
E

Ea

)3

+ · · ·

}
E

|E|
. (1.1)

To do so, we normalized the electric field to an intra-atomic field strength Ea.
If the applied field becomes as strong as this intra-atomic field, we expect that
the charge separation will depend very strongly on the applied field, i.e., we
reach field ionization, i.e., the contributions from each order become equally
strong and of the order of the atomic diameter α(i) = da = 10−10 m, i.e., twice
the Bohr radius. The critical electric field from a purely electronic optical non-
linearity will be on the order of the electric field of an 1s electron in hydrogen,
here we assume the field that an valence or outer electron feels, when it is
on average already pulled away from the remaining atom by twice the Bohr
radius, which is

Ea =
e0

4πϵ0d2a
= 1.4 · 1011 V/m = 1.4GV/cm, (1.2)

with ϵ0 = 8.854 · 10−12 F/m the vacuum dielectric constant. From the size of
the intra-atomic electric field, we sense already that for typical laser intensities
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order i χ(i) model value typ. material value

1
χ(1) = Neα(1)

ϵ0Ea

≈ 7.5
n=2.9 Quartz: n=1.45

2
χ(2) = Neα(1)

ϵ0E2
a

= 5.4 · 10−11 m
V

Vπ = λn0

χ(2) = 30 kV KDP: Vπ = 7.5 kV

3
χ(3) = Neα(1)

ϵ0E3
a

= 3.7 · 10−22 m2

V2

n2 =
3χ(3)

4n2
0ϵ0c0

= 1.25 · 10−20 m2

W

Quartz: n2 = 3.2 · 10−20 m2

W

Table 1.2: Linear and nonlinear optical susceptibilities from a simple atom model.
We used n0(KDP)= 2.3, da = α(i) = 10−10 m, e = e0 = 1.6 · 10−19 C, ϵ0 =
8.854 · 10−12 F/m, Ea = e0

4πϵ0d2a
= 1.4 · 1011 V/m, N = 6 · 1023 · 106m−3.

the expected nonlinear optical effects will be small. To obtain physically im-
portant quantities, we compute the dielectric polarization of electronic origin
in a typical medium. In a typical solid or fluid medium, a volume of substance
corresponds to roughly 1 mol, i.e., the typical density is NA = 6 · 1023 cm−3.
Thus the dipole moment (1.1) and resulting polarization is

P = ϵ0
[
χ(1)E + χ(2)E2 + χ(3)E3 + · · ·

]
, (1.3)

with the susceptibilities χ(i) summarized in Table 1.2. Especially the first-order
susceptibility gives us the refractive index by

n2 =
(
1 + χ(1)

)
. (1.4)

As Table 1.2 shows, the model predicts

χ(1) =
Ne0da
Eaε0

(1.5)

for the refractive index n = 2.9. The refractive index of glasses in the visible
range is about 1.5, semiconductors show around 3. Thus, the simple model
generates values of the right order of magnitude [7].

1.3 Important nonlinear optical processes

As is obvious from Eq. (1.3), the k-th order polarization term will contain
all frequency components, that are generated when we build the k-th power
of the electric field propagating already in the medium. Let’s assume for the
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moment, that there are two waves with angular frequencies ω1 and ω2 and
corresponding wave numbers, then the second-order term includes

E2 =
(
Ê1 cos (ω1t− k1z + φ1) + Ê2 cos (ω2t− k2z + φ2)

)2
, (1.6)

or

E2 = Ê2
1 cos

2 (ω1t− k1z + φ1) + Ê2
2 cos

2 (ω2t− k2z + φ2)

+ 2Ê1Ê2 cos (ω1t− k1z + φ1) cos (ω2t− k2z + φ2) . (1.7)

Using the addition theorem of the cosine-function

cos(α) · cos(β) = 1

2
[cos(α + β) + cos(α− β)]

we find

E2 =
1

2

(
Ê2

1 + Ê2
2

)
+

1

2

(
Ê2

1 cos [2 (ω1t− k1z + φ1)] + Ê2
2 cos [2 (ω2t− k2z + φ2)]

)
+ Ê1Ê2 cos ((ω1 − ω2)t+ (k1 − k2)z + φ1 − φ2) (1.8)

+ Ê1Ê2 cos ((ω1 + ω2)t+ (k1 + k2)z + φ1 + φ2) .

Thus the second-order polarization will radiate new frequency components.
The generation of new frequency components is the main characteristic of a
nonlinear optical process. Table 1.3 summarizes the different second-order
nonlinear optical processes resulting from Eq. (1.8) as well as some important
third-order processes.

So far we have only considered atoms or molecules. Often the atoms or
molecules are ordered in a crystal structure. The symmetry properties of the
crystal lattice plays a major role in the nonlinear optical susceptibilities. We
will look at this later and will find that crystal symmetries may suppress certain
nonlinear processes.

1.3.1 Linear electro-optic or Pockels effect

The linear electro-optic effect, also called Pockels effect, causes a change in
refractive index in certain directions in space, if a static voltage is applied
across certain crystal planes. For example this happens in KDP (potassium
dihydrogen phosphate) [4]. The corresponding directions, in which the field is
applied and where the refractive index change is occurring, are a consequence
of the tensor properties of the nonlinear susceptibility tensor, which we will
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susceptibility nonlinear process

χ(2) (2ω1;ω1, ω1) frequency doubling

χ(2) (ω3;ω1,±ω2) sum- and difference-frequency generation,
2-photon absorption, saturable absorption

χ(2) (ω1;ω1, 0) linear electro-optic effect,
Pockels effect

χ(2) (0;ω1,−ω1) optical rectification

χ(3) (ω1;ω1, 0, 0) DC Kerr effect

χ(3) (ω1;ω1, ω1,−ω1) self-phase modulation, self-focusing
2-photon absorption, saturable absorption

χ(3) (2ω1;ω1, ω1, 0) field-induced second-harmonic generation

χ(3) (3ω1;ω1, ω1, ω1) frequency tripling

χ(3) (ω2;ω2, ω1,−ω1) stimulated Raman scattering (ωvib = ω2 − ω1)

χ(3) (2ω1 − ω2;ω1, ω1,−ω2) four-wave mixing, CARS (ωvib = ω2 − ω1)

Table 1.3: Important nonlinear optical susceptibilities and corresponding nonlinear
optical processes. The first argument in the susceptibility gives the frequency of
the generated wave and the other arguments after the semicolon give the frequency
components of the input waves.

consider in more depth in the next chapter. If we apply in that crystal, as
shown in Fig. 1.2, a constant electric field Ez along the z-axis, a change in
refractive index occurs for fields polarized along the x′- and y′-directions. This
phenomenon is called induced birefringence. The phase difference between
both polarizations after passage through the crystal is ∆ϕ,

∆ϕ = k(nx′ − ny′)L, (1.9)

where L is the length of the crystal and

polarizer KDP crystal /4 plateλ

analyzer

x

y

x'

y'

in outx'

y'

z

Figure 1.2: Electro-optic modulator based on the Pockels effect.
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Figure 1.3: Transmission through an electro-optic modulator

ϵ = n2 = 1 + χ ⇒ n2 − 1 = χ = χ(1) + χ(2)E +
3

4
χ(3)|E|2 + · · ·

or n2 = (n0 +∆n)2 ≈ n2
0 + 2n0∆n.

Using both relationships results for the KDP crystal the refractive index change
due to the Pockels effect is

∆n =
χ(2)Ez

2n0

= nx′ − ny′ . (1.10)

The strength of the linear electro-optic effect for a given crystal is most easily
expressed by the necessary voltage Vπ = Ez ·L along the z-direction to achieve
a differential phase shift between both polarizations of π, which is

Vπ =
λn0

χ(2)
. (1.11)

The corresponding voltage Vπ for KDP can be found in Table 1.2 for a wave-
length λ = 0.55 µm. Again, both values agree by order of magnitude.

For the power transmission of the whole assembly shown in Fig. 1.2 we
obtain

T =
1

2

[
1 + sin

(
π
V

Vπ

)]
, (1.12)

as shown in Fig. 1.3. From Fig. 1.3 follows that this assembly can be used to
modulate light by an applied electrical signal or even to switch light on and
off.

1.3.2 Self-phase modulation

As we will see later, in an isotropic and homogeneous medium, symmetry
does not allow second-order processes. Therefore, in such a medium, such as
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glass, the refractive index in lowest order of the electric field can only depend
quadratically on the field strength, i.e., it depends on the intensity of the wave

I ≈
∣∣∣Ê∣∣∣2 /(2Z0) according to

n = n0(ω) + n2II, (1.13)

where Z0 is the impedance of the wave in the medium. Therefore, if an optical
pulse propagates in such a medium, the peak of the pulse receives a larger
phase shift than the wings of the pulse, called self-phase modulation (SPM),
see Table 1.3. The corresponding value from our simple model follows from
Eq. (1.10), if the second-order term is replaced by the third-order term

∆n = n2II =
3

4

χ(3)|E|2

2n0

=
3

4

χ(3)Z0I

n0

. (1.14)

The corresponding value for the intensity-dependent refractive index coefficient
is then

n2I =
3

4

χ(3)Z0

n2
0

=
3

4

χ(3)

ε0c0n2
0

(1.15)

as listed in Table 1.2. Again this agrees well with the value for quartz.

1.3.3 Self-focusing

A TEM00 laser mode has a Gaussian transverse beam profile. A Gaussian
beam propagating through a medium with an intensity-dependent refractive
index will generated a transversely varying index distribution. If the refractive
index increases with intensity, called positive Kerr effect, then the beam will
generate a lens acting back on the beam itself with a focusing force. If the
lensing is stronger than the diffraction of the beam, it leads to the phenomenon
of whole-beam self-focusing, which is catastrophic in a 3-dimensional geometry,
it continues until the intensity is so high that effects of higher order kick in,
e.g., ionization and eventually damage of the material.

1.3.4 Optical solitons

The intensity-dependent refractive index is especially important in femtosec-
ond lasers and optical communications, since it occurs in any medium at large
peak intensities. As we will see later in great detail, in a 1-dimensional geom-
etry, for example for the guided field in an optical fiber, the positive nonlinear
refractive index together with the negative dispersion of the fiber at 1550 nm
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wavelength enables pulses, that can propagate unperturbed. These pulses have
the form

As(t) = A0
1

cosh
(
t
τ

) , (1.16)

where A0 is the pulse amplitude and τ is the pulse duration. Negative disper-
sion means that higher frequencies have a higher group velocity, i.e., propagate
faster, than lower frequencies. Standard glass fibers show negative dispersion
for wavelengths larger than 1.3 µm, see Fig. 1.4 [9, 10].
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Figure 1.4: Disperson of standard optical fiber in practical units.
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Chapter 2

Nonlinear optical susceptibilities

2.1 Definition

A general electric field can be written as a superposition of waves with different
frequencies (sum or integral)

E(r, t) =
∑
ωa>0

3∑
i=1

1

2

{
Êi(ωa)e

j(ωat−kar) + c.c.
}
ei. (2.1)

where Êi(ωa) is the i-th cartesian component of the electric field with unit
vector ei. The term c.c. (complex conjugate) contains the negative frequency
components with Ei(−ωa) = Ei(ωa)

∗. The nonlinear polarization will be also
separated into positive and negative frequency components of a given frequency
generated by the applied electric field

P(r, t) =
∑
n

P(n)(r, t) (2.2)

with

P(n)(r, t) =
∑
ωb>0

3∑
i=1

1

2

{
P̂

(n)
i (ωb)e

j(ωbt−kbr) + c.c.
}
ei. (2.3)

For the i-th component of the n-th order nonlinear polarization with fre-
quenz ωb, we define the susceptibility tensor as

P̂
(n)
i (ωb) =

ε0
2m−1

∑
P

∑
j...k

χ
(n)
ij...k(ωb : ω1, ...., ωn)Êj(ω1) · · · Êk(ωn), (2.4)

ωb =
n∑

i=1

ωi and kb =
n∑

i=1

ki. (2.5)

15



16 CHAPTER 2. NONLINEAR OPTICAL SUSCEPTIBILITIES

where the sum over P is the summation over all possible permutations of
frequencies ω1, ...., ωn, that lead to the same resulting frequency ωb, and m is
the number of fields with a frequency different from zero. For visualization a
few examples:

P̂
(2)
i (ω3) = ε0

∑
jk

χ
(2)
ijk(ω3 : ω1, ω2)Êj(ω1)Êk(ω2), (2.6)

ω3 = ω1 + ω2 and k3 = k1 + k2. (2.7)

( −→ Sum-Frequency Generation, SFG)

P̂
(2)
i (ω3) = ε0

∑
jk

χ
(2)
ijk(ω3 : ω1,−ω2)Êj(ω1)Ê

∗
k(ω2), (2.8)

ω3 = ω1 − ω2 und k3 = k1 − k2. (2.9)

( −→ Difference-Frequency Generation, DFG)

P̂
(3)
i (ω4) =

6ε0
4

∑
jkl

χ
(3)
ijkl(ω4 : ω1, ω2,−ω3)Êj(ω1)Êk(ω2)Ê

∗
l (ω3), (2.10)

ω4 = ω1 + ω2 − ω3 und k4 = k1 + k2 − k3. (2.11)

( −→ Four-Wave Mixing, FWM)

Remember, the susceptibilities are symmetric with respect to a permutation
of the input frequencies {ωi}, since it is arbitrary which frequency is considered
to be ω1, i.e., there is

χ
(n)
ijk(ω : ω1, ω2, ...) = χ

(n)
ikj(ω : ω2, ω1, ...). (2.12)

2.2 Classical model

To illustrate some interesting properties of the nonlinear optical susceptibil-
ities, we consider the following simple 1-dimensional model for a nonlinear
dielectric material composed of electrons that move in a simple anharmonic
potential V (x). The restoring force of this potential is characterized by being
a nonlinear function of the excursion

F (x) = −∂V (x)

∂x
= −mω2

0x

(
1 +

x

a
+
x2

b2

)
(2.13)

= −mω2
0x−mβ2x

2 −mβ3x
3 (2.14)

with β2 =
ω2
0

a
and β3 =

ω2
0

b2
. (2.15)
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The term characterized by β2 results from the asymmetric part of the poten-
tial, and the term characterized by β3 from the symmetric part. The equation
of motion for the electron with an additional external field E(t) including also
a damping force proportional to velocity (for example by radiation damping)
is then given by

m
d2x

dt2
= −2

ω0

Q
m
dx

dt
+ F (x)− e0E(t)

d2x

dt2
+ 2

ω0

Q

dx

dt
+ ω2

0x+ β2x
2 + β3x

3 = −e0
m
E(t), (2.16)

where ω0 is the resonance frequency of a second-order system, 2ω0

Q
the damping

constant, and Q the quality factor of the oscillation. If the anharmonicity is
weak, and also the applied external field is weak, so that the resulting motion is
small, i.e., |β2x+ β3x

2| ≪ ω2
0, then Eq. (2.16) can be solved using perturbation

theory:

x(t) = x0(t) + ϵx1(t) + ϵ2x2(t) + ... (2.17)

where the perturbation terms with β2 and β3 are of order ϵ. Substitution of
the ansatz (2.17) into Eq. (2.16) and comparing coefficients of equal power in
ϵ results in

(0) :

(
d2

dt2
+ 2

ω0

Q

d

dt
+ ω2

0

)
x0(t) = −e0

m
E(t) (2.18)

(1) :

(
d2

dt2
+ 2

ω0

Q

d

dt
+ ω2

0

)
x1(t) = −β2 (x0)2 − β3 (x0)

3 (2.19)

(2) :

(
d2

dt2
+ 2

ω0

Q

d

dt
+ ω2

0

)
x2(t) = −2β2x0x1 − 3β3x

2
0x1 (2.20)

2.2.1 Linear Susceptibility

In zeroth-order deflection, and therefore the polarization, is linear with respect
to the field and the complex deviation amplitude x̂0(ω) is

x0(t) =
1

2

(
x̂0(ω)e

jωt + c.c.
)

P (1)(t) =
1

2

(
P̂ (1)(ω)ejωt + c.c.

)
= −Ne0 · x0(t)
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in case of a time-varying field with amplitude Ê(ω) and frequency ω

E(t) =
1

2

(
Ê(ω)ejωt + c.c.

)
(2.21)

Eq. (2.18) with x0(t) or its Fourier transforms

(0) : x0(ω) =
−e0

m
(
ω2
0 − ω2 + j 2

Q
ω0ω

)Ê(ω),
(1) : P̂ (1)(ω) =

Ne20

m
(
ω2
0 − ω2 + j 2

Q
ω0ω

)Ê(ω) = ε0χ
(1)Ê(ω).

Therefore, the linear susceptibility is

χ(1)(ω) =
Ne20

mε0

(
ω2
0 − ω2 + j 2

Q
ω0ω

) =
ω2
P(

ω2
0 − ω2 + j 2

Q
ω0ω

) (2.22)

where ωP =
√

Ne20
mε0

is the plasma frequency. Eq. (2.22) is the Drude-Lorentz

expression for the dispersion in a dielectric. Real and imaginary parts of the
linear susceptibility are shown in Fig. 2.1 for a quality factor Q = 10.

χ(1) = χ(1)′ + jχ(1)′′ (2.23)

χ(1)′ =
ω2
P

ω2
0

(
1− ω2

ω2
0

)
[(

1− ω2

ω2
0

)2
+ 4

Q2
ω2

ω2
0

] (2.24)

χ(1)′′ = −ω
2
P

ω2
0

2
Q

ω
ω0[(

1− ω2

ω2
0

)2
+ 4

Q2
ω2

ω2
0

] (2.25)

For a sufficiently large offset from a resonance (transition), the real part
usually dominates, i.e., it does make a contribution to the refractive index
and the absorption from the transition is negligible. This is because the real
part only drops inversely proportional to the offset frequency, whereas the ab-
sorption drops off with the square, if one expands the above expressions as a
function of the offset frequency. In total, this may result in large frequency
intervals, where the absorption in a medium can be neglected, but has a refrac-
tive index significantly different from 1. The medium is completely reactive.
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Figure 2.1: Susceptibility arising from the linear harmonic oscillator model for the
electron cloud surrounding an atomic core.

For high quality factors, Q ≥ 3, and the positive frequency range, the
susceptibility can be approximated by a complex Lorentzian profile, i.e., the
second-order system is replaced by a complex first-order system.

χ(1)(ω) =
ω2
P(

ω2
0 − ω2 + j 2

Q
ω0ω

) (2.26)

=
ω2
P

2jω′
0

 1(
1
Q
+ j (ω − ω′

0)
) − 1(

1
Q
+ j (ω + ω′

0)
)
 (2.27)

≈ ω2
P

2jω0

 1(
1
Q
+ j (ω − ω0)

) − 1(
1
Q
+ j (ω + ω0)

)
 (2.28)

≈ ω2
P

2jω0

1(
1
Q
+ j (ω − ω0)

) , for ω around +ω0. (2.29)

where ω′
0 = ω0

√
1− 1

Q2 is the exact resonance frequency of the damped har-

monic oscillator.
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2.2.2 Nonlinear susceptibility

Here, we consider weak nonlinearities and, therefore, we consider only the term
x(1) in the solution

x1(t) = x̂1(0) +
1

2

(
x̂1(ω)e

jωt + c.c.
)

+
1

2

(
x̂1(2ω)e

j2ωt + c.c.
)
+

1

2

(
x̂1(3ω)e

j3ωt + c.c.
)

With the susceptibility χ(1)(ω), which is up to the prefactor−Ne0/ε0 equal to
the impulse response of Eq. (2.18), we can find the first-order amplitudes of
all the different frequency components according to

x̂1(0) = −β2
1

ω2
0

∣∣∣∣∣∣
 −e0
m
(
ω2
0 − ω2 + j 2

Q
ω0ω

)
∣∣∣∣∣∣

2 ∣∣∣Ê(ω)∣∣∣2 (2.30)

= −β2
χ(1)(0)

ω2
P

(
−Ne0

ε0

)−2 ∣∣χ(1)(ω)
∣∣2 ∣∣∣Ê(ω)∣∣∣2 , (2.31)

x̂1(2ω) =
−β2
2

χ(1)(2ω)

ω2
P

(
−Ne0

ε0

)−2

χ(1)(ω)2Ê(ω)2, (2.32)

x̂1(ω) =
−3β3
4

χ(1)(ω)

ω2
P

(
−Ne0

ε0

)−3 ∣∣χ(1)(ω)
∣∣2 (χ(1)(ω)

)
(2.33)

×
∣∣∣Ê(ω)∣∣∣2 Ê(ω), (2.34)

x̂1(3ω) =
−β3
4

χ(1)(3ω)

ω2
P

(
−Ne0

ε0

)−3

χ(1)(ω)3Ê(ω)3. (2.35)

From these solutions we can derive the corresponding susceptibilities ac-
cording to

χ(2)(0;ω,−ω) = −mβ2
e0

(
−Ne0

ε0

)−2

χ(1)(0)
∣∣χ(1)(ω)

∣∣2 , (2.36)

χ(2)(2ω;ω, ω) =
−mβ2
2e0

(
−Ne0

ε0

)−2

χ(1)(2ω)χ(1)(ω)2, (2.37)

χ(3)(ω;ω,−ω, ω) =
−3mβ3
4e0

(
−Ne0

ε0

)−3 ∣∣χ(1)(ω)
∣∣2 (χ(1)(ω)

)2
, (2.38)

χ(3)(3ω;ω, ω, ω) =
−mβ3
4e0

(
−Ne0

ε0

)−3

χ(1)(3ω)χ(1)(ω)3. (2.39)



2.3. MILLER’S δ COEFFICIENT 21

Thus in this perturbation theory, we can express the higher-order suscep-
tibilities as a product of the first-order susceptibilities, which are evaluated
at the input or output frequencies. This means that nonlinear optical effects
become large, when either one of the input frequencies is resonant with a
transition or at least the generated frequency is resonant (resonant enhance-
ment). The other way around is, that we can suppress frequency products by
choosing them not to be resonant optical nonlinearities. In general, resonantly
enhanced nonlinearities are always very lossy and therefore not useful for effi-
cient frequency conversion. In applications, where losses are very detrimental,
the participating frequencies are chosen nonresonant.

2.3 Miller’s δ coefficient

Experimentally one finds, that the nonlinear susceptibility for the second har-
monic χ(2)(2ω;ω, ω) does not depend strongly on the material. Due to the
relationships between the nonlinear susceptibility and the linear susceptibili-
ties one can define the Miller coefficients from Eq. (2.37) by

δijk =
χ
(2)
ijk(2ω : ω, ω)

χ
(1)
ii (2ω)χ

(1)
jj (ω)χ

(1)
kk (ω)

=
χ
(2)
ijk(2ω : ω, ω)

(n2(2ω)− 1) (n2(ω)− 1)2

=
−mβ2

2

ε20
N2e30

.

Experimentally one finds, that these coefficients do not depend strongly on
the material for inorganic materials. We assume that the deviation x (see
Eq. (2.13)) is the lattice constant with a ≈ (N)−1/3, then we obtain with Eq.
(2.15) for the Miller coefficient

|δijk| ≈
mω2

0

2

ε20
N5/3e30

.

If we assume that the resonances of the material are in the UV, i.e., λ0 = 200
nm, ω0 = 3π· fs−1, such that the material is transparent in the infrared, we
obtain with a = 3 ·10−10 m−1 a typical value for the Miller coefficient of

|δijk| ≈ 3.7 · 10−12V

m
,

which agrees well with the susceptibilities given later in Table 2.1.
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2.4 Properties of the nonlinear susceptibilities

2.4.1 Physical fields are real

As already used in Eq. (2.3), the electric field and the polarization are real
quantities. To ensure this, the nonlinear susceptibilities must obey the relation

χ
(n)
ij...s(ωb;ω1, ...., ωn)

∗ = χ
(n)
ij...s(−ωb;−ω1, ....,−ωn) (2.40)

ωb =
n∑

i=1

ωi (2.41)

2.4.2 Permutation symmetry

The n-th order susceptibility describes the generation of a nonlinear polariza-
tion originating from the product of n electric fields. The electric fields and
corresponding frequencies were numbered consecutively according to Eq. (2.3).
This consecutive numbering from 1 to n is arbitrary, thus it is meaningful and
convenient to define the susceptibilities in a symmetric way

χ
(n)
i...j...o...s(ωb; ...ωl,...ωk...., ωn) = χ

(n)
i...o...j...s(ωb; ...ωk,...ωl...., ωn). (2.42)

2.4.3 Symmetry for lossless media

For the case of a lossless medium, the nonlinear susceptibility tensor possesses
two additional symmetries. The first one is a consequence of the fact that the
susceptibilities of lossless media are real, what becomes immediately obvious
from the classical model discussed before (limit Q→ ∞), but it must also hold
in the general case, as the imaginary part of the susceptibility describes loss
and gain.

The second symmetry is the tensor’s complete permutation symmetry in-
dependent, if the frequency is an input or output frequency, i.e.,

χ
(n)
i...j...o...s(ωb; ...ωl,...ωk...., ωn) = χ

(n)
j...i...o...s(−ωl; ...− ωb,...ωk...., ωn), (2.43)

and in combination with the first symmetry (Eq. (2.40)) it thus follows

χ
(n)
i...j...o...s(ωb; ...ωl,...ωk...., ωn) = χ

(n)
j...i...o...s(ωl; ...ωb,... − ωk....,−ωn). (2.44)

This implies that in the lossless case, the susceptibilities for sum- and difference-
frequency generation are equal if the frequencies and polarizations involved are
chosen accordingly. For the classical model treated before, this is immediately
clear. Furthermore, it can also generally be proven by a quantum mechanical
derivation of the susceptibility or with the help of the energy conservation [3].
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2.4.4 Kleinman’s symmetry

Often nonlinear optical media are used in the frequency range far below res-
onances. In this low-frequency range the medium is lossless and the suscepti-
bilities are essentially independent of wavelength. In this case, the indices of
the susceptibilities or the frequencies can arbitrarily be permuted, or in other
words, the nonlinearity responds instantaneously to the electric field

χ
(n)
i...j...o...s(ωb; ...ωl,...ωk...., ωn) = χ

(n)
j...i...o...s(ωb; ...ωl,...ωk...., ωn) (2.45)

= χ
(n)
j...i...o...s = const.

or
P

(2)
i (t) =

∑
jk

χ
(2)
ijkEj(t)Ek(t). (2.46)

2.4.5 Neumann’s principle

Let’s consider the following coordinate transformations (inversion, mirror im-
age and rotation) T of the field and polarization vectors E and P E

′
x

E
′
y

E
′
z

 =

 Tx′x Tx′y Tx′z

Ty′x Ty′y Ty′z
Tz′x Tz′y Tz′z

 Ex

Ey

Ez

 (2.47)

In compact notation
E′ = T · E (2.48)

and for E
E = T−1 · E′ (2.49)

Inversion, mirror image and rotation are orthogonal transformations, therefore
TT = T−1. From Eq. (2.49) thus follows

E = TT · E′ (2.50)

Employing Einstein’s summation convention, we obtain for the components

Ei = (Tii′)
TEi′ = Ti′iEi′ (2.51)

and
Pi = Ti′iPi′ (2.52)

where summation over the index i′ is tacitly implied. Then the following
relations generally hold

P
(n)
i = ε0χ

(n)
ij...sEj · · ·Es, (2.53)

P
(n)
i′ = ε0χ

(n)
i′j′...s′Ej′ · · ·Es′ , (2.54)
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and with (2.47) to (2.54), it follows

Ti′iP
(n)
i = P

(n)
i′ = ε0Ti′iχ

(n)
ij...sTj′jEj′Tk′kEk′ · · ·Ts′sEs′ (2.55)

or χ
(n)
i′j′...s′ = Ti′iTj′j · · ·Ts′sχ(n)

ij...s (2.56)

Thus the nonlinear susceptibilities are tensors. In particular, it follows that
transformations, that do not change the physical reference between the fields
and media, leave the susceptibilities invariant. The 32 crystal classes, that can
be derived from the 7 crystal systems, are characterized by being invariant
under a point group. I.e., the susceptibility tensor of materials, belonging to
a certain crystal class, must be invariant under the corresponding point group
(Neumann’s principle). E.g., the inversion is described by the transformation
Ti′i = (−1)δi′i, where δi′i is the Kronecker delta (δi′i = 1 for i′ = i, and 0
otherwise).

The susceptibility tensor of the inverted medium thus has the form

χ
(n)
i′j′...s′ = (−1)n+1χ

(n)
ij...s (2.57)

If the medium is invariant under inversion, it follows for n=even

χ
(n)
ij...s = (−1)n+1χ

(n)
ij...s = 0 (2.58)

i.e., in an inversion symmetric medium, the susceptibility tensors of even or-
ders vanish. In such a medium, no linear electro-optic effect and no second-
harmonic generation can occur. This is a very important result. Of the 32
crystal classes, already 11 possess inversion symmetry. For the remaining 21
non-centrosymmetric crystal classes, the number of nonvanishing tensor ele-
ments χ

(2)
ijk further reduce because of other symmetries. The symmetry prop-

erties of χ
(2)
ijk are the same as those of the piezo-electric tensor.

If the nonlinear optical processes are forbidden by symmetry (e.g., in media
such as glasses, gases, fluids), processes of third order are the dominating
nonlinearity. The existing inversion symmetry also reduces the non-vanishing
susceptibility tensor elements of third order χ

(3)
ijkl.

2.5 The reduced susceptibility tensor of sec-

ond order

In general, the second-order susceptibilities are expressed in terms of nonlinear
coefficients dijk mit dijk = 1

2
χ
(2)
ijk. Then the nonlinear polarization for the
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generation of the second harmonic, sum and difference frequency are defined
as

P̂
(2)
i (ωn + ωm) = 2ε0

∑
jk

dijk(ωn + ωm : ωn, ωm)Êj(ωn)Êk(ωm). (2.59)

If the Kleinmann symmetry condition is valid, or for second-harmonic gener-
ation (ωn = ωm = ω), the nonlinear coefficients can be formulated in reduced
form dijk = dikj = dil, i.e., in these cases the indices j and k can be permuted.
Then it holds

[jk] =

 11 12 13
21 22 23
31 32 33

 = [l] =

 1 6 5
6 2 4
5 4 3

 . (2.60)

In the case of second-harmonic generation, the generated nonlinear polarization
can be described as

 Px(2ω)
Py(2ω)
Pz(2ω)

 = ε0

 d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

 .


Ex(ω)
2

Ey(ω)
2

Ez(ω)
2

2Ey(ω)Ez(ω)
2Ex(ω)Ez(ω)
2Ex(ω)Ey(ω)

 .
(2.61)

In many crystals, not all 18 nonlinear coefficients are different from each
other. Already the validity of Kleinman’ symmetry condition implies, that
only 10 out of the 18 coefficients are different from each other, because there
must be symmetry with respect to permutation of the three indices, and so far
we have only taken advantage of the symmetry with respect to permutation
of the last two indices. For example, it holds d21 = d211 = d121 = d16, or
d31 = d311 = d131 = d15 etc. Altogether this leads to

[dil] =

 d11 d12 d13 d14 d15 d16
d16 d22 d23 d24 d14 d12
d15 d24 d33 d23 d13 d14

 . (2.62)

Remark: the formulae provided in this section differ by a factor of 2 compared
to the ones in the book by R. W. Boyd [4], due to a modified ansatz for the
electric field.

The 32 crystal classes (crystallographic point groups) derive from the 7
crystal systems (see Figs. 2.2 and 2.3): tetragonal, orthorhombic, monoclinic,
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triclinic, trigonal, hexagonal, and cubic systems. Each crystal belongs to one of
these crystal systems. Due to the characteristic symmetry operations, certain
nonlinear coefficients are identical or vanish.

The seven crystal systems can be divided into 14 Bravais lattices: sim-
ple cubic (sc), body centered cubic (bcc), face centered cubic (fcc), simple
tetragonal (st), centered tetragonal (ct), simple orthorhombic (so), body cen-
tered orthorhombic (bco), face centered orthorhombic (fco), base centered or-
thorhombic (bco), simple monoclinic (sm), centered monoclinic (cm), triclinic,
trigonal, hexagonal. From the Bravais lattices the 32 crystallographic point
groups can be derived.

A thorough discussion of crystal systems, crystal classes, Bravais lattices,
crystallographic point groups etc. can be found, e.g., in Chapter 7 of the book
by Ashcroft & Mermin [5].
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The 14 Bravais lattices: introduction of special bases preserves the point symmetry

The 7 crystal systems and their hierachy:

7 point groups

7 and 14crystal systems Bravais lattices

The can be divided intoBravais lattices

14 space groups

3 cubic lattices:
2 tetragonal lattices:

4 orthorhombic lattices:

2 monoclinic lattices:

1 triclinic lattice
1 trigonal lattice

1 hexagonal lattice

14 Bravais lattices in 7 crystal systems

Figure 2.2: Overview of the 7 crystal systems and their hierarchy.
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The can be divided intocrystals

32 andcrystallographic point groups

230 space groups

The 32 crystallographic point groups originate from the point groups of the

7 crystal systems  by systematic reduction of the symmetry (see Ashcroft&Mermin:

Solid State Physics, Chapter 7, Tables 7.2 and 7.3, Saunders College Publ. (1976):

32 point groups

Figure 2.3: Dividing the 7 crystal systems into the possible symmetry groups.
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The table below summarizes the general form of the nonlinear coefficient
matrix for the various crystal classes:

crystal
system

crystal
class

(dil)

triclinic C1 ∥ 1

 d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36



monoclinic CS ∥ m

 d11 d12 d13 0 0 d16
d21 d22 d23 0 0 d26
0 0 0 d34 d35 0


m ⊥ z

CS ∥ m

 d11 d12 d13 0 d15 0
0 0 0 d24 0 d26
d31 d32 d33 0 d35 0


m ⊥ y

IRE conv.

C2 ∥ 2

 0 0 0 d14 d15 0
0 0 0 d24 d25 0
d31 d32 d33 0 0 d36


2 ⊥ z

C2 ∥ 2

 0 0 0 d14 0 d16
d21 d22 d23 0 d25 0
0 0 0 d34 0 d36


2 ⊥ y

IRE conv.

ortho-
rhombic

C2ν ∥ mm2

 0 0 0 0 d15 0
0 0 0 d24 0 0
d31 d32 d33 0 0 0

 KTP, KNbO3

BaNaNb5O15

LiB3O3 (LBO)

D2 ∥ 222

 0 0 0 d14 0 0
0 0 0 0 d25 0
0 0 0 0 0 d36


α-HIO3

.
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crystal
system

crystal
class

(dil)

tetra-
gonal

C4 ∥ 4

 0 0 0 d14 d15 0
0 0 0 d15 −d14 0
d31 d31 d33 0 0 0


S4 ∥ 4̄

 0 0 0 d14 d15 0
0 0 0 −d15 d14 0
d31 −d31 0 0 0 d36


C4ν ∥ 4mm

 0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0



D2d ∥ 4̄2m

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d36

 NH4H2PO4 (ADP)
KH2PO4 (KDP)
CsH2AsO4 (CDA)

AgGaSe

D4 ∥ 422

 0 0 0 d14 0 0
0 0 0 0 −d14 0
0 0 0 0 0 0



trigonal C3 ∥ 3

 d11 −d11 0 d14 d15 −d22
−d22 d22 0 d15 −d14 −d11
d31 d31 d33 0 0 0



C3ν ∥ 3m

 0 0 0 0 d15 −d22
−d22 d22 0 d15 0 0
d31 d31 d33 0 0 0

 m ⊥ x
IRE conv.

LiNbO3,LiTaO2

BaB2O2 (BBO)

C3ν ∥ 3m

 d11 −d11 0 0 d15 0
0 0 0 d15 0 −d11
d31 d31 d33 0 0 0


m ⊥ y

D3 ∥ 32

 d11 −d11 0 d14 0 0
0 0 0 0 −d14 −d11
0 0 0 0 0 0


SiO2, Te



2.5. THE REDUCED SUSCEPTIBILITY TENSOROF SECONDORDER31

crystal
system

crystal
class

(dil)

hexa-
gonal

C3k ∥ 6̄

 d11 −d11 0 0 0 −d22
−d22 d22 0 0 0 −d11
0 0 0 0 0 0



C3k ∥ 6

 0 0 0 d14 d15 0
0 0 0 d15 −d14 0
d31 d32 d33 0 0 0


like class C4 ∥ 4

LiIO3

D3k ∥ 6̄m2

 0 0 0 0 0 −d22
−d22 d22 0 0 0 0
0 0 0 0 0


m ⊥ x

IRE conv.

D3k ∥ 6̄m2

 d11 −d11 0 0 0 0
0 0 0 0 0 −d11
0 0 0 0 0 0


m ⊥ y

C6ν ∥ 6mm

 0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0


like class C4ν ∥ 4mm

CdS, CdSe
ZnO, ZnS

D6 ∥ 622

 0 0 0 d14 0 0
0 0 0 0 −d14 0
0 0 0 0 0 0


like class D4 ∥ 422

cubic T ∥ 23

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d14



Td ∥ 4̄3m

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d14


GaAs, InP

InSb

O ∥ 432 all elements vanish
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crystal d
(2)
ij (2ω : ω, ω)

[
10−12m

V

]
δijk

[
10−13 V

m

]
Te d11 = +690 (@ λ = 10.6 µm) +0.7
CdGeAs2 d36 = +264 (@ λ = 10.6 µm) +1.72
InP d14 = +263 +1.3
GaAs d14 = +105 (@ λ = 10.6 µm) +1.15
KNb03 d33 = −20.3 −4.43

d31 = −11.3 −2.04
d32 = −13.5 −2.12

LiNb03 d31 = −4 −.62
d33 = −27 −3.9

BaTi03 d33 = −5 −0.7
d31 = −13.5 −1.91

Ba2NaNb5O15 d33 = −21 +3.72
d32 = −15 +2.21

LiIO3 d31 = −4.4 +3.45
KH2PO4 (KDP) d36 = d14 = +0.39 +2.3
NH4H2PO4 (ADP) d36 = d14 = +0.47 +2.5
SiO2 (Quartz) d11 = +0.3 +1.15
KTiPO4 (KTP) d31 = d32 = +3.3 +2.3
β-BaB2O4 (BBO) d22 = +2.3 +4.16

d31 = +0.1 +0.177
LiB3O5 (LBO) d31 = +1.1 +2.124

d32 = −1.0 +1.95
DAST d11 = 630 (@ λ = 1.5 µm) +65.5

Table 2.1: Nonlinear optical coefficients for frequency doubling and Miller coeffi-
cients of several important anorganic materials and the organic material DAST.

Table 2.1 shows nonlinear susceptibilities and corresponding Miller coeffi-
cients for several important anorganic and one organic material (DAST).

In order to understand, how the susceptibility tensor of a crystal class, that
is invariant with respect to a point group, is restricted, we study the example
of point group mm2, see Fig. 2.4. This crystal class is invariant under 180◦

rotations around the z-axis and mirror images on the planes m1 and m2, that
contain the rotation axis. The frequently used materials KTP und KNbPO4

belong to this crystal class. Since the tensor elements transform just like the
coordinates, it is interesting to study, how the coordinates transform under
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Figure 2.4: Symmetry elements of the point group mm2.

these group operations:

m1 : (x, y, z) −→ (−x, y, z),
m2 : (x, y, z) −→ (x,−y, z),
2 : (x, y, z) −→ (−x,−y, z).

From the two mirror images follows that all elements of the d tensor, for
which an odd number of occurrence of the index 1 or 2 happens, must vanish,

d1,1,1 = d1,2,2 = d1,3,3 = d1,2,3 = 0

d2,1,1 = d2,2,2 = d2,3,3 = d2,1,3 = 0

d3,1,3 = d3,2,3 = d3,1,2 = 0.

The 2-fold axis requires, that the tensor elements, for which the indices 1 and
2 together occurr an odd number of times, must vanish

d1,1,2 = 0, d1,1,3 ̸= 0

d2,2,1 = 0, d2,2,3 ̸= 0

d3,1,1 ̸= 0, d3,2,2 ̸= 0, d3,3,3 ̸= 0

For the point group mm2 then the following relation between nonlinear
polarization and field holds

P̂x(2ω;ω, ω) = 2ε0d15Êx(ω)Êz(ω)

P̂y(2ω;ω, ω) = 2ε0d24Êy(ω)Êz(ω)

P̂z(2ω;ω, ω) = ε0d31Ê
2
x(ω) + ε0d32Ê

2
y(ω) + ε0d33Ê

2
z (ω)
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In a similar way, also the symmetry properties of the third-order susceptibility
tensor can be derived for the various crystal classes.

2.6 The third-order susceptibility tensor

If the second-order nonlinear processes are forbidden by symmetry, then the
dominating nonlinearities are of third order ones. This is obviously the case
in particular for isotropic media, such as liquids, gases or glasses, as they
are inversion symmetric. Isotropic media in addition possess other symmetry
properties, e.g., invariance under mirror imaging on a plane. This symmetry
requires that each index must occur twice, unless the corresponding tensor el-
ement vanishes. As a consequence, the possible 34=81 tensor elements already
reduce to 21 elements.

The cubic symmetry, i.e., symmetry with respect to 90◦ rotations around
one of the axes, in addition requires, that the number of independent tensor
elements are reduced to 3 (see problem set):

xxyy = yyxx = xxzz = zzxx = yyzz = zzyy

xyxy = yxyx = xzxz = zxzx = yzyz = zyzy

xyyx = yxxy = xzzx = zxxz = yzzy = zyyz

xxxx = yyyy = zzzz = (xxyy + xyxy + xyyx)

The nonvanishing tensor elements for the various crystal classes are summa-
rized in the table below [4], where the following notation for tensor elements
is employed:

P̂i (3ω;ω, ω, ω) = ε0cijklÊj (ω) Êk (ω) Êl (ω) .

The last three indices are again permutable, for this reason a reduced notation
is used

cijkl = cip

for the last three indices according to the follwing list:
p 1 2 3 4 5 6 7 8 9 0
jkl 111 222 333 233 133 223 113 122 112 123
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Chapter 3

The wave equation with sources

The polarization is a source for electromagnetic fields. Maxwell’s equations
are (in SI units)

∇× E = −∂B
∂t
, (Faraday)

∇×H = J+
∂D

∂t
. (Ampère, Maxwell)

The constitutive material equations for a non-magnetic medium are

B = µ0H,

D = ε0E+P, (3.1)

J = σE.

If no free charges are present

∇ ·D = ρ = 0. (3.2)

Then there are also no currents from free charges

J = 0.

It follows

∇×∇× E = ∇ (∇ · E)−∆E = −µ0
∂

∂t
(∇×H) .

From (3.1), (3.2) and in absence of free carriers, it follows ∇·E = −∇ ·P/ε0 ≈
0, which is only approximately fulfilled in nonlinear optics due to the nonlinear
polarization part. We then obtain

∆E−µ0σ
∂

∂t
E−µ0ε0

∂2

∂t2
E =µ0

∂2

∂t2
P.

39
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With P =ε0χ
(1)E+PNL and the relative dielectric number εr = 1 + χ(1) it

follows

∆E−µ0σ
∂

∂t
E−µ0ε0εr

∂2

∂t2
E =µ0

∂2

∂t2
PNL (3.3)

where we assumed, that the linear dielectric susceptibility does not depend on
frequency, i.e., the medium is dispersion free.

The nonlinear wave equation (3.3) can be solved approximately for the case
of plane quasi-monochromatic waves propagating into the positive z-direction

E(z, t) = êE(z, t)ej(ωt−kz), (3.4)

PNL(z, t) = p̂PNL(z, t)e
j(ωt−kpz), (3.5)

as follows. To this end, we assume that the amplitude E(z, t) of the electric
field and the amplitude PNL(z, t) of the polarization do not strongly vary
spatially and temporally over the scales defined by the carrier wave, i.e.,

|kE(z, t)| ≫
∣∣∣∣ ∂∂zE(z, t)

∣∣∣∣ , |kpPNL(z, t)| ≫
∣∣∣∣ ∂∂zPNL(z, t)

∣∣∣∣ , (3.6)

|ωPNL(z, t)| ≫
∣∣∣∣ ∂∂tPNL(z, t)

∣∣∣∣ , |ωE(z, t)| ≫
∣∣∣∣ ∂∂tE(z, t)

∣∣∣∣ . (3.7)

Often this procedure is called the Slowly Varying Envelope Approximation
(SVEA). Inserting the expressionss (3.4) and (3.5) in (3.3) results in

∂2E

∂z2
−2jk

∂

∂z
E − k2E − µ0σ

(
jωE +

∂

∂t
E

)
−µ0ε0εr

(
∂2

∂t2
E + 2jω

∂

∂t
E − ω2E

)
= µ0

(
∂2

∂t2
PNL + jω

∂

∂t
PNL − ω2PNL

)
(ê · p̂) ej(k−kp)z.

Employing the dispersion relation k2 = µ0ε0εrω
2 the two leading terms cancel,

and within the SVEA (3.6),(3.7) it follows

2jk
∂

∂z
E + 2j

ω

c2
∂

∂t
E = −jωµ0σE + µ0ω

2PNL (ê · p̂) ej(k−kp)z,

where we introduced the velocity of light in the linear medium as c =
√
µ0ε0εr

−1.
We divide this equation by 2jk and transform it into a comoving time frame
using t′ = t− z/c, (z = z′), and obtain

∂

∂z
E(z, t′) = −αE(z, t′)− 1

2
jωZωPNL(z, t

′) (ê · p̂) ej(k−kp)z, (3.8)
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with the damping constant α = σZω/2 and the impedance of the medium

Zω = 1
ε0

√
εr,ωc0

=
√

µ0

ε0εr,ω
.

A few remarks on Eq. (3.8): the medium conductivity σ leads to losses and
therefore damping of the propagating wave. The medium’s nonlinear polariza-
tion can lead to both gain or damping of the wave, depending on the relative
phase between the electric field and the polarization (parametric amplification,
frequency conversion, stimulated scattering processes as Raman and Brillouin
scattering, multi-photon absorption). If the nonlinear polarization is in phase
or in opposite phase of the electric field, it corresponds to a a nonlinear change
of the refractive index, leading to a phase shift of the electric field (Pockels
effect, Kerr effect). If the polarization is advancing the field by 90◦, the polar-
ization is supplying energy to the field. In the opposite case, the polarization
is extracting energy from the field. As can be seen from the exponential term
in Eq. (3.8), the phase relation is changing during propagation, if no phase
matching of the process, i.e., k = kp, is achieved.
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Chapter 4

Frequency doubling

Peter Franken observed the first nonlinear optical process, Second-Harmonic
Generation (SHG), in 1961, just one year after the invention of the laser. He
simply focused the beam of a Ruby laser into a quartz crystal and observed a
weak second-harmonic light. In fact, the spot was so weak, that the typesetter
at Physical Review Letters thought it was a dirt spot on the figure and deleted
the spot from the figure for the final publication. With todays lasers and
nonlinear optical materials, second-harmonic efficiencies, i.e., conversion from
the fundamental wavelength to the second-harmonic wave, approach close to
100%. We make use of the effective doubling coefficient deff , which includes
the nonlinear coefficient and potentially a factor of 2, depending on the polar-
ization of the input wave, see Eq. (2.61)

P̂ (2ω) = ε0deff (2ω;ω, ω)Ê(ω, z)Ê(ω, z). (4.1)

We neglect any losses for the moment (α = 0), and Zω = 1
nω

√
µ0

ε0
= 1

nω

1
ε0c0

from Eq. (3.8)

∂Ê(2ω)

∂z
= − jω

n2ωc0
deff (2ω;ω, ω)Ê(ω, z)Ê(ω, z)e

j(k(2ω)−2k(ω))z (4.2)

4.1 Without depletion of the fundamental wave

As long as the conversion stays low, we can neglect depletion of the fundamen-
tal wave, which greatly simplifies the SHG process, i.e., we neglect the back
conversion of the already generated second harmonic. Then the fundamental
wave is constant and with vanishing second harmonic at the start, we obtain

Ê(2ω, z = ℓ) = −jωdeff
n2ωc0

Ê2(ω)

∫ ℓ

0

ej∆kzdz ,

43
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where ∆k = k(2ω) − 2k(ω) is the difference in wave number between the
second-harmonic light and twice the wavenumber of the fundamental light or
the driving second-order nonlinear polarization. Within these assumptions we
obtain

Ê(2ω, ℓ) = −jωdeff
n2ωc0

Ê2(ω)ℓ ·
[
sin∆kℓ/2

∆kℓ/2

]
ej∆kℓ/2. (4.3)

Introducing the intensities of the fundamental and second-harmonic waves

Iω,2ω =
nω,2ω

2

√
ε0/µ0|Êω,2ω|2

we obtain

I(2ω, ℓ) =
2ω2d2eff
n2ωn2

ωc
3
0ε0

ℓ2I2(ω)

[
sin∆kℓ/2

∆kℓ/2

]2
. (4.4)

For the case of phase matching, see Fig. 4.1, ∆k = 0, and negligible con-
version, the intensity of the second-harmonic light grows with the square of the
propagation distance in the nonlinear medium, see Fig. 4.2. If phase match-
ing is not achievable, the nonlinear polarization driving the wave generation
at the second harmonic runs out of phase with the already generated second
harmonic. This leads to a change of sign in the energy conversion to the sec-
ond harmonic, and the newly generated second harmonic adds out of phase to
the one already present. This leads to a periodic oscillation in the generated
second-harmonic wave and limits the amount of fundamental light eventually
transferred to the second harmonic. There are periodic conversion and back-
conversion cycles, which shows in Eq. (4.4) by the sinc-function. There is a
coherence length defined by

ℓc =
π

∆k
(4.5)

over which the energy conversion has a definite sign. If perfect phase matching
can not be achieved, this is the maximum length of a crystal one should use
to achieve the maximum conversion.

If phase matching can be achieved, one can use Eq. (4.4) to define an
inverse conversion length Γ as

Γ =
ωdeff
nc

|Ê(ω)|, with n =
√
nωn2ω, (4.6)

and
I(2ω, ℓ) = Γ2ℓ2I(ω). (4.7)

If the medium length reaches the conversion length, i.e., Γℓ = 1, then Eq. (4.7)
would indicate, that all fundamental light is converted to the second harmonic,
which contradicts the assumption of small conversion, and therefore we have
to work a little more to correct for it.
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Figure 4.1: Phase relationship between the waves for nonlinear polarization, funda-
mental and second-harmonic light when phase matched.

crystal thickness (mm)

Figure 4.2: Second-harmonic generation as function of phase mismatch.
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4.2 With depletion of the fundamental wave

To better understand the case of strong conversion, we inspect the coupled
equations of fundamental and second-harmonic wave in more closely. The
equations are coupled, because the second-harmonic wave together with the
fundamenal wave drive a polarization at the fundamental wave

P̂ (ω) = ε0d
′
eff (ω; 2ω,−ω)Ê(2ω)Ê∗(ω).

The coupled equations are

∂Ê(2ω)

∂z
= − jω

n2ωc0
deff Ê(ω)Ê(ω)e

j∆kz (4.8)

and
∂Ê(ω)

∂z
= − jω

nωc0
d′eff Ê(2ω)Ê

∗(ω)e−j∆kz. (4.9)

Both equations describe the energy exchange between fundamental and second-
harmonic wave. The intensities are

Iω =
nω

2Z0

∣∣∣Ê(ω)∣∣∣2 and I2ω =
n2ω

2Z0

∣∣∣Ê(2ω)∣∣∣2 (4.10)

and in the case of lossless media, i.e., d′eff and deff are real, and the total
energy is conserved

2Z0
dI2ω
dz

= n2ω

[
Ê∗(2ω)

∂Ê(2ω)

∂z
+ c.c.

]
=

= −jω
c0
deff Ê

∗(2ω)Ê(ω)Ê(ω)ej∆kz + c.c.

2Z0
dIω
dz

= nω

[
Ê(ω)

∂Ê∗(ω)

∂z
+ c.c.

]
= −2Z0

dI2ω
dz

, if d′eff = d∗eff .

Energy conservation demands permutation symmetry of the conversion coeffi-
cients

n2ω|Ê(2ω)|2 + nω|Ê(ω)|2 = const. ≡ nωÊ
2
0 = const. (4.11)

Separating the wave amplitudes with respect to amplitude and phase

Ê(ω) = |Ê(ω)|ejΦ(ω)

Ê(2ω) = |Ê(2ω)|ejΦ(2ω)
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results in

dÊ(2ω)

dz
=

d|Ê(2ω)|
dz

ejΦ(2ω) + j
dΦ(2ω)

dz
|Ê(2ω)|ejΦ(2ω) (4.12)

d|Ê(2ω)|
dz

= Re

{
−jωdeff
n2ωc0

|Ê(ω)|2e2jΦ(ω)−jΦ(2ω)ej∆kz

}
(4.13)

= Re

{
−jωdeff

nωc0
{Ê2

0 − |Ê(2ω)|2}e2jΦ(ω)−jΦ(2ω)ej∆kz

}
.(4.14)

The general solution to this equation can be expressed as elliptic function.
However, for the case of phase matching, ∆k = 0, the solution simplifies. In
this case the field at the second harmonic will build up such that -je2jΦ(ω)−jΦ(2ω)

= 1. The phase difference 2jΦ(ω)− jΦ(2ω) does not change during propaga-
tion, since all equations are real, and we obtain

∫ |Ê(2ω)|ℓ

0

d|Ê(2ω)|
Ê2

0 − |Ê(2ω)|2
= −

∫ ℓ

0

ωdeff
nωc0

dz. (4.15)

Using the integral ∫
dx

a2 − x2
=

1

a
tanh−1[x/a] (4.16)

we obtain

|Ê(2ω)|z=ℓ = Ê0 tanh

{
Ê0

(
ωdeff
nωc0

)
ℓ

}
(4.17)

or for the intensity

I(2ω, ℓ) = I(ω, 0) tanh2

{
Ê0ωdeff
nωc0

· ℓ

}
(4.18)

With the conversion rate Γ =
ωdeff
nωc0

Ê0 introduced above, we obtain

I(2ω, ℓ) = I(ω, 0) tanh2{Γℓ} (4.19)

and with 1−tanh2 = cosh−2 = sech2, we see that there is complete conversion
in the asymptotic limit

I(ω, ℓ) = I(ω, 0)sech2{Γℓ}. (4.20)
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4.3 Wave propagation in linear non-isotropic

media

To understand phase matching exploiting birefringence, we consider wave prop-
agation in non-isotropic but reciprocal media. The dielectric tensor ε must
then be symmetric (reciprocity). Therefore, the dielectric tensor can always
be transformed to diagonal form. If the coordinate axes are chosen along the
main axes, the form is

D̂ = εÊ

ε =ε0

 εx 0 0
0 εy 0
0 0 εz


∇×∇× Ê = ω2µ0 εÊ (4.21)

As in isotropic media, there are plane-wave solutions with

Ê = Ê0e
−jk·r (4.22)

that obey
k×k× Ê = −ω2µ0εÊ (4.23)

The wave vector is orthogonal to the displacement vector but in general
not anymore to the electric field

k ⊥ (εÊ = D̂).

From Faraday’s law we have

jk× Ê = −ωB̂ (4.24)

and therefore, as in the isotropic case, we have

k ⊥ B̂ ∥ Ĥ.

The relationship between field vectors, wave vector and Poynting vector
is shown in Fig. 4.3. The dielectric displacement vector, D̂, ist parallel to
the phase fronts of the wave, but the electric field vector Ê is in general not
parallel to the phase fronts. This is only the case if the polarization defined via
the electric field vector is parallel to a main axis of the dielectric susceptibility
tensor; because then Ê ∥ D̂.

The power flow, given by the Poynting vector S = E×H, is always normal
to E and H and, therefore, is not necessarily parallel to the wave vector.
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Figure 4.3: Relationship between field vectors, wave vector and Poynting vector of
a plane wave in birefringent media.

isotropic

 xx 0 0
0 xx 0
0 0 xx

 cubic

uniaxial

 xx 0 0
0 xx 0
0 0 zz

 tetragonal
trigonal
hexagonal

biaxial

 xx 0 0
0 yy 0
0 0 zz

 orthorhombic xx 0 xz
0 yy 0
xz 0 zz

 monoclinic xx xy xz
xy yy yz
xz yz zz

 triclinic

Table 4.1: Form of the dielectric susceptibility tensor for the different crystal sys-
tems.
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Figure 4.4: Index ellipsoid

In general, we distinguish between isotropic, uniaxial and biaxial media. In
the isotropic case, all main dielectric constants are equal. In the uniaxial case,
two are equal and different from the third one. And in the case of a biaxial
medium, all three main dielectric constants are different from each other, see
Table 4.1.

In the following, we consider the uniaxial case

εxx = εyy = ε1 ̸= εzz = ε3

The corresponding refractive indices are called ordinary and extraordinary
indices.

n1 = no ̸= n3 = ne.

Further one distinguishes between positive uniaxial, ne > no, and negativ
uniaxial, ne < no, crystals.

If the wave propagates along the z-axis, often also called optical axis or
“fast axis”, there is no birefringence. The refractive index experienced by the
wave is independent of polarization. However, if the wave vector is under
an angle θ to the z-axis, see Fig. 4.4, birefringence occurs. Without loss of
generality, we assume the wave vector lies in the x-z-plane. If we inspect Eq.
(4.23) closer, we find with A× (B×C) = (A ·C)B− (A ·B)C(

k · Ê
)
k−k2Ê+ ω2µ0εÊ = 0. (4.25)

This equation determines the possible polarizations of the wave, and Eq. (4.24)
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gives the corresponding magnetic fields. From Eq. (4.25) it follows in the x-y-
z-coordinate system k20n

2
o + k2x−k2 kxkz

k20n
2
o−k2

kzkx k20n
2
e + k2z−k2

 Ê = 0 (4.26)

This equation shows, that the wave polarized in the y-direction, i.e., in the
plane orthogonal to the plane defined by the wave vector and the fast axis,
decouples from the other components.

4.3.1 Ordinary wave

This wave is the ordinary wave, because it follows the dispersion relation

k2 = k20n
2
o.

As the wave in an isotropic medium, it is purely transversal, k ⊥ Ê ⊥ Ĥ.

4.3.2 Extraordinary wave

Obviously Eq. (4.26) allows also for other waves, with polarization in the
x-z-plane, which have a longitudinal component in the E-field. This is the
extraordinary wave. The dispersion relation of the ordinary wave follows from

det

∣∣∣∣ k20n2
o + k2x−k2 kxkz

kzkx k20n
2
e + k2z−k2

∣∣∣∣ = 0

or after some brief transformations

k2z
n2
o

+
k2x
n2
e

= k20. (4.27)

With kx = k sin (θ), kz = k cos (θ) and k = n (θ) k0 we obtain for the refractive
index of the extraordinary wave

1

n (θ)2
=

cos2 (θ)

n2
o

+
sin2 (θ)

n2
e

. (4.28)

Eqs. (4.27), (4.28) determine an ellipsoid for the free-space wave vector of
the refractive index n (θ) of the extraordinary wave, respectively, as shown in
Fig. 4.5. Fig. 4.5 is the surface determined by ω = k0c0. The group velocity,
which is parallel to the Poynting vector, is determined by

υg = ∇kω(k) ∥ S,
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Figure 4.5: Cut through the surface of the index ellipsoid with constant free-space
value ko(kx, ky, kz) or frequencies.

and is normal to the index ellipsoid. To determine the “walk-off” angle between
the Poynting vector and the wave vector, we consider

tan θ =
kx
kz

tanϕ = −dkz
dkx

.

From Eq. (4.27) we find

2kzdkz
n2
o

+
2kxdkx
n2
e

= 0, (4.29)

and

tanϕ =
n2
okx
n2
ekz

=
n2
o

n2
e

tan θ .

Therefore, we obtain for the walk-off angle between Poynting vector and wave
number vector

tan ϱ = tan (θ − ϕ) =
tan θ − tanϕ

1 + tan θ tanϕ
(4.30)
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wavelength (nm)

refractive
index n

Figure 4.6: Non-critical phase matching

or

tan ϱ =

(
1− n2

o

n2
e

)
tan θ

1 +
n2
0

n2
e
tan2 θ

. (4.31)

4.4 Phase matching

Already during the discussion of second-harmonic generation we noticed the
importance of achieving phase matching. In many cases this can be achieved
by exploiting the birefringence of most crystals that have a nonvanishing χ(2).
Other techniques rely on periodic variation of the nonlinear coefficient, which
is called quasi-phase matching, or using the geometrical or mode dispersion in
waveguides.

4.4.1 Birefringent phase matching

In SHG, we introduced the coherence length

ℓc = π|k(2ω)− 2k(ω)|−1 =
λ(ω)

4(n(2ω)− n(ω))
.

Normally the regular material dispersion leads to index changes on the order
of several percent when changing frequency over one octave. Therefore, the
coherence length may be as short as a few microns, if fundamental and second
harmonic have the same polarization.

However, if fundamental and second-harmonic wave have different polar-
ization in a birefringent medium, as shown in Fig. 4.6, the birefringence may
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wavelength (nm)

refractive
index n

Figure 4.7: Type-I critical phase matching.

be able to compensate for the index difference at the fastly different frequen-
cies. For the case shown in Fig. 4.6, we have exactly ne(2ω) = no (ω), i.e.,
the fundamental wave is the ordinary wave and the second harmonic is the
extraordinary wave. This case is called non-critical phase matching possible
for negative birefringence ne < no. In the case of positive birefringence, the
fundamental wave needs to be the extraordinary wave and the generated har-
monic the ordinary one. Again these cases are called non-critical or 90◦-phase
matching, since both polarizations are along the main axis and no walk-off be-
tween the waves exists. In this case the interaction between the beams would
be infinite. In practice, non-critical phase matching as shown in Fig. 4.6 occurs
only approximately. Often this can be further matched by temperature tuning.
Important examples for this technique is the frequency doubling of 1.06-µm
radiation in LiNbO3, CD

∗A and LBO or frequency doubling of 530-nm light
in KDP.

A more general situation is shown in Fig. 4.7. The birefringence is too
strong for non-critical phase matching. However, by angle-tuning with respect
to the optical axis every index value between ne(2ω) and no (2ω) can be dialed
in, especially no (ω) . This phase matching angle, θp, is determined by

n2ω
e (θp) =

{
sin2 θp
(n2ω

e )2
+

cos2 θp
(n2ω

0 )2

}−1/2

= nω
0

which leads to

tan θp =
n2ω
e

n2ω
0

√
(nω

0 )
2 − (n2ω

0 )
2

(n2ω
e )2 − (nω

0 )
2 .

Unfortunately, both waves do not any longer propagate exactly along the same
direction, but walk off from each other. The direction of energy flux for the
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c axis

Figure 4.8: Walk-off between ordinary and extraordinary wave.

extraordinary wave (here the SH) deviates from the wave vector. Since real
beams are of finite diameter, the overlap and therefore interaction of the beams
is limited; see Fig. 4.8. The walk-off angle ρ at phase matching is

tan ρ =
(nω

0 )
2

2

{
1

(n2ω
e )2

− 1

(n2ω
0 )2

}
sin 2θp ≈

∆n

n
sin 2θp

where the approximation is only valid for small birefringence. For 90◦-phase
matching the walk-off disappears. If Gaussian beams with waist w0 are used,
the interaction length due to walk-off is limited to

ℓa =

√
π

ϱ
w0.

This distance is also often called aperture distance. The phase matching tech-
nique just discussed is called type-I phase matching. Type-I phase matching
is recognized by the orthogonality in polarization between fundamental and
second-harmonic wave.

Another phase-matching method, called type-II, is shown in Fig. 4.9, again
for the case of a negative birefringent material. In this method, the harmonic
wave is an extraordinary or e-wave and there are two fundamental waves, one
with e-polarization and one with o-polarization. Only if both polarizations
are present, light at the second harmonic is generated. In this case, phase
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wavelength (nm)

refractive
index n

Figure 4.9: Type-II non-critical phase matching.

Type I Type II
ne < no (neg. uniaxial) : oo→ e oe→ e
ne > no (pos. uniaxial) : ee→ o oe→ o

Table 4.2: Phase-matching configurations

matching is achieved if

n2ω
e (θp) =

1

2
{nω

e (θp) + nω
0 }.

Table 4.2 shows the polarizations of fundamental and harmonic wave for the
different phase-matching configurations.

Acceptance angle

To carry out frequency doubling successfully, it is very important to know
about the sensitivity of the frequency doubling as a function of variation in
angle between fundamental and second harmonic. This will give us a sense for
the precision we need to point the beams for efficient doubling. We investigate
the phase mismatch as a function of the acceptance angle for type-I phase
matching

∆k = (k2ω − 2kω)|θp +
d

dθ
(k2ω − 2kω)

∣∣∣∣
θp

∆θ + ...

=
4π∆θ

λ

{
dn2ω(θ)

dθ
− dnω

dθ

}
θp
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For type-I phase matching, there is dnω/dθ = dnω
o /dθ = 0 and

n2ω(θ) =

{
sin2 θ

(n2ω
e )2

+
cos2 θ

(n2ω
0 )2

}−1/2

.

The angle-induced phase mismatch can then be rewritten as

∆k = −2π∆θ

λ
n2ω(θ)

3

{
2 sin θ cos θ

(n2ω
e )2

− 2 sin θ cos θ

(n2ω
0 )2

}
=

2π∆θ

λ
(nω

o )
3

{
1

(n2ω
0 )2

− 1

(n2ω
e )2

}
sin 2θp.

For a given crystal length ℓ the phase mismatch should not be larger than the
half-width at half-maximum (HWHM) of the sinc2− function, i.e., ∆k = π/ℓ,

∆θ =
λ

2ℓ sin 2θp
(nω

o )
−3

{
1

(n2ω
0 )2

− 1

(n2ω
e )2

}−1

With ∆n2ω = n2ω
0 − n2ω

e , (n2ω
0 )−2 = (n2ω

e )−2 − 2(n2ω
e )−3∆n2ω and n2ω

e = nω
o , we

obtain

∆θ = − λ

4ℓ sin 2θp∆n2ω
.

For most cases |∆θ| is on the order of a few milliradians, e.g., for KH2PO4

(KDP) at λ = 1.064 µm , nω
e = 1.466, nω

o = 1.506, n2ω
e = 1.487, n2ω

o = 1.534.
For this case, the phase-matching angle is θp = 49.9◦ and for a 1-cm long
crystal, there is |∆θ| = 0.001.

For type-II phase matching under the condition n2ω
e (θp) = [nω

e + nω
o ] /2, we

obtain

∆k =
2π∆θ

λ

{
2
dn2ω

e (θ)

dθ
− dnω

e (θ)

dθ

}
θp

(4.32)

For weak birefringence and if the wavelength dependence of both indices is
similar, than the acceptance angle is roughly twice as large as for type-I phase
matching. For non-critical phase matching, that is 90◦-phase matching, the
above derivation can not be used, since the phase-matching error depends
second order on the acceptance angle. One finds

∆k =
2π

λ
(nω

o )
3

{
1

(n2ω
e )2

− 1

(n2ω
0 )2

}
(∆θ)2 (4.33)

which simplifies for small birefringence to

∆θ ≈
{

λ

2ℓ∆n2ω

}1/2

. (4.34)

For λ =1 µm, ∆n = 0.047 and ℓ = 1 cm, we find |∆θ| = 0.02, e.g., this accep-
tance angle is an order of magnitude higher than for cricital phase matching,
which justifies the names critical and non-critical phase matching.
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Acceptance bandwidth

Perfect phase matching is usually achievable only for a single frequency. Be-
cause the refractive index is wavelength dependent, efficient frequency doubling
is only possible over a limited frequency range. This frequency or wavelength
range is called acceptance bandwidth. Again, an estimate for the acceptance
bandwidth can be derived from the phase mismatch

∆k = {k2ω − 2kω}|λp
+

{
d

dλ
(k2ω − 2kω)

}
λp

∆λ+ . . . (4.35)

≈ 4π∆λ

{
d

dλ

(n2ω

λ
− nω

λ

)}
λp

= 4π
∆λ

λ

{
1

2

dn2ω

d(λ/2)
− dnω

dλ

}
λp

(4.36)

= 4π
∆λ

λ

{
1

2

dn

dλ

∣∣∣∣
2ω

− dn

dλ

∣∣∣∣
ω

}
(4.37)

The acceptance bandwidth follows again from the condition, that the phase
mismatch over the propagation length must stay smaller than the HWHM of
the sinc2− function, i.e., |∆k| < π/ℓ or

∆λ =

∣∣∣∣∣ λ4ℓ
{
1

2

dn

dλ

∣∣∣∣
2ω

− dn

dλ

∣∣∣∣
ω

}−1
∣∣∣∣∣ , (4.38)

where λ is the wavelength of the fundamental wave and ℓ the interaction length.
The other way around, if a bandwidth 2∆λ needs to be frequency doubled, a
phase matched crystal can only have the length ℓ

ℓ =
λ

2∆λ

{
1

2

dn

dλ

∣∣∣∣
2ω

− dn

dλ

∣∣∣∣
ω

}−1

(4.39)

which will limit the maximum conversion efficiency. Thus the acceptance band-
width is essential for frequency doubling of short pulses, because of their spec-
tral width. If the acceptance bandwidth is smaller than the pulse bandwidth,
the doubled pulse will be longer and the efficiency will be reduced. This can
also be understood as temporal walk-off between the fundamental pulse and
its second harmonic. The group velocity of a pulse is given by

υg =
dω

dk
=

d

dk

( c
n
k
)
=
c

n
− ck

n2

dn

dλ

dλ

dk
(4.40)

where

dλ

dk
=

d

dk

(
2πn

k

)
= −

(
2πn

k2

)
+

2π

k

dn

dλ

dλ

dk

dλ

dk
=

− (2πn/k2)

1− 2π
k

dn
dλ

, (4.41)
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that is

υg =
c

n

{
1− λ

n

dn

dλ

}−1

. (4.42)

Two pulses with duration tp but with different group velocities will overlap
over a length

ℓ ≈ tp
2

{
1

υg

∣∣∣∣
ω

− 1

υg

∣∣∣∣
2ω

}−1

.

With Eq. (4.42) we obtain

⇒ ℓ ≈ tpc

2λ

{
1

2

dn

dλ

∣∣∣∣
2ω

− dn

dλ

∣∣∣∣
ω

}−1

.

Using the time-bandwidth relationship

tp ≈
1

∆f
=

λ2

c∆λ
(4.43)

we find the maximum crystal length similar to the one derived from the phase
matching condition (4.39)

⇒ ℓ ≈ λ

2∆λ

{
1

2

dn

dλ

∣∣∣∣
2ω

− dn

dλ

∣∣∣∣
ω

}−1

.

4.4.2 Frequency doubling of Gaussian beams

A laser emits radiation in a TEM00 - mode, i.e., a Gaussian beam. The electric
field of a Gaussian beam is described by

Ê(x, y, z) = Ê0
w0

w(z)
exp{−j(kz − ϕ)} × (4.44)

exp

{
−(x2 + y2)

[
1

w2(z)
+

jk

2R(z)

]}

w(z) = w0

{
1 +

(
λz

πw2
0

)2
}1/2

(4.45)

ϕ = tan−1

{
λz

πw2
0

}
(4.46)

R(z) = z

{
1 +

(
πw2

0

λz

)2
}

(4.47)
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nonlinear crystal

Gaussian laser beam

Figure 4.10: Intensity distribution of a Gaussian beam.

The confocal parameter of the beam is twice the Rayleigh range and given by

b =
2πw2

0

λ
(4.48)

see Fig. 4.10. The Rayleigh range is the distance, over which the beam cross
sectional area doubles, πw2(z) < 2πw2

0. The opening angle of the beam due to
diffraction is

∆θ ≈ w(z)

z
≈ λ

πw0

. (4.49)

In the near field (z ≪ b), the beam is close to a plane wave

Ê(x, y) = Ê0 exp

(
−x

2 + y2

w2
0

)
exp(−jkz) (4.50)

or

Ê(r) = Ê0 exp

(
− r2

w2
0

)
exp(−jkz) (4.51)

P =
ncε0
2

∫ ∞

0

∫ 2π

0

|Ê0|2 exp
(
−2r2

w2
0

)
rdrdϕ (4.52)

=
ncε0
2

|Ê0|2
(
πw2

0

2

)
⇒ P = I0

(
πw2

0

2

)
, (4.53)

with the peak intensity I0 =
ncε0
2
|Ê0|2 on beam axis. The effective area, Aeff ,

of a Gaussian beam is therefore

Aeff =
P

I0
=
πw2

0

2
. (4.54)
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The simplest estimate for the frequency doubling including the beam shape is
done in the limit of low conversion and using the expression in the near field.
Under these assumptions we obtain

Ê2(r, ℓ) = −jω1deff
n2ωc

Ê2
1(r)ℓ = −jκÊ2

1(r)ℓ (4.55)

where we introduced the interaction coefficient κ =
ω1deff
n2ωc

=
ω2deff
2n2ωc

. With the
Gaussian shape for the second harmonic

Ê2(r, ℓ) = −jκÊ2
1ℓe

−2r2/w2
1 . (4.56)

The frequency-doubled beam shows only half the cross section compared to the
fundamental beam w2 = w1/

√
2 or the confocal parameter b2 = πw2

2/ (λ/2) =
πw2

1/λ = b1. Thus the confocal parameters of both beams are the same. The
total generated power at 2ω is

P2 =
n2ωcε0

2

∫ 2π

0

∫ ∞

0

|Ê2(r)|2rdrdϕ =
n2ωcε0

2
κ2Ê4

1ℓ
2

(
πw2

1

4

)
(4.57)

=
n2ω

nω

P1κ
2Ê2

1ℓ
2/2 (4.58)

⇒ P2

P1

=
n2ω

nω

Γ2ℓ2

2
=

Γ2ℓ2

2
(4.59)

where n = nω = n2ω, assuming phase matching. Expressed by the intensity
ratio we obtain

I2
I1

= Γ2ℓ2 (4.60)

similar to the case of plane waves. From Eq. (4.59) we obtain for the conversion
efficiency

η =
P2

P1

=
2ω2

ε0c3

(
d2eff
n3

)(
P1

πw2
1

)
· ℓ2. (4.61)

Thus the conversion efficiency is proportional to
(
d2eff/n

3
)
. Thus for choosing

a crystal for efficient frequency doubling, not only the effective nonlinearity
deff should be as high as possible, but simultaneously, the refractive index n
should be small. Fig. 4.11 gives an overview over the figure of merit defined
by FOM= d2eff/n

3. From Fig. 4.10 we see that for ℓ > b the beam cross
section increases and the conversion drops. A numerical optimization without
any approximations results in the crystal length ℓ = 2.84 · b for maximum
conversion. With this result and b = 2πw2

1/λ, we obtain for the maximum
conversion efficiency

ηopt =
P2

P1

=
2ω2

ε0λc3

(
d2eff
n3

)
5.68P1 · ℓ. (4.62)
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As this equation shows, the optimum conversion efficiency is achieved for ℓ ∼ b.
The weaker the focus and the longer the crystal, the larger is the conversion
in a χ(2)-process, if phase matching is maintained over the full length.

Figure 4.11: Figure of merit (FOM) for different nonlinear optical materials.

4.4.3 Frequency doubling of pulses

As noticed during derivation of the acceptance bandwidth, mismatch in the
group velocities of fundamental and second harmonic leads to lengthening of
the generated second-harmonic pulse. Therefore, we like to investigate this
case more closely. A short pulse has a continuum of frequencies and we need
to take all mixing products into account

P (z, ω) = ϵ0deff

∫ ∞

−∞
E1 (ω − ω1)E1 (ω1) e

−j(k(ω−ω1)+k(ω1))zdω1.



4.4. PHASE MATCHING 63

The input frequencies are grouped around the center frequency ω0, and there-
fore it makes sense to expand the wave number around the center frequency
of the fundamental wave

k (ω − ω1) = k0 +

(
∂k

∂ω

)
ω0

(ω − ω1 − ω0) , (4.63)

k (ω1) = k0 +

(
∂k

∂ω

)
ω0

(ω1 − ω0) . (4.64)

With Eqs. (4.63) and (4.64)

⇒ k (ω − ω1) + k (ω1) = 2k0 +
1

υg1
(ω − 2ω0) (4.65)

where
1

υg1
=

1

υg

∣∣∣∣
ω0

=

(
∂k

∂ω

)
ω0

(4.66)

is the inverse group velocity. Then the polarization at the sum frequency is

P (z, ω) = ϵ0deffe
−j

(
2k0+

1
υg1

(ω−2ω0)

)
z
∫ ∞

−∞
E1 (ω − ω1)E1 (ω1) dω1. (4.67)

The electric field at frequency ω grows according to Eq. (3.8)

∂E2 (z, ω)

∂z
= −jω0deff

nc0
e
−j

(
2k0+

1
υg1

(ω−2ω0)−k(ω)

)
z
× (4.68)∫ ∞

−∞
E1 (ω − ω1)E1 (ω1) dω1.

If E1(ω) is the spectrum of the pulse centered around ω0, then the integral will
only be non-zero around ω ≈ 2ω0 The wave number k (ω) around 2ω0 is

k (ω) = k2 +
1

υg2
(ω − 2ω0) , (4.69)

with
1

υg2
=

1

υg

∣∣∣∣
2ω0

=

(
∂k

∂ω

)
2ω0

. (4.70)

For the case of phase matching (k2 = 2k0) and low conversion

E2 (ℓ, ω) = G(ℓ, ω) · F (ω) (4.71)
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where

G (ℓ, ω) = −jω0deff
nc0

ej(∆kℓ/2) · ℓ ·

{
sin ∆kℓ

2

∆kℓ/2

}
, (4.72)

∆k =

(
1

υg1
− 1

υg2

)
(ω − 2ω0) , (4.73)

and

F (ω) =

∫ ∞

−∞
E1 (ω − ω1)E1 (ω1) dω1. (4.74)

The electric field at the second harmonic can then be written as a Fourier
transform. In the time domain we obtain with the convolution theorem

1

2π

∫ ∞

−∞
G (ω)F (ω) ejωtdω =

∫ ∞

−∞
g (t′) f (t− t′) dt′ (4.75)

where

g(t) =
1

2π

∫ ∞

−∞
G (ω) ejωtdω (4.76)

=

 ej2ω0t ω0deff
4nc0

1(
1

υg2
− 1

υg1

) , 0 < t <
(

1
υg2

− 1
υg1

)
ℓ

0, elsewhere


For a fundamental wave E1 (t) = A1 (t) cos (ω0t− k0z) we obtain a second-
harmonic wave E2 (ℓ, t) = A2 (ℓ, t) cos (2ω0t− 2k0z)

A2 (ℓ, t) =
ω0deff
4nc0

1(
1

υg2
− 1

υg1

) ∫ ℓ/υg2−ℓ/υg1

0

A2
1 (t− t′) dt′, (4.77)

where A2 (ℓ, t) is the envelope of the generated second-harmonic pulse obtained
by a convolution of a squared input field and a rectangularly shaped pulse of

duration
(

1
υg2

− 1
υg1

)
ℓ. In the limit

(
1

υg2
− 1

υg1

)
ℓ→ 0, we obtain

A2 (ℓ, t) =
ω0deff
4nc0

· ℓ · A2
1 (t) . (4.78)

In the case of
(

1
υg2

− 1
υg1

)
ℓ ≫ tp = pulse length, we obtain from Eq. (4.77) a

rectangularly shaped pulse with duration

ℓ

{
1

υg

∣∣∣∣
2ω

− 1

υg

∣∣∣∣
ω

}
.
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4.4.4 Effective nonlinear coefficient deff

As we have seen from the previous chapter, the fundamental and second-
harmonic beams need to be polarized properly to optimize the nonlinear pro-
cess, i.e., to achieve phase matching. The polarization generated in a given
geometry includes the summation over all possible components of the funda-
mental field and the corresponding elements of the d tensor. In Eq. (4.1) we
used an effective d coefficient that contained this summation. For complete-
ness, we want to derive this effective coefficient for the point group 4̄2m, where
KDP belongs to, using the Kleinman symmetry and for type-I phase matching
and simply state them for the other point groups. We consider the situation in
Fig. 4.12. The d tensor of the crystal in a coordinate system (x,y, z) aligned
with the main axis (a,b, c) of the index ellipsoid is in diagonal form. For the
purpose of phase matching the crystal is rotated such that the beams propa-
gate in direction z′ of a new coordinate system (x′,y′, z′). The new coordinate
system follows from the old one by two transformations, a rotation around the
z-axis by an angle φ and another rotation around the x′-axis by an angle -ϑ.
The transformation of a vector u from the old to the new coordinate system

Figure 4.12: Arrangement to determine the effective nonlinear optical susceptibility
deff in a uniaxial crystal.
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is given by  ux′

uy′
uz′

 = T ·

 ux
uy
uz

 (4.79)

with the transformation matrix T

T =

 1 0 0
0 cosϑ − sinϑ
0 sinϑ cosϑ

 cosφ sinφ 0
− sinφ cosφ 0
0 0 1


=

 cosφ sinφ 0
− sinφ cosϑ cosφ cosϑ − sinϑ
− sinφ sinϑ cosφ sinϑ cosϑ

 . (4.80)

The inverse is

T−1 = TT =

 cosφ − sinφ cosϑ − sinφ sinϑ
sinφ cosφ cosϑ cosφ sinϑ
0 − sinϑ cosϑ

 . (4.81)

The fundamental and second-harmonic waves are ordinary or extraordinary
waves. The ordinary wave, (E∥D), is polarized along the x

′
-axis

Eo = Êo · x′ = Êo (cosφ · x+ sinφ · y) (4.82)

The dielectric displacement of the extraordinary beam (E ∦ D), is polarized
along the y

′
-axis

De = De · y′ = De (− sinφ cosϑ · x+ cosφ cosϑ · y − sinϑ · z) . (4.83)

There are two possible ways to determine the effective nonlinear coefficient.
One way is by transforming the d tensor to a new coordinate system or by
substitution of the fundamental and second-harmonic waves in the old coor-
dinate system and decomposing the second-harmonic fields. For example, for
frequency doubling with KDP, which is a negative uniaxial crystal belonging
to the point group 4̄2m, with type-I phase matching:

fundamental : E(ω) = Eo∥Do

second harmonic : D(2ω) = De
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The generated nonlinear polarization in the old coordinate system is then

 P
(2)
x (2ω)

P
(2)
y (2ω)

P
(2)
z (2ω)

 = ε0

 d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

 .


Ex(ω)
2

Ey(ω)
2

Ez(ω)
2

2Ey(ω)Ez(ω)
2Ex(ω)Ez(ω)
2Ex(ω)Ey(ω)



= ε0

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d36

 .


cos2 φ
sin2 φ
0
0
0

sin (2φ)

 Ê
o2

 P
(2)
x (2ω)

P
(2)
y (2ω)

P
(2)
z (2ω)

 = ε0

 0
0

d36 sin (2φ)

 Êo2

In the new system this corresponds to the polarization P
(2)
x′ (2ω)

P
(2)
y′ (2ω)

P
(2)
z′ (2ω)

 = ε0d36 sin (2φ)

 0
− sinϑ
cosϑ

 Êo2 (4.84)

since the polarization P
(2)
y′ (2ω) is related to the dielectric displacement of the

extraordinary beam. To see that, we would need to rederive Eq. (3.8) in non-
isotropic media for the dielectric displacement, instead of the electric fields

deff = −d36 sin (2φ) sinϑ. (4.85)

Because of Kleinman symmetry d36 = d14. The effective nonlinear coefficients
for type-I phase matching for the different point groups are given in Table 4.3.

4.4.5 Quasi-phase matching (QPM)

Sometimes to achieve phase matching of a nonlinear process in the desired
wavelength range is not possible by birefringence only. In that case, or for
achieving a collinear interaction of waves, one can use quasi-phase matching
(QPM), a concept introduced by N. Bloembergen [1], Nobel Prize in Physics
1981. Fig. 4.13 shows a layered medium. In the first layer, frequency doubling
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crystal class 2e→ o 2o→ e
6,4 0 d15 sinϑ
622,422 0 0
6mm,4mm 0 d15 sinϑ
6̄m2 d22 cos

2 ϑ cos 3φ -d22 cosϑ sin 3φ
3m d22 cos

2 ϑ cos 3φ d15 sinϑ− d22 cosϑ sin 3φ
6̄ (d11 sin 3φ+ d22 cos 3φ) cos

2 ϑ (d11 cos 3φ− d22 sin 3φ) cosϑ
3 (d11 sin 3φ+ d22 cos 3φ) cos

2 ϑ d15 sinϑ+ (d11 cos 3φ− d22 sin 3φ) cosϑ
32 d11 sin 3φ cos2 ϑ d11 cos 3φ cosϑ
4̄ (d14 cos 2φ− d15 sin 2φ) sin 2ϑ − (d14 cos 2φ+ d15 cos 2φ) sinϑ
4̄2m d14 cos 2φ sin 2ϑ −d14 sin 2φ sinϑ

Table 4.3: Effective conversion coefficient deff , if Kleinman symmetry is valid.

occurs. Due to phase mismatch the second harmonic runs out of phase with
the driving wave and therefore the generating polarization. If the sign of the
nonlinearity is switched in the second layer, a phase advance by π is introduced
in the driving polarization, which rephases it with the already present second
harmonic and the process continues with maximum efficiency, see Fig. 4.13.
In total, this leads again to a quadratic increase of the second harmonic with
distance on average over several periods of the layered medium, as in the case of
phase matching. This is called quasi-phase matching. However, the curvature
of the parabolic growth is weaker in the case of QPM when compared to direct
phase matching. To understand this we rewrite Eq. (4.2) for SHG with a
spatially varying nonlinear coefficient

∂Ê(2ω)

∂z
= − jω

n2ωc
deff (z)Ê(ω)Ê(ω)e

j(k(2ω)−2k(ω))z. (4.86)

Since the spatial modulation is periodic, we can represent it as a Fourier series

deff (z) =
+∞∑

m=−∞

dme
jmκz. (4.87)

If the period of the nonlinear coefficient corresponds to twice the coherence
length at a given frequency, i.e., κ = k(2ω)−2k(ω), then SHG is rephased and
grows over multiple periods on average like

∂Ê(2ω)

∂z
= − jω

n2ωc
d−1Ê(ω)Ê(ω) (4.88)

see Fig. 4.14. The other terms average out. Reversal of deff can be achieved
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phase matching

single crystal periodically poled crystal

Figure 4.13: Growth of second harmonic as a function of distance z in a crystal for
different cases: a) homogeneous crystal and b) periodically poled crystal.

in ferroelectrica, by poling the direction of the polarization periodically [2].
Usually this is done already during growth of the crystal, or afterwards by
applying strong periodically poled electric fields at elevated temperatures.

The concept of QPM using periodically poled (PP) crystals actually has a
tremendous technological impact for modern laser technology. The key point

Figure 4.14: Quasi-phase matching of second-harmonic generation. The wave num-
ber mismatch is compensated by periodic poling of the effective nonlinear coefficient.



70 CHAPTER 4. FREQUENCY DOUBLING

is the ability to custom-engineer the phase matching of the various nonlinear
processes (e.g., SHG, SFG, DFG, OPA, THz generation) and thus enable oper-
ation of nonlinear device in wavelength regimes not accessible by conventional
birefringently phase-matched crystals [2]. Nowadays, PP crystals (e.g., lithium
niobate (LiNbO3, PP-LN) and lithium tantalate (LiTaO3, PP-LT), potassium
titanyl phosphate (KTiOPO4, PP-KTP), orientation-patterned GaAs) and ad-
vanced lithographically patterned QPM devices (e.g., fan-out QPM gratings,
chirped QPM gratings, waveguide QPM devices) find widespread applications
in mid-IR and THz generation [2, 3], in particular also in novel light sources
for attosecond science and optical frequency-comb metrology.

4.5 Optical rectification

Beside frequency doubling, the χ(2) nonlinearity also gives rise to optical rec-
tification, that results in a DC voltage in the nonlinear optical medium

Pi (0) = ε0χijk (0;ω1,−ω1) Êj (ω1) Ê
∗
k (ω1) . (4.89)

Due to dispersion, in general

χijk (0 : ω1,−ω1) ̸= χijk (2ω : ω1, ω1) , (4.90)

but due to the symmetry relations for χ in lossless media, it holds

χijk (0 : ω1,−ω1) = χkji (ω1 : ω1, 0) . (4.91)

This ensures that the coefficients for optical rectification are the same as for
the Pockels effect. Optical rectification can be used to generate short THz
pulses via rectification of femtosecond laser pulses.

4.6 Manley-Rowe relations

Three plane waves propagating in z-direction with frequencies ω1, ω2, and
ω3, and interacting via a χ(2) nonlinearity, can be described by the coupled
equations

dÊ (ω1)

dz
= −jκ1Ê (ω3) Ê

∗ (ω2) e
−j∆kz, (4.92)

dÊ (ω2)

dz
= −jκ2Ê (ω3) Ê

∗ (ω1) e
−j∆kz, (4.93)

dÊ (ω3)

dz
= −jκ3Ê (ω1) Ê (ω2) e

+j∆kz, (4.94)
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with coupling coefficients and difference wave number

κi = ωideff/nic0, and ∆k = k3 − k1 − k2. (4.95)

We multiply Eq. (4.92) by nic0ε0Ê
∗ (ω1) /2, and add the complex conjugated

part, thus obtaining(
1

ω1

)
dI (ω1)

dz
=
jε0deff

2
Ê (ω3) Ê

∗ (ω2) Ê
∗ (ω1) e

−j∆kz + c.c.

We again assume a lossless medium, i.e., deff = d∗eff , and treat Eqs. (4.93),
(4.94) similar to Eq. (4.92), and obtain

1

ω1

dI (ω1)

dz
=

1

ω2

dI (ω2)

dz
= − 1

ω3

dI (ω3)

dz
. (4.96)

I.e., for each photon, that is created (annihilated) at frequency ω3, one photon
at frequency ω1 and one photon at frequency ω2 must be annihilated (created).

The corresponding spatial variations of the intensities dI(ωi)
dz

scale with the
frequencies ωi. This is an interesting result, because no quantum-mechanical
treatment has been used to obtain it. Nevertheless, this classical nonlinear
electrodynamical treatment already strongly suggests a photon hypothesis E =
n · hν.

4.7 Sum-frequency generation (SFG)

If the nonlinear medium is irradiated by two input fields with frequencies ω1

and ω2, it is possible to to generate the sum frequency ω3 = ω1+ω2 via a χ(2)-
process. The corresponding coupled-wave equations describing the amplitudes
at the three frequencies are

∂Ê (ω3)

∂z
= −jκ3Ê (ω1) Ê (ω2) e

j∆kz (4.97)

∂Ê (ω2)

∂z
= −jκ2Ê (ω3) Ê

∗ (ω1) e
−j∆kz (4.98)

∂Ê (ω1)

∂z
= −jκ1Ê (ω3) Ê

∗ (ω2) e
−j∆kz, (4.99)

with ∆k = k(ω3) − k(ω1) − k(ω2) and κi = ωideff/nic0. In the special case
ω1 = ω2, we again obtain frequency doubling. In the low-conversion case, we
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can solve Eqs. (4.97)-(4.99) in an analogous manner to the case of frequency
doubling. Assuming Ê (ω2) and Ê (ω1) to be constant, we obtain

I (ω3, ℓ) =
2κ23n3

n1n2c0ε0
· ℓ2I (ω1) I (ω2)

{
sin∆kℓ/2

∆kℓ/2

}2

. (4.100)

One important spectroscopic application of sum-frequency generation is
the up-conversion of a weak signal at frequency ω1 with a strong signal at
frequency ω2. This can be used to time-resolve weak light-emission dynamics
or to convert a signal in the far infrared into the visible spectral range, where
much better photodetectors are available. By using a strong signal at ω2,
the weak signal can even significantly be enhanced. If the pump signal at
frequency ω2 is a short pulse, a short slice can temporally be “gated” out of
the input signal. Under the assumption of a strong pump signal at ω2 and
phase matching, we obtain

∂Ê (ω3)

∂z
= −

{
jκ3Ê (ω2)

}
Ê (ω1) , (4.101)

∂Ê (ω1)

∂z
= −

{
jκ1Ê

∗ (ω2)
}
Ê (ω3) . (4.102)

In addition, the boundary conditions E(ω3, z = 0) = 0 and E(ω1, z = 0) =
E0(ω1) apply. Since the system (4.101)-(4.102) is linear, we try an exponential
ansatz of the form Ê (ω1,3, z) = Ê0 (ω1,3) e±jγz. With this ansatz we obtain
from (4.101)-(4.102)

±jγÊ0 (ω3) +
{
jκ3Ê0 (ω2)

}
Ê0 (ω1) = 0

{
jκ1Ê

∗ (ω2)
}
Ê0 (ω3)± jγÊ0 (ω1) = 0.

For solutions to exist (the determinant of the coefficient matrix must vanish),
it must hold

γ2 = κ1κ3|Ê0 (ω2) |2 (4.103)

or

γ =

{
2κ1κ3I (ω2)

n2c0ε0

}1/2

. (4.104)

The fundamental solutions are cosine and sine functions, and together with
the boundary conditions it follows

Ê (ω3) = Â sin γz (4.105)
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and
Ê (ω1) = Ê0 (ω1) cos γz. (4.106)

Substitution into Eq.(4.101) yields

Â = −j
√
ω3n1

ω1n3

Ê0 (ω1) e
jϕ(ω2), (4.107)

where

ejϕ(ω2) =
Ê0 (ω2)

|Ê0 (ω2) |
contains the phase of the pump wave. The factor −j in Eq. (4.107) again
implies, that the driving polarization advances the generated electric field by
π/2. For the intensities we then obtain

I (ω3) =
ω3

ω1

I0 (ω1) sin
2 γz (4.108)

I (ω1) = I0 (ω1) cos
2 γz (4.109)

We realize that for γz > π/2 again backconversion into ω1 occurs. As in the
best case each photon at frequency ω1 is converted into a photon at frequency
ω3, it follows for the maximum enhancement in intensity

Imax (ω3)

I0 (ω1)
=
ω3

ω1

, (4.110)

that again corresponds to the Manley-Rowe relation.

4.8 Difference-frequency generation (DFG)

Next we look at the generation of the difference frequency ω1 = ω3 − ω2,
∆k = k(ω1) + k(ω2) − k(ω3). Again in the low-conversion limit with Ê (ω3)
and Ê (ω2) assumed to be constant, we obtain

I (ω1,ℓ) =
2κ21n1

n2n3c0ϵ0
· ℓ2I(ω3)I(ω2)

{
sin∆kℓ/2

∆kℓ/2

}2

. (4.111)

This can, e.g., be used to generate infrared light from two visible light fields
for spectroscopic applications. Another case is, if a strong pump wave at ω3

converts light from ω2 to ω1. For a strong pump wave, Ê (ω3) is constant,

∂Ê (ω1)

∂z
= −jκ1Ê (ω3) Ê

∗ (ω2) e
j∆kz (4.112)
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∂Ê (ω2)

∂z
= −jκ2Ê (ω3) Ê

∗ (ω1) e
j∆kz. (4.113)

The boundary conditions are now E(ω2, z = 0) = E0(ω2) and E(ω1, z = 0) = 0.
With the ansatz Ê (ω1,2, z) = Ê0 (ω1,2) e

±γz, we obtain when phase-matched

±γÊ0 (ω1) + j
{
κ1Ê (ω3)

}
Ê∗

0 (ω2) = 0{
−jκ2Ê∗ (ω3)

}
Ê0 (ω1)± γÊ∗

0 (ω2) = 0,

which enforces
γ2 = κ1κ2|Ê (ω3) |2. (4.114)

In comparison to sum-frequency generation, the fundamental solutions are now
hyperbolic functions

Ê (ω1) = Â sinh γz

and
Ê (ω2) = Ê0 (ω2) cosh γz + B̂ sinh γz

After back substitution, it again follows B̂ = 0 and

Â = −j
√
ω1n2

ω2n1

ejϕ(ω3)Ê∗
0 (ω2) .

Thus it follows
I (ω1) = (ω1/ω2)I0 (ω2) sinh

2 γz,

I (ω2) = I0 (ω2) cosh
2 γz.

This is indeed a different behavior compared to sum-frequency generation.
Both waves grow! At first glimpse, it seems that energy is not conserved. Of
course, this can not be the case. The required energy actually comes from
the pump wave, however, this can not be observed because of the assumption
Ê (ω3) = const. For high conversion, we obtain for the intensity ratio of the
low-frequency waves

I (ω1)

I (ω2)
=
ω1

ω2

.

4.9 Optical parametric amplification (OPA)

Already for difference-frequency generation it became obvious, that in this fre-
quency mixing process, gain can be achieved. We inspect this process now
more generally taking into account losses and without the assumption of per-
fect phase matching. This will allow us to derive the underlying equations
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governing the amplification process, its gain bandwidth and associated ampli-
fier noise. We keep the assumption of a constant pump wave at ω3. Then it
holds

∂Ê(ω1)

∂z
+ α1Ê(ω1) = −jκ1Ê (ω3) Ê

∗ (ω2) e
j∆kz (4.115)

∂Ê(ω2)

∂z
+ α2Ê(ω2) = −jκ2Ê (ω3) Ê

∗ (ω1) e
j∆kz. (4.116)

We again look for an exponential solution Ê (ω1) ∼ Ê0 (ω1) e
γ′z+j∆kz/2, and

Ê (ω2) ∼ Ê0 (ω2) e
γ′z+j∆kz/2, with suitable initial values denoted by the index

0. It follows{
γ′ + α1 +

j∆k

2

}
Ê0 (ω1) +

{
jκ1Ê (ω3)

}
Ê∗

0 (ω2) = 0 (4.117)

−
{
jκ2Ê

∗ (ω3)
}
Ê0 (ω1) +

{
γ′ + α2 −

j∆k

2

}
Ê∗

0 (ω2) = 0. (4.118)

From the determinant condition, it follows

γ′ 2 + γ′ {α1 + α2}+ α1α2 + (∆k/2)2 + (α2 − α1)
j∆k

2
− κ1κ2

∣∣∣Ê (ω3)
∣∣∣2 = 0

⇒ γ′ = −(α1 + α2)

2
±

{[
α1 − α2

2
+
j∆k

2

]2
+ κ1κ2

∣∣∣Ê (ω3)
∣∣∣2}1/2

(4.119)

For the case of phase matching and no losses, we find

γ2 = κ1κ2

∣∣∣Ê (ω3)
∣∣∣2 (4.120)

For the case of equal losses α1 = α2 = α, we obtain

γ′ = −α±
{
γ2 − (∆k/2)2

}1/2
= −α± g, (4.121)

where

g =
{
γ2 − (∆k/2)2

}1/2
. (4.122)

The solutions of the coupled equations (4.115)-(4.116) are of the form

Ê (ω1, ℓ) = e−αℓ+j(∆k/2)ℓ
{
Ê0 (ω1) cosh gℓ+B sinh gℓ

}
(4.123)

Ê (ω2, ℓ) = e−αℓ−j(∆k/2)ℓ
{
Ê0 (ω2) cosh gℓ+D sinh gℓ

}
(4.124)
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Insertion into the coupled equations (4.115)-(4.116) yields

B = −j∆k
2g

Ê0 (ω1)− j
κ1
g
Ê (ω3) Ê

∗
0 (ω2) (4.125)

D = −j∆k
2g

Ê0 (ω2)− j
κ2
g
Ê (ω3) Ê

∗
0 (ω1) . (4.126)

Note the symmetry between both solutions. Anyway, the two waves are gen-
erally called signal and idler wave. If the optical parametric amplifier (OPA)
is seeded by one wave only and if ω1 ̸= ω2, then this wave is amplified inde-
pendent of the phase∣∣∣∣∣Ê (ω1,ℓ) e

αℓ

Ê0 (ω1)

∣∣∣∣∣
2

=
{
cosh2 gℓ+ (∆k/2g)2 sinh2 gℓ

}
=

1

g2
{
γ2 cosh2 gℓ− (∆k/2)2

}
(4.127)

We define the parametric gain as

G1 (ℓ) =

∣∣∣∣∣Ê (ω1,ℓ) e
αℓ

E0 (ω1)

∣∣∣∣∣
2

− 1 ⇒ G1 (ℓ) = (γℓ)2
sinh2 gl

(gℓ)2
(4.128)

Note that for small gain, i.e., γ < ∆k, the gain has the form

G1 (ℓ) = (γℓ)2
sin2

{[
(∆k/2)2 − γ2

]1/2
ℓ
}

ℓ2
{
(∆k/2)2 − γ2

} , (4.129)

that can be further simplified to

Figure 4.15: Gain of an optical parametric amplifier (OPA) as function of the wave
number difference and gain.



4.10. OPTICAL PARAMETRIC OSCILLATION (OPO) 77

G1 (ℓ) = (γℓ)2
sin2 (∆kℓ/2)

(∆kℓ/2)2

for γ ≪ ∆k/2. In the opposite limit for large gain γ ≫ ∆k/2

G1 (ℓ) = (γℓ)2
sinh2 gℓ

(gℓ)2
⇒ 1

4
e2gℓ. (4.130)

We define the bandwidth of the OPA via{
(∆k/2)2 − γ2

}1/2
ℓ = π, (4.131)

that for small gain implies ∆k = 2π/ℓ, as we already found for frequency
doubling. In general, we obtain from Eq. (4.131)

2π∆f

c
= ∆k =

{
1 +

(
γℓ

π

)2
}1/2

(2π/ℓ) . (4.132)

This means that the bandwidth increases with the gain. For the ratio between
the bandwidths at high and low gain, we obtain

∆f High Gain

∆f Low Gain

=
{
1 + (γℓ/π)2

}1/2
. (4.133)

Fig. 4.15 shows the gain as function of ∆kℓ for various values of γℓ.

4.10 Optical parametric oscillation (OPO)

In a single pass through a parametric amplifier medium, which is described
by Eqs. (4.123)-(4.126), the signal and idler waves grow when phase-matched
(∆k = 0) according to

Ê (ω1, ℓ) e
α1ℓ = Ê0 (ω1) cosh γℓ− j

κ1
γ
Ê (ω3) Ê

∗
0 (ω2) sinh γℓ (4.134)

Ê (ω2, ℓ) e
α2ℓ = Ê0 (ω2) cosh γℓ− j

κ2
γ
Ê (ω3) Ê

∗
0 (ω1) sinh γℓ. (4.135)

Most often parametric amplifiers only permit gain for passage in a single di-
rection. In the other direction, only damping occurs

Ê ′ (ω1, ℓ) = Ê0 (ω1) e
−α1ℓ

Ê ′ (ω2, ℓ) = Ê0 (ω2) e
−α2ℓ
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If feedback of the parametric amplifier is realized by means of a Fabry-Pérot
resonator and if the field is larger after a round trip than at the beginning, so
the amplifier is turned into a self-starting oscillator. The threshold condition
is that the losses must equal the gain

Ê ′
0 (ω1) = Ê0 (ω1)

Ê ′
0 (ω2) = Ê0 (ω2)

or inserted into Eqs. (4.134)-(4.135) it follows with e−2αℓ ∼ 1− 2αℓ

Ê0 (ω1)

1− 2α1ℓ
= Ê0 (ω1) cosh γℓ− j

κ1
γ
Ê (ω3) Ê

∗
0 (ω2) sinh γℓ

Ê∗
0 (ω2)

1− 2α2ℓ
= Ê∗

0 (ω2) cosh γℓ+ j
κ2
γ
Ê∗ (ω3) Ê0 (ω1) sinh γℓ.

Again the solution of this equation system is only non-zero, if the determinant
of the coefficient matrix vanishes, i.e.,[
cosh γℓ− 1

1− 2α1ℓ

][
cosh γℓ− 1

1− 2α2ℓ

]
=
κ1κ2
γ2

∣∣∣Ê (ω3)
∣∣∣2 sinh2 γℓ = sinh2 γℓ

so that

1− cosh γℓ

(
1

1− 2α1ℓ
+

1

1− 2α2ℓ

)
+

(
1

1− 2α2ℓ

)(
1

1− 2α1ℓ

)
= 0 (4.136)

or

cosh γℓ = 1 +
2α1α2ℓ

2

1− α1ℓ− α2ℓ
. (4.137)

For α1 ≈ α2 ≈ α and the case of small losses or small gain αℓ, γℓ ≪ 1, it
follows

(γℓ)2 ≈ 4αℓ. (4.138)

One distinguishes between doubly resonant parametric oscillators (DROs) and
singly resonant ones (SRO). In the first case, both signal and idler waves are
resonant, in the second case only the signal wave. The threshold for SROs is
many times higher than for DRO. Nevertheless, most OPOs are singly reso-
nant, because it is much more difficult to operate a DRO.
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Chapter 5

The electro-optic effect and
modulators

5.1 The linear electro-optic effect

In an arbitrary coordinate system we can express the index ellipsoid (sometimes
also called optical indicatrix) or the inverse dielectric susceptibility tensor as
quadratic form(

1

n2

)
1

x2+

(
1

n2

)
2

y2+

(
1

n2

)
3

z2+2

(
1

n2

)
4

yz+2

(
1

n2

)
5

xz+2

(
1

n2

)
6

xy = 1,

(5.1)
introducing the contracted notation using 1-6. If the coordinate system co-
incides with the principle-axis system of the index ellipsoid, the mixed terms
vanish. For the case of the linear electro-optic effect, an applied electric field
leads to a deformation of the index ellipsoid according to

∆

(
1

n2

)
i

=
3∑

j=1

rijEj, (5.2)

with E1 = Ex,, E2 = Ey, E3 = Ez. It thus follows, e.g.,

∆

(
1

n2

)
1

= r11Ex + r12Ey + r13Ez, (5.3)

or 
∆(1/n2)1
∆(1/n2)2
∆(1/n2)3
∆(1/n2)4
∆(1/n2)5
∆(1/n2)6

 =


r11 r12 r13
r21 r22 r23
r31 r32 r33
r41 r42 r43
r51 r52 r53
r61 r62 r63


 Ex

Ey

Ez

 . (5.4)
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The coefficients rij are typically of the order 1 pm/V. The form of the r-matrix
depends, as the second-order susceptibility or piezoelectric tensor, on crystal
symmetry. The polarization as a result of mechanical forces can be described
by

 Px

Py

Pz

 =

 d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36




σ11
σ22
σ33
σ23
σ13
σ13
σ12


.

Here the σij are the tensile, compressional, and shear stress, and the coefficients
dij represent the piezoelectric tensor. Table 5.1 provides examples for the
electro-optic coefficients of the 7 crystal systems.
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Table 5.1: Overview of the electro-optic coefficients of the 7 crystal systems.



84 CHAPTER 5. THE ELECTRO-OPTIC EFFECT AND MODULATORS

Table 5.2: Continuation of Table 5.1

For an applied field, the index ellipsoid changes according to[
1
n2
1
+∆

(
1
n2

)
1

]
x2 +

[
1
n2
2
+∆

(
1
n2

)
2

]
y2 +

[
1
n2
3
+∆

(
1
n2

)
3

]
z2

+2
[

1
n2
4
+∆

(
1
n2

)
4

]
yz + 2

[
1
n2
5
+∆

(
1
n2

)
5

]
xz + 2

[
1
n2
6
+∆

(
1
n2

)
6

]
xy = 1,

(5.5)
If the crystal is oriented along the principle axes, it follows[

1
n2
1
+∆

(
1
n2

)
1

]
x2 +

[
1
n2
2
+∆

(
1
n2

)
2

]
y2 +

[
1
n2
3
+∆

(
1
n2

)
3

]
z2

+2∆
(

1
n2

)
4
yz + 2∆

(
1
n2

)
5
xz +∆

(
1
n2

)
6
xy = 1.

(5.6)

It becomes immediately clear, that the linear electro-optic effect can only occur
in non-centrosymmetric media, otherwise it would require

∆

(
1

n2

)
i

=
3∑

j=1

rijEj = −
3∑

j=1

rijEj, (5.7)

i.e., all coefficients would vanish. In general, changes in the index ellipsoid can
be due to mechanical stress (photo-elastic effect) and the related displacements
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within a unit cell of a crystal, or through the applied field. Therefore, an
electric field generates also stress in a crystal due to the inverse piezo-electric
effect. For low frequencies, the crystal displacements can follow the stress due
to the electric field. For high frequencies that is not necessarily the case and
therefore one has to expect that the coefficients for this process are different
for low and high frequencies

rdcij ̸= rhfij .

For an isotropic medium with photo-elastic effect, we have

1

n2
− 1

n2
0

= pS, (5.8)

or in short

∆n =
n3
0

2
pS, (5.9)

where p is the photo-elastic or elasto-optic coefficient, and S is the deformation.
Eq. (5.9) is for example useful to describe the index change due to an acoustic
wave. In the anisotropic case, the photo-elastic effect is described by

∆

(
1

n2

)
i

=
6∑

k=1

πikσk, (5.10)

where πik denotes the elasto-optic coefficients and σk the stress values.

5.1.1 Longitudinal electro-optic effect and modulators

To see how the electro-optic effect is used for the construction of modulators,
we consider the case of potassium dihydrogen phosphate (KDP, KH2PO4). The
related materials (KD∗P, KD2PO4), ammonium dihydrogen phosphate (ADP,
(NH4)(H2PO4)) or (AD

∗P, (NH4)(D2PO4)) behave similarly. These materials
belong to the crystal class 4̄2m and the electro-optic tensor has the form

r =


0 0 0
0 0 0
0 0 0
r41 0 0
0 r41 0
0 0 r63

 . (5.11)

If we apply an electric field E = Exex + Eyey +Ezez, we obtain for the index
ellipsoid

x2 + y2

n2
0

+
z2

n2
e

+ 2r41Exyz + 2r41Eyxz + 2r63Ezxy = 1. (5.12)
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If we have a field with only a z-component

x2 + y2

n2
0

+
z2

n2
e

+ 2r63Ezxy = 1. (5.13)

Since the equation is symmetric in x and y, the main axes are rotated by 45◦

against the x-y-coordinate system and z is invariant (see Fig. 5.1)

x = x′ cos 45◦ + y′ sin 45◦, (5.14)

y = −x′ sin 45◦ + y′ cos 45◦. (5.15)

Figure 5.1: Rotation of the main axes for the 4̄2m symmetry class for the case of an
electric field applied in z-direction.

Substitution into Eq. (5.13) leads to(
1

n2
0

− r63Ez

)
x′2 +

(
1

n2
0

+ r63Ez

)
y′2 +

z2

n2
e

= 1. (5.16)

Due to the applied field, the crystal becomes slightly biaxial and shows along
the main axes the refractive indices

n2
x′ =

n2
0

1− n2
0r63Ez

; n2
y′ =

n2
0

1 + n2
0r63Ez

; n2
z′ = n2

e. (5.17)

Since the changes in refractive index are small, i.e., n2
0r63Ez ≪ 1,

nx′ = n0

(
1 +

1

2
n2
0r63Ez

)
; ny′ = n0

(
1− 1

2
n2
0r63Ez

)
; nz′ = ne. (5.18)
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If a wave propagates inside the crystal in z-direction, the different polarizations
experience a phase shift with respect to each other

∆ϕ =
2πL

λ0

(
n′
x − n′

y

)
=

2πLn3
0r63Ez

λ0
. (5.19)

The crystal thus acts as a voltage-dependent waveplate. The half-wave voltage,
i.e., the voltage for a differential phase shift of π, is

Vπ =
λ0

2n3
0r63

. (5.20)

For KDP with r63 = −10.5 pm/V, n0 = 1.51 at a wavelength of 632.8 nm,
the half-wave voltage is Vπ = 8752 V. If the input wave is rotated by 45◦ with
respect to the x′, y′ axes, see Fig. 5.2, i.e., parallel to the x or y axis, then
the half-wave plate turns the polarization by 90◦. If the voltage is continuously
increased to Vπ, then the polarization evolves from initially linear to circular
and finally again linear polarization, see Fig. 5.3. The polarization evolution
can be used to construct a modulator.

input
polarization

applied metal grating

Figure 5.2: KDP crystal orientation for a longitudinal electro-optic modulator.

Figure 5.3: Change in polarization state along propagation through the crystal due
to the electro-optic phase retardation as shown in Fig. 5.2.
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For the longitudinal electro-optic effect, the electric field is along the prop-
agation direction, which requires that the light has to penetrate the electrodes
for the applied field. One has to use rather low-loss, i.e., thin electrodes.

5.1.2 Transverse electro-optic effect and modulator

For a modulator it would be much more straightforward, if the field could be
applied transversely to the propagation direction, see Fig. 5.4. As an example
for this case, we consider lithium niobate. Its crystal class is 3m, and the
electro-optic tensor is

r =


0 −r22 r13
0 r22 r13
0 0 r33
0 r51 0
r51 0 0
−r22 0 0

 . (5.21)

The index ellipsoid for the crystal without applied voltage has the form

x2

n2
0

+
y2

n2
0

+
z2

n2
e

= 1. (5.22)

With a field applied in y-direction, the index ellipsoid reads(
1

n2
0

− r22Ey

)
x2 +

[(
1

n2
0

+ r22Ey

)
y2 +

z2

n2
e

+ 2r51Eyyz

]
= 1. (5.23)

Figure 5.4: Orientation of a LiNbO3 crystal to implement a transverse electro-optic
modulator.
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Figure 5.5: Rotation of the main axes in LiNbO3, if an electric field is applied along
the y-axis.

Because of the cross-term yz, the main axes are not preserved, and we
transform to a new system, see Fig. 5.5, via

x = x′ (5.24)

y = y′ cos θ − z′ sin θ

z = z′ cos θ + y′ sin θ.

The x-axis remains invariant and stays a main axis. Substitution into Eq.
(5.23) leads to the following condition, that the cross-term vanishes(

1

n2
e

− 1

n2
0

− r22Ey

)
sin θ cos θ + r51Ey(2 cos

2 θ − 1) = 0. (5.25)

Typically, the nonlinear coefficients are small and therefore also the necessary
angle of rotation θ is small, i.e., θ ∼ sin θ and cosθ ∼ 1, and therefore θ
simplifies to

θ =
−r51Ey

(1/n2
e − 1/n2

0 − r22Ey)
. (5.26)

With the corresponding values for lithium niobate, r51 = 28 · 10−12m/V, r22 =
3.4 · 10−12m/V, ne = 2.21, n0 = 2.3 and an applied voltage of 1 kV across a
1-mm-long crystal, we obtain

θ =
−28× 10−12 × 106(

1
2.21

)2 − ( 1
2.3

)2 − 3.4× 10−12 × 106
= 1.78 mrad = 0.1◦.

Thus, the angle θ is really small. Since LiNbO3 is a negative uniaxial crystal,
i.e., ne < n0, the angle θ is negative. For the index ellipsoid in the new
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coordinate system, we obtain(
1
n2
0
− r22Ey

)
x′2 +

[(
1
n2
0
+ r22Ey

)
cos2 θ + sin2 θ

n2
e

+ r51Ey sin 2θ
]
y′2

+
[(

1
n2
0
+ r22Ey

)
sin2 θ + cos2 θ

n2
e

− r51Ey sin 2θ
]
z′2 = 1.

(5.27)

For θ ∼ sin θ and cosθ ∼ 1, we obtain(
1
n2
0
− r22Ey

)
x′2 +

(
1
n2
0
+ r22Ey + 2r51Eyθ +

θ2

n2
e

)
y′2

+
[(

1
n2
0
+ r22Ey

)
θ2 − 2r51Eyθ +

1
n2
e

]
z′2 = 1.

(5.28)

So we read off for the indices of the main axes

1

n2
x′

=
1

n2
0

− r22Ey,

1

n2
y′

=
1

n2
0

+ r22Ey + 2r51Eyθ +
θ2

n2
0

, (5.29)

1

n2
z′

=

(
1

n2
0

+ r22Ey

)
θ2 − 2r51Eyθ +

1

n2
e

.

Since θ is very small, we can neglect the terms proportional to θ

x2

n2
x

+
y2

n2
y

+
z2

n2
z

= 1, (5.30)

with

nx =
n0√

1− n2
0r22Ey

= n0

(
1 +

1

2
n2
0r22Ey

)
,

ny =
n0√

1 + n2
0r22Ey

= n0

(
1− 1

2
n2
0r22Ey

)
, (5.31)

nz = ne.

Again, if a wave propagates along the z-direction with polarization along the
x- or y-direction, see Fig. 5.4, then the two polarizations pick up a differential
phase shift

∆ϕ =
2πL

λ0
(nx − ny) =

2πLn3
or22V

λ0d
(5.32)

and the corresponding half-wave voltage is

Vπ =
λ0d

2Ln3
0r22

. (5.33)
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For the values d = 5 mm, L = 10 mm, no = 2.3, r22 = 3.4 · 10−12 m/V at a
wavelength of λ0 = 530 nm, we observe the half-wave voltage Vπ = 1600 V.

Another possibility to build a modulator from LiNbO3 is given by the fact
that a light wave propagates into y-direction and applying the field along the
z-axis. The index ellipsoid then reads(

1

n2
0

+ r13Ez

)
x2 +

(
1

n2
0

+ r13Ez

)
y2 +

(
1

n2
e

+ r33Ez

)
z2 = 1. (5.34)

In this case, the main axes remain

1

n′2
0

=

(
1

n2
0

+ r13Ez

)
, (5.35)

1

n′2
e

=

(
1

n2
e

+ r33Ez

)
.

With r13Ez ≪ 1/n2
0 and r33Ez ≪ 1/n2

e we obtain the following refractive
indices along the main axes

n′
0 =

n0√
1 + r13n2

0Ez

= n0

(
1− 1

2
r13n

2
0Ez

)
, (5.36)

n′
e =

ne√
1 + r33n2

eEz

= ne

(
1− 1

2
r33n

2
eEz

)
.

With these expressions, we obtain for the differential phase shift between or-
dinary and extraordinary wave

∆ϕ =
2πL

λ0
(n′

e − n′
0) , (5.37)

∆ϕ =
2πL

λ0

[
ne − n0 +

1

2

(
r33n

3
e − r13n

3
o

)
Ez

]
. (5.38)

The half-wave voltage is then

Vπ =
λ0d

L (r33n3
e − r13n3

0)
. (5.39)

With the values d = 5 mm, L = 10 mm, r33n
3
e − r13n

3
0 = 224 pm/V at a

wavelength of λ0 = 530 nm, we obtain a half-wave voltage Vπ = 1183 V.
Despite the fact that this arrangement shows a lower half-wave voltage than
the previous one evaluated by Eq. (5.33), it has a decisive disadvantage. The
wave does not propagate along the optical axis, and therefore the crystal acts
already as a waveplate even without an applied voltage. The field-independent
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phase shift ∆ϕ0 = 2πL
λ0

(ne − n0) depends on temperature, which leads to a
temperature-dependent bias. This problem can be mitigated by using two
crossed crystals in sequence (o- and e- waves are exchanged in the second
crystal, see Fig. 5.6), which cancels the field-independent bias. To avoid
cancelation of the field-dependent effect, the field in the second crystal must
be poled in reverse.

Figure 5.6: Transversal electro-optic modulator using two LiNbO3 crystals rotated
by 90◦ to compensate the field-independent birefringence.

5.2 Electro-optic amplitude modulator

The above examples show that the electro-optic effect may lead to a phase
retardation between the different polarization states, and therefore leads to a
polarization rotation. If the crystal is placed between two crossed polarizers, as
shown in Fig. 5.7, then it transmits only the polarization (cos βey − sin βex) or
the orthogonal direction (sin βey + cos βex), and thus the field at the output,
i.e., after the polarizer at the exit, is

Eout = Ein

(
cos βe−jϕoey − sin βe−jϕeex

)
(sin βey + cos βex) . (5.40)

For the intensities in both polarizations, which are proportional to the
square modulus of the fields, Iout,in ∼ |Eout,in|2

Iout
Iin

=

∣∣∣∣12 sin 2β ·
(
e−jϕo − e−jϕe

)∣∣∣∣2
= sin2 2β · sin2

(
ϕo − ϕe

2

)
= sin2 2β ·

[
1

2
(1− cos∆ϕ)

]
, (5.41)

∆ϕ = ϕo − ϕe = ∆ϕWP + aV (t) . (5.42)
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input polarizer output polarizerwave plate

0 direction

Figure 5.7: Transversal electro-optic amplitude modulator from LiNbO3.

Here, ∆ϕWP is the phase retardation due to the field-independent birefrin-
gence or due to an additional wave plate as shown in Fig. 5.7, and a is a co-
efficient describing the relationship between field-dependent phase retardation
and applied voltage. Usually we use β = 45◦ to achieve 100 % transmission

Iout
Iin

=
1

2
{1− cos [∆ϕWP + aV (t)]} (5.43)

=
1

2
{1− cos∆ϕWP cos [aV (t)] + sin∆ϕWP sin [aV (t)]} .

There are various applications for modulators. If the transmission through
the modulator should be linearly dependent on the applied voltage, we use a
bias ∆ϕWP = π/2 and obtain for aV ≪ 1 (see also Fig. 5.8)

Iout
Iin

=
1

2
[1 + aV (t)] . (5.44)

For a sinusoidal voltage
V (t) = V0 sinωmt (5.45)

and constant input intensity, we obtain a sinusoidally varying output intensity

Iout
Iin

=
1

2
(1 + aV0 sinωmt) . (5.46)

The constant a can easily be replaced by the half-wave voltage Vπ

a =
π

Vπ
=

2πLn3
0r22

λ0d
, (5.47)
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retardation

Figure 5.8: Transmission characteristic of the modulator shown in Fig. 5.7 as a
function of phase retardation.

where we used Eq. (5.33). With ∆ϕWP = 0, the relationship between output
intensity and applied voltage is

Iout
Iin

=
1

2
[1− cos (aV (t))] , (5.48)

and, for small voltages aV (t), we obtain a quadratic dependence

Iout
Iin

=
1

4
a2V 2 (t) . (5.49)

5.3 Electro-optic phase modulator

If the wave plate and polarizers in Fig. 5.7 are removed and only the ordinary
or extraordinary wave is excited, then the electric field after the crystal is

Eω
y (t) = E0 cos [ωt+ ϕ (t)] , (5.50)

with

ϕ (t) =
πn3

0r22
λ0d

V (t) . (5.51)

With a sinusoidal voltage and from Eq. (5.45), we obtain

Eω
y (t) = E0 cos (ωt+m sinωmt) (5.52)

= E0 [cosωt cos (m sinωmt)− sinωt sin (m sinωmt)] ,

with modulation depth m

m =

(
πn3

0r22
λ0d

)
V0. (5.53)
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With the generating functions for the Bessel functions

cos (m sinωmt) = J0 (m) + 2
∞∑
k=1

J2k (m) cos (2kωmt) , (5.54)

sin (m sinωmt) = 2
∞∑
k=0

J2k+1 (m) sin [(2k + 1)ωmt] , (5.55)

and the addition theorem

2 sinA sinB = cos (A−B)− cos (A+B) , (5.56)

2 cosA cosB = cos (A−B) + cos (A+B) , (5.57)

the spectrum of the output field is

Eω
y (t) = E0 [J0 (m) cosωt (5.58)

+J1 (m) cos (ω + ωm) t− J1 (m) cos (ω − ωm) t

+J2 (m) cos (ω + 2ωm) t+ J2 (m) cos (ω − 2ωm) t

+J3 (m) cos (ω + 3ωm) t− J3 (m) cos (ω − 3ωm) t

+ . . . ] .

The spectrum consists of sidebands at multiples of the modulation fre-
quency ωm. An example is shown in Fig. 5.9.

angular frequency

si
de

ba
nd

 a
m

pl
itu

de

Figure 5.9: Phase-modulated spectrum with a modulation depth of m = 1.
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5.4 Microwave modulator

High-speed or microwave signals are typically supplied by strip-lines or copla-
nar lines, see Eq. 5.10. For efficient modulation, the index modulation must
copropagate in phase with the optical signal (group velocity, however, here we
neglect dispersion, thus group velocity is equal to phase velocity).

waveguide

coplanar strip electrode terminating resistor

electro-optic
substrate

Figure 5.10: Electro-optic traveling wave modulator.

Let’s assume the microwave signal

V (z, t) = V0 cos

(
ωmt−

ωmnm

c0
z

)
, (5.59)

with phase velocity

c =
c0
nm

. (5.60)

If we consider the time slot of the optical wave that enters the crystal at
t = 0, and copropagate with that time slot in the signal in the waveguide with
effective index n, this time slot will experience the applied voltage

V (z) = V0 cos

[
ωmz

c0
(n− nm)

]
(5.61)

at time t = zn/c0. The refractive index change experienced along the waveguide
is

∆n (z) = aV (z) , (5.62)

and the total integral phase change from input to output is

∆ϕ =

∫ ℓ

0

ω∆n (z)

c0
dz (5.63)

=
aV0ω

c0

∫ ℓ

0

cos

[
ωmZ

c0
(n− nm)

]
dz,
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or

∆ϕ =
ωaV0

ωm (n− nm)
sin

[
ωmℓ

c0
(n− nm)

]
. (5.64)

As shown by Eq. (5.64), the phase modulation is the largest for arg=π
2
, i.e.,

ωmℓ (n− nm)

c0
=
π

2
; and ωm = ωc. (5.65)

which determines the optimum length of the modulator. For LiNbO3, with
nm = 4.2, n = 2.146 and ℓ = 10 mm, the maximum usable frequency is
ωc = 22.9 GHz. The electric field acts on the waveguide as shown in Fig. 5.11.
The waveguide can be fabricated, for example, by indiffusion of titanium. A
buffer layer of Al2O3 or SiO2 protects the optical field to interact with the
metal electrodes to avoid losses. Typical data for a modulator are: waveguide
width 7 µm, thickness of the buffer layer 260 nm, and thickness of the Cr/Au-
electrodes is 3 µm. The index difference between core and cladding is about
0.01-0.02. Typical waveguide losses are 1 dB/cm at λ = 633 nm or 0.3 dB/cm
for 1320 nm. The electro-optic tensor for LiNbO3 is

r =


0 −3.4 8.6
0 3.4 8.6
0 0 30.8
0 28 0
28 0 0

−3.4 0 0

× 10−13mV−1. (5.66)
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electrodes

buffer layer

buffer layer

electrodes

Ti-diffused waveguide

Ti-diffused waveguide

electric field is vertical in waveguide

electric field is horizontal in waveguide

Figure 5.11: Geometry of a LiNbO3 waveguide modulator: a) z-cut, TM mode b)
x-cut, TE mode.



Chapter 6

Acousto-optic modulators

An optical wave, that propagates through a medium with temporally and
spatially varying refractive index, generates modulation sidebands. As we have
seen in the previous section, an acoustic wave can generate a refractive index
variation via the acousto-optic effect. The interaction of the index modulation
wave with the optical wave may lead to a deflection or modulation of the
optical wave. The phase velocity of acoustic waves is typically six orders of
magnitude slower than optical waves. Propagating or standing acoustic waves
generate propagating or standing index modulation patterns. Optical waves
scatter on layers with different refractive index.

6.1 Acousto-optic interaction

In a linear acousto-optic medium, the refractive index change is proportional
to the applied voltage, see Eq. (5.8). The wave equation is

∇×∇× E = −µ0
∂2

∂t2
D = −µ0

∂2

∂t2
(ε0E+P) (6.1)

The time-varying displacement can be separated into a part described by a
constant average susceptibility or refractive index n, and a time-varying con-
tribution described by ∆n(r, t)

D = ε0E+P =ε0 (n+∆n(r, t))2 E

≈ ε0n
2E+ 2ε0n∆n(r, t)E, (6.2)

where we neglect potential higher-order terms in ∆n(r, t), i.e., ∆n(r, t) ≪ n.
From Eqs. (6.1) and (6.2), we have

∇×∇× E+
1

c2
∂2E

∂t2
= −2

1

c2
∂2

∂t2

[
∆n(r, t)

n
E

]
(6.3)
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with c2 = 1/(ε0µ0n
2). We consider a plane electromagnetic wave with wave

vector ki in the x-z-plane, see Fig. 6.1.

direction of
acoustic wave

n large

-vector of
diffracted wave

k

-vector of
incident wave
k

-vector of
acoustic wave

k

Figure 6.1: Diffraction grating in a medium generated by an acoustic wave.

The refractive index change generated by a wave with frequency ωs is pro-
portional to the acoustic wave

∆n(r, t) = ∆n̂ cos (ωst− ks · r)

=
∆n̂

2

[
ej(ωst−ks·r) + e−j(ωst−ks·r)

]
. (6.4)

∆n̂ is the amplitude of the resulting refractive index wave. From Gauss law
for the electric field

∇·εE =ρ=ε∇ · E+ E · ∇ε, (6.5)

with
ε = ε0 (n+∆n(r, t))2 ≈ ε0

(
n2 + 2n∆n(r, t)

)
. (6.6)

If the electric field is polarized along the y-direction, we obtain E · ∇ε = 0. If
there are in addition no charges ρ, then the divergence of E vanishes, and the
wave equation (6.3) simplifies to

∆E− 1

c2
∂2E

∂t2
= +2

1

c2
∂2

∂t2

[
∆n(r, t)

n
E

]
(6.7)

The time-dependent refractive index multiplies with the field, which initially
consists of only an incident field with index i and a diffracted wave with index
d is generated

E = Êie
j(ωit−ki·r) + Êde

j(ωdt−kd·r) + c.c. (6.8)

The product of incoming wave and index modulation generates a polarization,
which is the source for the diffracted wave. Therefore, there is

ωd = ±ωs + ωi and kd= ±ks + ki.
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Usually, the frequency of sound is much less than the optical frequency, ωs ≪
ωi, and therefore |kd| ≃ |ki| . Fig. 6.1 shows the resulting k-diagram. We solve
the wave equation (6.7) approximately, assuming that the amplitudes of the
incoming and diffractive waves change slowly along the z-direction

Ei = eyAi(z)e
j(ωit−ki·r) + c.c. (6.9)

Ed = eyAd(z)e
j(ωdt−kd·r) + c.c. (6.10)

If we substitute (6.7) into (6.8), and use the slowly varying envelope approxi-
mation (as in Chapter 3), we obtain

−
(
k2
d −

ω2
d

c2

)
Ad(z)− 2jkd · ∇Ad(z) ≃ −ω

2
d

c2
∆n̂Ai(z) (6.11)

−
(
k2
i −

ω2
i

c2

)
Ai(z)− 2jki · ∇Ai(z) ≃ −ω

2
i

c2
∆n̂Ad(z). (6.12)

With k2
d,i =

ω2
d,i

c2
and kd · ∇Ad(z) = kd cos θ

dAd

dz
, we obtain

dAd(z)

dz
≃ −j ωd

2c

∆n̂

cos θ
Ai(z) (6.13)

dAi(z)

dz
≃ −j ωi

2c

∆n̂

cos θ
Ad(z). (6.14)

This set of equations describes coupled modes. However, the coupling coeffi-
cients

ωd

2c

∆n̂

cos θ
and

ωi

2c

∆n̂

cos θ

are not equal, because ωd ̸= ωi. This results from the acoustic waves that
excite and drive optical waves. However, the difference is small, on the order
of a millionth. Therefore, we can neglect the difference in Eqs. (6.13) and
(6.14) and obtain with the coupling coefficient

κ =
ωd

2c

∆n̂

cos θ
≃ ωi

2c

∆n̂

cos θ
(6.15)

and initial conditions Ad(z) = 0 the solution

Ai(z) = Ai(0) cos |κ| z (6.16)

Ad(z) = −jAi(0) sin |κ| z. (6.17)

The incoming wave is depleted along the propagation and transformed into
a diffracted wave. The diffracted wave is slightly shifted in frequency. If the
interaction length is long enough, so that |κ| z > π/2, the diffracted wave is
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optical
wave

Ge crystal

transducer

Figure 6.2: Typical k-diagram describing acousto-optic light diffraction at a standing
acoustic wave.

diffracted into the initial wave. The obvious applications of this process are
twofold. First, it can be used to deflect or steer light, and second, the frequency
of the light is shifted by the sound frequency, see Fig. 6.2.

Eqs. (6.16) and (6.17) also have a different meaning. If the frequency
ωs = 0, then the optical wave interacts with a constant index grating. The
diffracted wave has exactly the same frequency and the wave vectors must
obey momentum conservation. Also this situation is described by the same
coupled mode equations. The coupling coefficients are now identical and the
total optical energy of both partial waves is conserved.

6.2 The acousto-optic amplitude modulator

In the previous section, we considered the interaction of a traveling acoustic
wave with an optical wave. Then, the incoming wave is diffracted and the
remainig wave is attenuated when it leaves the medium, but with constant
amplitude. The diffracted wave is shifted in frequency and redirected. The
intensity of the incoming wave is modulated, if it interacts with a standing
acoustic wave, see Fig. 6.2.

The acoustic waves in the crystal are typically generated with traveling-
wave electrodes via the piezo-electric effect. The wave vectors of the incoming
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and diffracted waves are matched by the acoustic wave vector, see Fig. 6.3,

kd = ks + ki. (6.18)

Momentum conservation is impossible for the reversed wave. The index mod-
ulation is given by

∆n(r,t) = ∆n sinωst cos (ksr) =
∆n

4j
{exp [j (ωst− ksr)]

+ exp [j (ωst+ ksr)]− exp [−j (ωst− ksr)] (6.19)

− exp [−jωst+ ksr]} .

Before, the interaction was only with a single plane acoustic wave. Now, we
have two waves, and four terms, that change the frequency of the incoming
wave to lower and higher values, while momentum is conserved (absorption
of a phonon by the forward traveling wave and emission of a phonon by the
backward wave gives the same momentum contribution). Again, since the
frequency of the sound wave ωs is much lower than the frequency of the optical

electro-acoustic medium

diffracted

wave

incident

wave

Figure 6.3: Momentum conservation in the acousto-optical amplitude modulator.
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wave, the waves with frequencies ωd = ωi ±mωs stay in phase for a long time
for even rather large m values. The simplest case for treating these problems
comes about for the case where the traveling time of the optical wave through
the crystal is much less than the period of the sound wave. With the adiabatic
approximation, i.e., the sound wave is assumed to be static, Eqs. (6.16) and
(6.17) can be solved to give

Ai(ℓ) = Ai(0) cos

(
ωi

c

∆n

2 cos θ
ℓ

)
(6.20)

Ad(ℓ) = −jAi(0) sin

(
ωi

c

∆n

2 cos θ
ℓ

)
. (6.21)

Afterwards the amplitude of the wave is simply made time-dependent, i.e.,
∆n(t) = ∆n sinωst. A graphical construction of both amplitudes is attempted
in Fig. 6.4.

Again with the generating function of the Bessel functions, Eqs. (5.54) and
(5.55),

cos (x sinωst) =
∑

m even

Jm (x) ejmωst, (6.22)

sin (x sinωst) = −j
∑
m odd

Jm (x) ejmωst, (6.23)

we obtain for the Fourier coefficients of the incoming and diffracted waves at
the output of the crystal

Ai(ℓ) = Ai(0)
∑

m even

Jm

(
ωi

c

∆n

2 cos θ
ℓ

)
ejmωst, (6.24)

Ad(ℓ) = −Ai(0)
∑
m odd

Jm

(
ωi

c

∆n

2 cos θ
ℓ

)
ejmωst. (6.25)

Two remarks need to be made. First, the incoming wave has only even side-
bands and the diffractive wave only odd ones. I.e., the incoming wave is
modulated with the frequency 2ωs. The incoming wave is extinct, if the mod-
ulation depth is adjusted such that the Bessel function of zeroth order shows
a zero or disappears, i.e., for

ωi

c

∆n

2 cos θ
ℓ = 2.405. (6.26)
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Figure 6.4: Time dependence of amplitudes for incoming and diffracted waves.



106 CHAPTER 6. ACOUSTO-OPTIC MODULATORS



Chapter 7

Third-order nonlinear effects

As we have already seen within the classical nonlinear oscillator model for a
nonlinear medium, there are the χ(3)-processes self-phase modulation (SPM)
and third-harmonic generation (THG) or frequency tripling. Due to the possi-
ble different permutations of the input fields, we have according to Eqs. (2.38)
and (2.39)

χ(3) (ω : ω, ω,−ω) = 3χ(3) (3ω : ω, ω, ω)
χ(1) (−ω)
χ(1) (3ω)

, (7.1)

if there are no resonances in between the fundamental and third harmonic.

7.1 Third-harmonic generation

Third-harmonic generation (THG) is possible in both centrosymmetric and
non-centrosymmetric media. Third-harmonic generation is also possible in
solids and liquids. However, arguably the most interesting case is the gener-
ation of UV and VUV radiation in gases. The third-order polarization corre-
sponding to third-harmonic generation is defined as

P̂ (3) (3ω) =
ε0
4
χ(3) (3ω : ω, ω, ω) Ê (ω) Ê (ω) Ê (ω) . (7.2)

From this we obtain in the low-conversion limit, which in fact is almost always
the case for third-harmonic generation, in an analog fashion to our treatment
of second-harmonic generation

I (3ω, ℓ) =

{
3ωχ(3) (3ω)

8n3c0

}2

ℓ2
{

2

n1c0ε0

}2

I 3 (ω) sinc2
{
∆kℓ

2

}
. (7.3)

107



108 CHAPTER 7. THIRD-ORDER NONLINEAR EFFECTS

The conversion efficiency is given by

I (3ω, ℓ)

I (ω)
=

{
3ωχ(3) (3ω)

4n3n1c20ε0

}2

ℓ2I2 (ω) sinc2
{
∆kℓ

2

}
. (7.4)

For loosely focused Gaussian beams with a focal cross section
(

πw2
0

2

)
and con-

focal parameter b≫ ℓ, we can write

P (3ω, ℓ)

P (ω)
=

1

3

{
3ωχ(3) (3ω)

4c20ε0

}2
P 2 (ω)

n3n3
1

ℓ2(
πw2

0

2

)2 sinc2{∆kℓ

2

}
. (7.5)

The conversion efficiency is proportional to the square of the ratio of crystal
length to focal cross section. With stronger focusing, the Rayleigh range,
over which the beam is focused and which corresponds to twice the confocal
parameter b, becomes smaller than the length of the conversion region in the
crystal

2b =
2πw2

0

λ
≪ ℓ.

The effective interaction length then corresponds to roughly the Rayleigh
range, i.e., ℓeff ∼ 2b. For the phase-matched case, we thus obtain

P (3ω)

P (ω)
∼=

16

3

{
3ωχ(3) (3ω)

4c3ε0

}2
P 2 (ω)

n3n3
1λ

2
. (7.6)

The detailed calculation in [1] shows for the case of strong focusing for third-
order processes

ℓeff = 1.7b, (7.7)

which represents only a 15% correction to our simple estimate of the third-
harmonic generation efficiency. In solids it is in general difficult to achieve
phase matching for third-harmonic generation. For this reason, most often the
third harmonic can be more efficiently generated via second-harmonic genera-
tion and subsequent sum-frequency generation of the frequency-doubled light
with the fundamental. In gases, in contrast, by suitable mixing of different
gases, the dispersion can be compensated, thus achieving phase matching. In
this way, third-harmonic conversion efficiencies up to 10% were achieved [2].

7.2 The nonlinear refractive index

We already found for the simple classical model of nonlinear optics, that effects
corresponding to self-phase modulation come along with an additional factor 3
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compared to third-harmonic generation due to the number of possible permu-
tations of the input frequencies. If there is only an electric field in x-direction,
we have

P̂ (3)
x (ω) =

3ε0
4
χ(3)
xxxx (ω : ω, ω,−ω)

∣∣∣Êx (ω)
∣∣∣2 Êx (ω) (7.8)

D̂x = ε0 Êx + P̂x = ε0

{
1 + χ(1) +

3

4
χ(3)

∣∣∣Êx

∣∣∣2} Êx (7.9)

= ε0 n
2Êx ≈ ε0

{
n2
0 + 2n0∆n

}
Êx, (7.10)

because of
n = n0 +∆n. (7.11)

Thus it follows
3

4
χ(3)

∣∣∣Êx

∣∣∣2 = 2n0∆n

with

∆n =
3

8n0

χ(3)
∣∣∣Êx

∣∣∣2 . (7.12)

The intensity-dependent refractive index coefficient n2 for linearly polarized
light can be defined in two ways, either via the electric field

∆n =
1

2
nE
2L

∣∣∣Êx

∣∣∣2 → nE
2L =

3

4n0

χ(3), (7.13)

or via the intensity of the wave Ix = 1
2
n0c0ε0

∣∣∣Êx

∣∣∣2
∆n = nI

2LIx → nI
2L =

3

4n2
0c0ε0

χ(3). (7.14)

The intensity-dependent refractive index leads to self-phase modulation (SPM)
of the wave.

A plane wave with arbitrary polarization in the x-y-plane is propagating
in z-direction

E(z, t) =
1

2

[
Êx(ω)e

j(ωt−kz) + c.c.
]
x̂+

1

2

[
Êy(ω)e

j(ωt−kz) + c.c.
]
ŷ (7.15)

in an instantaneously reacting, isotropic and lossless medium with third-order
nonlinearity, thus it holds χxxxx = χxxyy + χxyxy + χxyyx. This gives rise to a
nonlinear polarization (see problem set 2)

P̂ (3)
x (ω) =

1

4
ε0χxxxx

[
3
∣∣∣Êx

∣∣∣2 Êx + 2
∣∣∣Êy

∣∣∣2 Êx + Ê2
yÊ

∗
x

]
(7.16)
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P̂ (3)
y (ω) =

1

4
ε0χxxxx

[
3
∣∣∣Êy

∣∣∣2 Êy + 2
∣∣∣Êx

∣∣∣2 Êy + Ê2
xÊ

∗
y

]
. (7.17)

The first term corresponds to self-phase modulation (SPM), the second term
to cross-phase modulation (XPM), which describes the refractive index change
due to the intensity component in the orthogonal polarization. The last term
is called coherence term. Adopting a description of the field in terms of circular
polarizations according to

Ê± =
1√
2

(
Êx ± jÊy

)
, (7.18)

one obtains after a short calculation

P̂
(3)
± (ω) =

1

2
ε0χxxxx

[∣∣∣Ê±

∣∣∣2 Ê± + 2
∣∣∣Ê∓

∣∣∣2 Ê±

]
. (7.19)

It then follows for the intensity-dependent refractive index for circularly po-
larized light

n2C =
2

3
n2L, (7.20)

independently, if the definition is based on the electric field or the intensity.
Note also that for circularly polarized light, XPM is twice as strong as SPM.
At first glimpse, it might be surprising that in the formulation in terms of
circularly polarized light, see Eq. (7.19), no coherence term appears. How-
ever, this can be understood by the following argument: the difference phase
between both polarizations enters the coherence term. This difference phase
determines for equally strongly excited polarizations the orientation of the re-
sulting superposed linear polarization. However, for linear polarization only
self-phase modulation occurs and thus the polarization direction is conserved.
If Eq. (7.19) contained a coherence term, this would result in a polarization-
dependent polarization rotation, which, however, does not occur.

7.3 Molecular orientation and refractive index

A strong contribution to the nonlinear refractive index often stems from the
orientation of an anisotropic molecule in an applied field. We therefore consider
an ensemble of molecules, each of them possessing a linear polarizability α∥ in
the direction of a distinguished axis of the molecule and a polarizability α⊥
perpendicular to that axis.
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7.3.1 The Lorenz-Lorentz law

The dielectric displacement is given by

D = ε0E+P, (7.21)

where the polarization depends on the local field Elocal via the molecules’
density N and the average polarizability ⟨α⟩ according to

P = ε0N ⟨α⟩Elocal. (7.22)

The local field depends on the applied external field E and the resulting po-
larization P itself. To find the relation between the local field and external
field and the polarization, we consider the microscopic spherical cavity inside
a polarized isotropic medium shown in Fig. 7.1. The charge density on the
surface of the sphere is given by −P cos θ, and the field at the center of the
sphere due to this charge density is

Ec =

∫ π

0

∫ 2π

0

1

4πε0a2
(P cos θ) cos θa2 sin θdθdϕ

=

∫ π

0

dθ cos2 θ sin θ
1

2ε0
P =

1

3ε0
P. (7.23)

Figure 7.1: Spherical cavity inside a polarized isotropic medium.
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The local field is the superposition of the external field and the field created
by the polarization, i.e.,

Elocal = E+
1

3ε0
P. (7.24)

Using Eq. (7.22) we can eliminate the local field and it follows for the relation
between the polarization and the externally applied field taking into account
screening effects of the medium

P

ε0N ⟨α⟩
= E+

1

3ε0
P

or

P = ε0
N ⟨α⟩

1− N⟨α⟩
3

E. (7.25)

The refractive index is defined via

P = ε0(n
2 − 1)E, (7.26)

from which, by comparison with Eq. (7.25), we obtain the relation between
average polarizability and refractive index

N ⟨α⟩
3

=
n2
0 − 1

n2
0 + 2

. (7.27)

This equation is often called Clausius-Mossotti relation. The local field is
enhanced according to

Elocal =

(
n2
0 + 2

3

)
E. (7.28)

7.3.2 Intensity-dependent refractive index

If the axis of the molecule encloses an angle θ with the direction of the local
field, then the polarization in the direction of the electric field is given by

P = N
[
α∥
⟨
cos2 θ

⟩
+ α⊥

⟨
sin2 θ

⟩]
Elocal

or according to Eq. (7.22)

⟨α⟩0 =
(
α∥ − α⊥

) ⟨
cos2 θ

⟩
+ α⊥. (7.29)

With ⟨
cos2 θ

⟩
=

1

4π

∫ 2π

0

∫ π

0

cos2 θ sin θdθdϕ =
1

3
(7.30)
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and Eq. (7.27), it then follows

n2
0 − 1

n2
0 + 2

=
N

3
⟨α⟩ = N

9

{
α∥ + 2α⊥

}
. (7.31)

We consider a canonical ensemble of molecules exposed to an external electric
field and in thermal equilibrium at temperature T , then we get for the canonical
distribution of energyW , i.e., the probability p that a molecule of the ensemble
has this energy value,

p(W ) ∼ exp

[
− W

kBT

]
,

with Boltzmann constant kB. For the energy of a dipole in the field, we have
W = −1

2
P · Elocal = −1

2
α(θ) |Elocal|2. From this we obtain the probability,

that a dipole in the field is oriented at an angle θ

p (θ) ∼ exp

[
−
(
α∥ − α⊥

)
|Elocal|2 cos2 θ

2kBT

]
.

Thus the field also changes the polarizability of the medium by partial orien-
tation of the created dipoles. It holds

⟨
cos2 θ

⟩
=

1

2

∫ π

0

cos2 θp(θ) sin θdθ

/
1

2

∫ π

0

p(θ) sin θdθ

and for small fields

⟨
cos2 θ

⟩
=

1

3
+

4

45

(
α∥ − α⊥

)
|Elocal|2

2kBT
.

From the Lorenz-Lorentz relation (7.27), it then follows

∆ ⟨α⟩ = 4

45

(
α∥ − α⊥

)2 |Elocal|2

2kBT
=

3

N

6n0∆n

(n2
0 + 2)

2 .

From this equation and the Lorenz-Lorentz relation (7.28) finally follows

nE
2 =

(
n2
0 + 2

3

)2
N

45n0

(
α∥ − α⊥

)2
kBT

. (7.32)
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7.4 Self-phase modulation

An intense optical pulse propagating through a medium with χ(3) nonlinearity
is being modified by self-phase modulation (SPM). We assume a purely linearly
polarized or circularly polarized beam, such that the polarization is conserved.
Then it follows from Eq. (3.8) with t′ = t− z/υg and PNL = 2ε0n∆n(E)E

∂

∂z
E(z, t′) = − jω0

2nc0ε0
PNL = −jk0∆n(E)E(z, t′), (7.33)

where ω0 and k0 are the carrier frequency and carrier wave number of the
pulse/wave, respectively. E(z, t′) is the field envelope (or amplitude) of the
pulse. υg is the group velocity at the carrier frequency. With the ansatz

E(z, t′) = |E(z, t′)| e−jϕ(z,t′) (7.34)

it follows from Eq. (7.33) and k0∆n(E) = δ |E(z, t′)|2 with the SPM coefficient
δ = k0n

E
2L/2

∂

∂z
|E(z, t′)| − j |E(z, t′)| ∂

∂z
ϕ(z, t′) = −jδ |E(z, t′)|3 ,

or

∂

∂z
|E(z, t′)| = 0

∂

∂z
ϕ(z, t′) = δ |E(z, t′)|2 ,

ϕ(z, t′) = ϕ(0, t′) + δ |E(z, t′)|2 z. (7.35)

The square modulus of the envelope in the time domain does not change, only
the phase is modified proportional to the instantaneous intensity of the optical
field. For an input pulse E(0, t), it then follows

E(z, t) = e−jδ|E(0,t)|2zE(0, t). (7.36)

This phase modulation, however, changes the spectrum. Depending on the
pulse shape, the spectrum can be strongly broadened. In general, the spec-
trum of (7.36) needs to be numerically computed. Nevertheless, we can gain
insight into the process of self-phase modulation by some plausible physical
arguments. In Fig. 7.2(a), the temporal intensity profile, I(t)∼|E(t)|2, of a
pulse is depicted. Panel (b) shows the resulting nonlinear phase shift. Since
the phase is only slowly varying in time, the negative temporal derivative of
phase yields the instantaneous frequency of the pulse shown in panel (c)
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propagation direction time

Figure 7.2: (a) Intensity, (b) phase and (c) instantaneous frequency of a self-phase
modulated pulse.
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Figure 7.3: Spectrum of a self-phase modulated pulse, for (top) small self-phase
modulation, i.e., ϕ0 < π, (center) ϕ0 > π, and (bottom) ϕ0 ≫ π.
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∆ω(t) = −∂ϕ(t)
∂t

. (7.37)

The frequency spectrum is broadened by

∆ωAS −∆ωS = −
(
∂ϕ(t)

∂t

)R

max

+

(
∂ϕ(t)

∂t

)F

max

, (7.38)

where the index S denotes the Stokes lines shifted to lower frequencies and AS
the Anti-Stokes lines shifted to higher frequencies. These two lines correspond
to the maxima of the temporal derivative of the phase at the front and trailing
edge of the pulse, respectively. Computed spectra are displayed in Fig. 7.3
for increasing peak values of the nonlinear phase shift ϕ0=δ |E(0)|2 z. As can
be seen in Fig. 7.2(c), there are always two instants during the pulse, which
contribute to the same generated frequency. Depending on the relative phase
between these two contributions, i.e., if they are in phase or shifted by π, they
interfere constructively or destructively, leading to maxima and minima in the
spectrum. Then the first zero point in the spectrum occurs for ϕ0 = π at
∆ω1 = 0 in the center of the pulse spectrum and moves outwardly. In general,
a zero point in the center always occurs, if

ϕ0 = (2m+ 1) π. (7.39)

The number of minima N on one side of the spectrum (with respect to the
center) is given by

(2N + 1) ≥ ϕ0

π
≥ (2N − 1) . (7.40)

For a Gaussian pulse with

I(t) = I0 exp

[
− t2

τ 2

]
(7.41)

follows

ϕ(t) = ϕ0 exp

[
− t2

τ 2

]
∆ωAS −∆ωS = 2

∣∣∣∣(∂ϕ(t)∂t

)∣∣∣∣
max

= 4ϕ0

∣∣∣∣ tτ 2 exp
[
− t2

τ 2

]∣∣∣∣
max

,→ t

τ
=

1√
2

= 2

√
2

e

ϕ0

τ
≈ 1.71

ϕ0

τ
. (7.42)
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From the relations for the full width at half maximum (FWHM)

τ =
τFWHM

1.665
(7.43)

and the time-bandwidth product of a Gaussian pulse

∆ωFWHM =
0.44

τFWHM

2π, (7.44)

we obtain for the spectral broadening of a Gaussian pulse

∆ωAS −∆ωS

∆ωFWHM

=
1.71 · 1.665
0.44 · 2π

ϕ0 = 1.03 ϕ0. (7.45)

7.5 Self-focusing

If a light beam with an intensity varying over the transverse cross section is
propagating through a nonlinear medium, its transverse beam profile becomes
instable. To understand this, we consider the situation shown in Fig. 7.4.
A laser beam with the shown transverse intensity distribution is being modi-
fied during propagation due to the intensity-dependent refractive index in the
medium. This is the transverse manifestation of the nonlinear Kerr effect, self-
phase modulation is the longitudinal one. For a positive intensity-dependent
index change, the phase velocity in the center of the beam is reduced and the
phase fronts bend due to the induced lens in the Kerr medium (”Kerr lens”).
This leads to self-focusing of the beam [3, 4].

As an aside, the Kerr lens is technologically of utmost importance as passive
mode-locking mechanism in Kerr-lens mode-locked laser oscillators, which for
Ti:sapphire gain crystals deliver the shortest optical pulses with durations
approaching the single-cycle regime. On the other hand, self-focusing can also
lead to the unwanted detrimental effect of ”hot spots” in the beam for high-
intensity pulses propagating through Kerr media.

Figure 7.4: Self-focusing of a laser beam.
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D

Figure 7.5: Formation of trapped beams or spatial solitons.

Before analyzing the situation in greater depth, we first want to make a
simple physical consideration in two dimensions. Fig. 7.5 shows a ray of light,
that impinges onto a boundary layer associated with a refractive index jump
from n+∆n to n. From Snell’s law follows that for θ < θc, with cosθc =

n
n+∆n

,
total reflection of the beam occurs. It holds

cos θc ∼= 1− θ2c
2

∼= 1− ∆n

n
⇒ θc ∼=

√
2∆n/n. (7.46)

If a beam of diameter 2a propagates through the medium, it contains, because
of diffraction, rays with an angle

θB =

(
π/a

k0n

)
=
λ/n

2a
. (7.47)

The refractive index difference, for which all these rays are totally reflected
(i.e., trapped) then follows from θc = θB, thus

∆nc = nI
2Ic =

θ2c
2
n. (7.48)

From this we obtain, independent of the beam diameter, a critical power of
the beam

Pc =
πλ2

8nn2

. (7.49)

Above this critical power, self-focusing exceeds diffraction. Note the quadratic
scaling with wavelength! It turns out, that in 2D, i.e., 1 longitudinal plus 1
transversal dimension, spatial solitons occur. In 3D, i.e., with 2 transversal di-
mensions, in contrast, catastrophic self-focusing occurs, that eventually is bal-
anced by other nonlinear effects, e.g., saturation of the intensity-dependent re-
fractive index or self-defocusing due to plasma formation by multi-photon ion-
ization (”filamentation”, for a detailed review on this nonlinear phenomenon,
see [5, 6]). In the paraxial approximation, we have

kz =
√
k2 −

(
k2x + k2y

)
≈ k − 1

2k

(
k2x + k2y

)
. (7.50)
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The dispersion relation within the paraxial approximation reads

ω

c
− kz −

1

2k

(
k2x + k2y

)
= 0. (7.51)

Taylor expansion around the carrier wave with carrier frequency and wave
number in z-direction (ω0, k0), i.e., ω = ω0+∆ω and k = (∆kx,∆ky, k0 +∆kz),
yields

∆ω

υg
−∆kz −

1

2k0

(
∆k2x +∆k2y

)
= 0. (7.52)

For the envelope E(x, y, z, t) of a linearly polarized pulse propagating in posi-
tive z-direction

E(x, y, z, t) =

∫ ∫ ∫
d3 (∆k)E(∆kx,∆ky,∆kz)e

j(∆ωt−∆kx) (7.53)

allowing for the nonlinear polarization (from Chapter 3), we obtain

1

υg

∂E

∂t
+
∂E

∂z
+

j

2k0
∇2

⊥E = −jk0∆nE. (7.54)

In cylindrical coordinates and with the ansatz

E (r, z, t) = E0 (r, z, t) exp {−jϕ (r, z, t)}

we arrive at the following two equations[
1

υg

∂ϕ

∂t
+
∂ϕ

∂z

]
+

1

2k0

[
∂ϕ

∂r

]2
= k0∆n︸ ︷︷ ︸+ 1

2k0E0

[
∂2E0

∂r2
+

1

r

∂E0

∂r

]
︸ ︷︷ ︸ (7.55)

= self-focusing + diffraction[
1

υg

∂E0

∂t
+
∂E0

∂z

]
+

1

k0

∂ϕ

∂r

∂E0

∂r
+

1

2k0
E0

[
∂2ϕ

∂r2
+

1

r

∂ϕ

∂r

]
= 0. (7.56)

If a stationary beam exists, for which self-focusing and diffraction exactly
balance each other during propagation, then it must hold ∂E0

∂t
= ∂E0

∂z
= 0, from

which in combination with Eq. (7.56) follows

∂ϕ

∂r
= 0.

I.e., this solution exhibits a plane phase front. Eq. (7.55) then simplifies to

−nE
2 E

2
0 =

1

k20E0

[
∂2E0

∂r2
+

1

r

∂E0

∂r

]
. (7.57)
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This equation was solved numerically [3, 4]. The stationary solution with the
lowest critical power yields

Pc =

(
5.763

4π2

)
ε0c0λ

2

nE
2

=

(
5.763

4π2

)
λ2

nnI
2

≈ 1

7

λ2

nnI
2

. (7.58)

This is of the same order of magnitude as the simple estimate of Eq. (7.49).
However, Eq. (7.57) permits to gain deeper insights into the process of self-
focusing. It can easily be shown by insertion into Eq. (7.57) that, if E0(r) is
a solution of Eq. (7.57), then also the scaled function γ2E0(γr) is a solution.
All these solutions contain the same guided energy∫ ∞

−∞
γ2E2

0 (γr) rdr =

∫ ∞

−∞
E2

0 (r
′) r′dr′

P =
neff

2

√
ε0/µ0

∫ ∞

−∞
E2

0 (r) rdr.

This scaling invariance is one of the few exact results of self-focusing theory,
which reveals that the beam is not stable in 3D. This changes if only one
transverse dimension exists, the other dimension could be fixed, e.g., using a
waveguide, then it holds according to Eq. (7.54)

1

υg

∂E

∂t
+
∂E

∂z
= −j 1

2k0

∂2

∂x2
E − jk0n

E
2 |E|2E. (7.59)

Introducing the retarded time t′ = t− z/υg, it follows

∂E(t′, z)

∂z
= −j 1

2k0

∂2

∂x2
E − jk0n

E
2 |E|2E. (7.60)

Again it is straightforward to show by insertion, that this equation, which is
called nonlinear Schrödinger equation, possesses solutions

E(t′, z) = E0sech

[
x

xs

]
e−jksz, (7.61)

if the following relations are fulfilled

ks =
1

2
k0
nE
2

2n
|E0|2 , ks =

1

2k0x2s
. (7.62)

For a given power density guided in y-direction, that is proportional to∫ ∞

−∞
E2

0 (x) dx = 2 |E0|2 xs,
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there is now only one solution, because the different solutions of form γ2E2
0 (γx)

belong to different power densities. We will later discuss the properties of the
nonlinear Schrödinger equation in greater detail, here we already point out
that the solutions (7.61) correspond to a spatial soliton.

For powers far above the critical power for self-focusing, the beam with a
Gaussian input profile is focusing down within a distance zf This distance can
be estimated as follows employing a parabolic approximation. The parabolic
intensity distribution in the Gaussian beam, I(r) = I0 exp [−r2/w2

0], induces
in the center of the beam a lens, which bends the phase fronts of the beam

∆ϕ(r) = k0n
I
2 (I(r)− I0) z ≈ −k0nI

2I0
r2

w2
0

z.

This phase shift corresponds to the effect of a lens or a spherical focusing
mirror with radius R according to

∆ϕ(r) = −k0
r2

2R
.

As the beam is focusing within a distance z = zf ≈ R, it thus follows

k0n
I
2I0

r2

w2
0

zf = k0
r2

2zf

and therefore

zf =
w0√
2nI

2I0
. (7.63)

With the critical power for self-focusing according to Eq. (7.58), we obtain

zf = 0.52k0w
2
0

√
Pc

P
≈ b

√
Pc

P
. (7.64)

Numerical simulations yield

zf = 0.71b

(√
P

Pc

− 0.86

)−1

. (7.65)

As an example, we consider self-focusing in sapphire. At 800-nm wavelength,
sapphire has a linear refractive index of about n = 1.8 and an intensity-
dependent refractive index coefficient of nI

2 = 3 × 10−16 cm2/W. With this
we obtain from Eq. (7.58) a critical power for self-focusing of Pc = 2.7 MW.
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7.6 Raman and Brillouin scattering

Stimulated Raman and Brillouin scattering is an important technique to in-
vestigate oscillations in molecules and solids. They permit the oscillations’
identification and study, without them directly coupling to the optical radia-
tion. Moreover, stimulated Raman scattering occurring in glass fibers limits
among others the applicable minimum pulse duration in optical communica-
tion systems. On the other hand, Raman amplification can be used to realize
broadband amplifiers for optical communications. The physical effect of Ra-
man scattering relies on the fact, that light, propagating though a sample with
polarization fluctuations, can be scattered in arbitrary direction and shifted
in frequency. If the polarization fluctuations originate from oscillations of a
molecules or optical or acoustic phonons in a solid, the process takes place via
absorption or emission of a phonon, leading to an Anti-Stokes or Stokes shift
of the photon

ωAS = ωL + Ω (7.66)

ωS = ωL − Ω, (7.67)

where ωL is the frequency of the incident laser photon and Ω the frequency
of the phonon involved in the process. A very strongly excited oscillation
would contribute equally strongly to Stokes and Anti-Stokes processes. In
many cases, the molecule is in the vibrational ground state, thus no thermally
populated higher vibrational levels are available. In this case, the Anti-Stokes
process is not possible.

For developing a model, we assume that the intramolecular oscillation co-
ordinate Q of the molecule leads to a modulation of the polarizability α at
optical frequencies. Then we obtain in linear response

α = α0 +
∂α

∂Q
·Q (7.68)

a contribution to the nonlinear polarization of the form

PNL = Nε0
∂α

∂Q
QE, (7.69)

where we assume, that the electric field itself couples in whatever form to
the intramolecular oscillation, N is the density of molecules. One form of
this coupling results from the conservation of total energy, i.e., the sum of
mechanical and electromagnetic energy. If the total energy is conserved, then
the force exerted on the oscillation must be equal to the negative change of
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the stored electric energy due to the elongation of the oscillation

FδQ = −δ
{
1

2
εE2

}
= −δ

{
1

2
ε0E

2 (1 + α)

}
(7.70)

= −1

2
ε0E

2δα.

with ε = ε0(1 + α). This leads to

F = −1

2
ε0E

2 ∂α

∂Q
. (7.71)

The oscillation amplitude then satisfies the equation

∂2Q (t, z)

∂t2
+ Γ

∂Q (t, z)

∂t
+ Ω2

0Q (t, z) =
ε0
2m

∂α

∂Q
E2(z, t). (7.72)

We assume, e.g., that the electric field contains two waves at the laser frequency
and the Stokes frequency, i.e.,

E(z, t) = ELe
j(ωLt−kLz) + ESe

j(ωSt−kSz) + c.c.

Since the resonance frequency of the oscillation Ω0 is generally far below the
optical frequencies ωL and ωS, essentially only the difference-frequency terms
ωL − ωS couple to the oscillation

∂2Q (t, z)

∂t2
+Γ

∂Q (t, z)

∂t
+Ω2

0Q (t, z) =
ε0
2m

∂α

∂Q
ELE

∗
S · e j{(ωL−ωS)t−(kL−kS)z}+ c.c.

(7.73)
With this we obtain for the stationary oscillation

Q(z, t) = Q̃(z, t) + Q̃∗(z, t) (7.74)

with

Q̃(z, t) =

ε0
2m

∂α
∂Q
ELE

∗
S

Ω2
0 − (ωL − ωS)

2 + jΓ (ωL − ωS)
e j{(ωL−ωS)t−(kL−kS)z}. (7.75)

Within the Lorentz approximation (i.e., neglecting the off-resonant term, com-
pare Eq. (2.29)), it follows

Q̃(z, t) =

ε0
4mΩ0

∂α
∂Q
ELE

∗
S

Ω0 − (ωL − ωS) + j Γ
2

e j{(ωL−ωS)t− (kL−kS)z}. (7.76)
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Raman gain

frequency difference (THz)

Figure 7.6: Measured Raman amplification gain of melted quartz at a pump wave-
length of 1 µm. The horizontal axis shows difference frequency between laser and
Stokes line.

For the equation describing the Stokes wave within the SVEA, we then arrive
according to Eq. (7.69) at

∂ES

∂z
= −jωs

cns

N
∂α

∂Q
Q̃∗EL (7.77)

or

∂ES

∂z
=

jωSε0N
∣∣∣ ∂α∂Q ∣∣∣2 |EL|2

4Ω0mcns

{
(ωL − ωS)− Ω0 +

j Γ
2

}ES. (7.78)

The real part of this equation describes gain. With the intensity of the Stokes
wave

IS =
ns

2

√
ε0
µ0

|ES|2 (7.79)

follows
IS (ℓ) = IS0 exp {gILℓ} (7.80)

with the Raman gain

g =
2ωsN

∣∣∣ ∂α∂Q ∣∣∣2
Ω0mc2nsnLΓ

{
Γ2/4

[ωL − ωS − Ω0]
2 + Γ2/4

}
. (7.81)
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This gain can be used for realizing a Raman amplifier. In general, a medium
has several/many vibrational states with a given distribution of resonance
frequencies. This is the case, e.g., in glass. Then the resulting Raman gain is a
superposition of several Lorentzian lines. Fig. 7.6 shows the Raman gain in an
optical fiber depending on the frequency difference between laser and Stokes
line [7].

7.6.1 Focusing

For the total gain, we obtain

G =

∫ ℓ

0

gILdz.

For a Gaussian beam, we then obtain, independent of focusing, the on-axis
gain (with intensity IL,max(z) =

PL

πw2
0

(
1+ z2

b2

) and b = πw2
0/λ)

Gb =

∫ ∞

−∞
g IL,maxd z =

πb

πw2
0

gPL =
π

λ
gPL.

We again find that the effective Raman gain, which results from a χ(3)-effect,
in a volume is independent of focusing, as the effective interaction length is
proportional to the confocal parameter b.

In contrast, we obtain for the Raman gain in a glass fiber with core radius
r0 and length ℓ

Gf =
gPL

πr20
ℓ.

Thus the waveguiding structure enhances the Raman gain by a factor

Gf

Gb

=
ℓλ

π2r20
.

For a given situation, this ratio can easily amount to 106, e.g., for ℓ = 40 m,
r0 = 2 µm and λ = 1 µm. In the real world, the effective fiber length is limited
by the absorption length 1/α for the pump light. This corresponds to several
kilometers, PL = PL0 exp [−αz]. For a long fiber (L≫ 1/α), we obtain

Gf =
PL0

πτ 20
(g/α) .

For large gain, we can neglect the losses at the Stokes frequency. The light at
the Stokes frequency emerges from initial noise, this is referred to as sponta-
neous scattering. A quantum treatment reveals that the power at the amplifier
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output originating from spontaneous processes is equivalent to 1 photon per
mode at the input of the amplifier.

The output power at the Stokes frequency originating from input noise is
becoming comparable to the pump power at a gain of [8]

Gf
∼= 16,

and the required pump power is then given by

PL0
∼= 16 (Aeff ) (α/g) .

For a maximum Raman gain of g = 0.1/m· (µm2/Aeff ) · (P/W) from Fig.
7.6 and 0.2 dB damping, corresponding to an absorption length of 20 km, at
the communications wavelength 1.55 µm, and Aeff = 50 µm2, we obtain a
threshold power of PL0 = 600 mW.

7.6.2 Strong conversion

For input powers far above threshold, it is possible to create several Stokes lines
as shown in Fig. 7.7. If the total power of the pump pulse (P ) is transferred
to the first Stokes line (S1), then in the next fiber section a conversion to (S2)
occurs, and so on.

7.6.3 Stimulated Brillouin scattering

Scattering of light on acoustic waves is called Brillouin scattering. Again as for
Raman scattering, fluctuations of polarizations, but now caused by acoustic
waves, give rise to spontaneous and stimulated scattering. Stimulated Bril-
louin scattering (SBS) was observed in 1964 for the first time [9]. For strong
pump fields a very efficient frequency conversion can be achieved. In contrast

output

power

Figure 7.7: Multiple Stokes process.
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Figure 7.8: Momentum conservation or phase matching for stimulated Brillouin
scattering (SBS).

to Raman-active molecule oscillations or optical phonons, acoustic waves or
phonons propagate with a velocity υa, thus the wave number κ and frequency
Ω of the acoustic wave are related by

κ =
Ω

υa
. (7.82)

In the scattering process, momentum and energy must be conserved

kS = kL − κ. (7.83)

ωS = ωL − Ω. (7.84)

From the second condition follows

kS =
nS

nL

kL − nSυa
c

κ. (7.85)

Since acoustic frequencies (kHz - 100 GHz) are much smaller than optical
frequencies (300 THz), it follows ωS ≈ ωL and thus kS ≈ nS

nL
kL ≈ kL. The

scattering geometry for SBS thus looks as depicted in Fig. 7.8. Furthermore,
the sound velocity is much smaller than that of light, υa ≪ c, such that we
approximately have υa/c ≈ 10−5. The wavelength of the sound wave can thus
easily become of the same order of magnitude as that of light, therefore in
general arbitrary angles α are possible, i.e.,

κ ∼= 2kL sin
α

2
⇒ sin

α

2
∼=

κ

2kL
=

λL
2Λn

, (7.86)

where λL is the wavelength of light in the medium with refractive index n and
Λ the wavelength of the sound wave. This is the same condition as the Bragg
condition for scattering of X-rays from crystals. Again the longest interaction
length can be achieved in a guided collinear geometry of laser and Stokes
radiation. In contrast to Raman scattering, forward scattering is not possible,
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because from Eq. (7.86) and α = 0, it follows that ΩB = κ = 0. However, it
is possible in backscattering geometry, α = π, it then holds

Λ =
λL
2n
. (7.87)

Thus the wavelength of light in combination with the phase velocity of the
sound wave and the refractive index of the material determine the frequency
of the interacting sound wave via

ΩB =
4πnυa
λL

. (7.88)

For infrared light in glass with λL = 1.55 µm, n = 1.5, and υa = 5.96 km/s,
we obtain an SBS frequency of fB = ΩB/2π = 11.5 GHz.

We now want to consider again the acousto-optical coupling. The ampli-
tude of elongation is Q (t, z) = Qej(Ωt−κz), which satisfies

∂2Q (z, t)

∂t2
+ Γ

∂Q (t, z)

∂t
− υ2a

∂2Q (t, z)

∂z2
=

1

ρ
F (t, z) . (7.89)

where ρ is the density of the medium and Γ a damping constant. The light
field now couples to a wave and not to localized oscillations. In analogy to the
Raman effect, the driving force is given by

F (t, z) =
1

2
ε0E

2 ∂α

∂Q
. (7.90)

However, we point out that here the polarizability is modulated by the stress
created in the medium which is only one consequence of the oscillation elon-
gation Q. In general, a change in the refractive index ellipsoid resulting from
stress is described by the elasto-optical coefficient p

∆
(
1/n2

)
= pS ⇒ ∆n = −n

3

2
pS, (7.91)

or
∆α = ∆(ε/ε0) = 2n∆n = −n4pS. (7.92)

The stress results from the elongation Q according to

S =
∂Q

∂z
= −jκQ, (7.93)

such that
∂α

∂Q
= jκn4p. (7.94)
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For slowly varying amplitudes (SVEA) and Ω2 = υ2aκ
2, Eq. (7.89) for the

oscillation amplitude simplifies to

∂Q

∂t
+

Γ

2
Q+ υa

∂Q

∂z
=
ε0κn

4
sp

4Ωρ
ELE

∗
S. (7.95)

For the case of strong damping, e.g., in glass, a 50-GHz phonon only propagates
only 12 µm, in the stationary state, ∂/∂t = ∂/∂z = 0, it follows

Q =
ε0κn

4
sp

2ΩρΓ
ELE

∗
S. (7.96)

The nonlinear polarization then is

PNL (ωs) = ε0
∂α

∂Q
Q∗ · EL = jκε0n

4
spQ

∗EL. (7.97)

The backwards scattered Brillouin radiation then grows exponentially accord-
ing to

∂ES

∂z
=

jωs

2cnsε0
PNL = −κ

2n7
sp

2ωsε0
4c0ΩρΓ

|EL|2ES

or
∂IS
∂z

= −gILIS

with

g =
8π2n6

sp
2

λ2sc0ρυaΓ
=

4πn6
sp

2

λ2sc0ρυa∆νB
,

where ∆νB = Γ/2π is the FWHM bandwidth for Brillouin scattering. Due
to the narrower bandwidth ∆νB on the order of a few to 100 MHz, Brillouin
amplification is typically much stronger than Raman amplification. However,
only pump light within a bandwidth ∆νB contributes to Brillouin amplification
at a certain frequency. Therefore, by using pulses with durations below 1 ns,
whose spectrum is narrower than 300 MHz, one can suppress Brillouin scat-
tering. For the propagation of ps (or even shorter) pulses, Brillouin scattering
plays often no role. In contrast, when using narrowband lasers with linewidths
below 10 MHz, the threshold for strong Brillouin scattering is reduced to a few
mW. The threshold for Brillouin backscattering is ∼20.
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Chapter 8

Optical solitons

In linear, homogeneous, isotropic and lossless media, the propagation of an
electromagnetic wave is described completely by a dispersion relation k(ω).
A monochromatic wave propagating in the positive z-direction and polarized
along the x-axis is described by

E(z, t) = E(z, t)ex

E(z, t) = Re
{
Ê(ω)ej(ωt−kz)

}
= |Ê| cos(ωt− kz + φ), (8.1)

where k(ω) = ωn(ω)/c0, with n the refractive index of the medium. In general
the refractive index depends on frequency, and we want to understand the
propagation of a pulse with carrier frequency ω0 (see Fig. 8.1)

E(z, t) = Re

{
1

2π

∫ ∞

0

Ê(ω)ei(ωt−k(ω)z)dω

}
. (8.2)

angular frequency ω

dispersion relation   k(ω)

pulse spectrum

parabola

ω0

frequency domain

a
m

p
lit

u
d

e
 s

p
e

c
tr

u
m

d
is

p
e

rs
io

n
 re

la
tio

n

Figure 8.1: Spectral density and dispersion relation for an optical pulse.
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Figure 8.2: Decomposition of a pulse into carrier wave and envelope.

The electric field of the pulse in Eq. (8.2) can be decomposed into a car-
rier wave and an envelope A(z, t) and we normalize the wave such that its
magnitude square is the average intensity

E(z, t) =

√
2Z0

n(ω0)
Re
{
A(z, t)ej(ω0t−k(ω0)z)

}
. (8.3)

The envelope is then defined as

A(z, t) =
1

2π

∫ ∞

−ω0→−∞
Â(∆ω)ej(∆ωt−∆k(∆ω)z)d∆ω, (8.4)

where

∆ω = ω − ω0, (8.5)

∆k(∆ω) = k(ω0 +∆ω)− k(ω0), (8.6)

Ã(∆ω) = Ẽ(ω = ω0 +∆ω)

√
2Z0

n(ω0)
, (8.7)

as shown in Fig. 8.2.

8.1 Dispersion

If the dispersion relation k(ω) varies slowly over the pulse spectrum, keeping a
few terms of a Taylor expansion of the dispersion relation should describe the
physics of pulse propagation fairly well (see Fig. 8.1)

k(ω) = k(ω0) + k′|ω0∆ω +
k′′|ω0

2
∆ω2 +

k′′′|ω0

6
∆ω3 +O(∆ω4). (8.8)
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Figure 8.3: Amplitude |A(z, t)| of a Gaussian pulse during propagation due to dis-
persion.

If the refractive index is frequency dependent, the dispersion relation as a
function of frequency becomes nonlinear (see Eq. 8.1). Keeping only the first
term in Eq. (8.8), then the envelope in Eq. (8.4) obeys the equation

A(z, t) = A(0, t− z/υg), (8.9)

where υg = 1/k′. Again, we introduce the retarded time, t′ = t − z/vg, such
that

A(z, t′) = A(0, t′). (8.10)

When the spectrum becomes more broadband, then the second term in Eq.
(8.8) becomes important, which is the group-velocity dispersion (GVD), i.e.,
wave packets with different carrier frequency propagate with different speeds
(8.4). The envelope obeys the equation

∂A(z, t′)

∂z
= j

k′′

2

∂2A(z, t′)

∂t′2
. (8.11)

This is equivalent to the Schrödinger equation of a nonrelativistic particle, only
time and position are exchanged. As in quantum mechanics, this equation
describes the dispersion of a wave packet. Of course, one could take into
account all terms in the Taylor expansion of the dispersion relation, which
leads to

∂A(z, t′)

∂z
= −j

∞∑
n=2

k(n)

n!

(
−j ∂

∂t′

)n

A(z, t′). (8.12)



136 CHAPTER 8. OPTICAL SOLITONS

That is why the first term is often also called second-order dispersion or simply
dispersion and the other terms n-th order dispersion or higher-order dispersion.
Fig. 8.3 shows the temporal development of the Gaussian pulse with k′′ =
2 (in normalized units) and no higher-order dispersion. The pulse spreads
continuously. As shown in Fig. 8.4(a), the pulse develops a ”chirp”, i.e.,
a parabolic phase. The derivative of the phase with respect to time is an
instantaneous frequency, see Fig. 8.4(b). Thus for positive dispersion, k′′ > 0,
the waves with high frequencies are slower and locate themselves in the back
of the pulse. In contrast, the low frequencies, long wavelengths, are faster and
make up the front of the pulse.

8.2 Self-phase modulation

As discussed in the previous chapter, the refractive index also has a nonlinear
contribution

n = n(ω, |A|2) ≈ n0(ω) + nI
2|A|2. (8.13)

The envelope of the optical pulse then follows

∂A(z, t)

∂z
= −jk0n2|A(z, t)|2A(z, t) = −jδ|A(z, t)|2A(z, t), (8.14)

where δ = k0n
I
2 is called the self-phase modulation (SPM) coefficient. As

already shown in the previous chapter, the absolute square of the envelope
does not change, however its phase and therefore its spectrum, when Fourier
transformed. Fig. 8.5 shows the spectrum of a Gaussian pulse undergoing
SPM. New frequency components arise through four-wave mixing (FWM) in
the front and the back of the pulse. As shown in Fig. 7.2 and already discussed,
for positive SPM the high frequencies are generated in the back of the pulse
and the low frequencies in the front of the pulse.

8.3 Nonlinear Schrödinger equation (NLSE)

If both effects, GVD and SPM, act simultaneously on the pulse envelope, the
envelope obeys the equation

−j ∂A(z, t)
∂z

=
k′′

2

∂2A

∂t2
− δ|A|2A. (8.15)

This equation is called the nonlinear Schrödinger equation (NLSE) - if we put
the imaginary unit on the left-hand side, since it has the form of a Schrödinger
equation. It is called nonlinear, because the potential energy is derived from
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Figure 8.4: (a) Phase, (b) instantaneous frequency in a Gaussian pulse propagating
in a positive dispersive medium.
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Figure 8.5: Power sepectral density |Â(z, ω = 2πf)|2 for a Gaussian pulse undergoing
self-phase modulation.

the square of the wave function itself. As we have seen from the discussion
in the last sections, positive dispersion and positive SPM lead to a similar
redistribution of the spectral components. This enhances the pulse spreading
in time. However, if we have negative dispersion, i.e., a wave packet with high
carrier frequency travels faster than a wave packet with a low carrier frequency,
then the high-frequency wave packets generated by SPM in the back of the
pulse have a chance to catch up with the pulse itself due to the negative
dispersion. The opposite is the case for the low frequencies. This arrangement
results in pulses that do not disperse any more, i.e., solitary waves. That
negative dispersion is necessary to compensate the positive Kerr effect is also
obvious from the NLSE (8.15). Because, for a positive Kerr effect, the potential
energy in the NLSE is always negative, there are only bound solutions, i.e.,
bright solitary waves, if the kinetic energy term, i.e., the dispersion, has a
negative sign, k”< 0.

The NLSE has also soliton solutions for the case of positive GVD. How-
ever, as one might expect this corresponds to solutions which look more like a
continuous-wave (cw) signal with a hole in it, which has the shape of a soliton,
a ”dark soliton”. So far these solutions are not of much technical importance.

8.4 The solitons of the NLSE

In the following, we study different solutions of the NLSE for the case of
negative dispersion and positive SPM. We do not intend to give a full overview
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over the solution manyfold of the NLSE in its full mathematical depth here,
because it is not necessary for the following. This can be found in detail
elsewhere [1, 2, 3, 4].

Without loss of generality, by normalization of the field amplitude A =
A′

τ

√
2D2

δ
, the propagation distance z = z′ · τ 2/D2, and the time t = t′ · τ , the

NLSE (8.15) reads

j
∂A(z, t)

∂z
=
∂2A

∂t2
+ 2|A|2A. (8.16)

This is equivalent to set D2 = −1 and δ = 2. In the numerical simulations,
which are shown in the next sections, we numerically solve the normalized Eq.
(8.16) and the axes are in normalized units of position and time.

8.4.1 The fundamental soliton

We look for a stationary wave function of the NLSE (8.15), such that its
absolute square is a self-consistent potential. A potential of that kind is well
known from quantum mechanics, the sech2-potential [5], and therefore the
shape of the solitary pulse is a sech

As(z, t) = A0sech

(
t

τ

)
e−jθ, (8.17)

where θ is the nonlinear phase shift of the soliton

θ =
1

2
δA2

0z. (8.18)

Substitution of (8.17) into Eq. (8.16) shows, that (8.17) is a solution of (8.16)
if Eq. (8.18) is valid. Note, the soliton phase shift is constant over the pulse
with respect to time in contrast to the case of SPM only, where the phase shift
is proportional to the instantaneous power. The balance between the nonlinear
effects and the linear effects requires that the nonlinear phase shift is equal to
the dispersive spreading of the pulse

θ =
|k′′|
2τ 2

z. (8.19)

Since the field amplitude A(z, t) is normalized, such that the absolute square
is the intensity, the soliton energy fluence is given by

w =

∫ ∞

−∞
|As(z, t)|2dt = 2A2

0τ. (8.20)



140 CHAPTER 8. OPTICAL SOLITONS

0

0.2

0.4

0.6

0.8

1 -6
-4

-2
0

2
4

6

0.5

1

1.5

2

a
m

p
lit

u
d

e

distance z

time

Figure 8.6: Fundamental soliton of the NLSE.

From Eqs. (8.18) to (8.20), we obtain for constant pulse energy fluence, that
the width of the soliton is proportional to the amount of negative dispersion

τ =
2|k′′|
δw

. (8.21)

Note, the pulse area for a fundamental soliton is only determined by the dis-
persion and the SPM coefficient (area theorem)

pulse area =

∫ ∞

−∞
|As(z, t)|dt = πA0τ = π

√
|k′′|
δ
. (8.22)

Thus, an initial pulse with a different area can not just develop into a pure
soliton.

Figure 8.6 shows the numerical solution of the NLSE for the fundamental
soliton pulse. The distance, after which the soliton acquires a phase shift of
π/4, is called the soliton period, for reasons, which will become clear in the
next section.

Since the dispersion is constant over the frequency, i.e., the NLSE has
no higher-order dispersion, the center frequency of the soliton can be chosen
arbitrarily. However, due to the dispersion, the group velocities of the soli-
tons with different carrier frequencies will be different. One easily finds by
a Galilean transformation to a moving frame, that the NLSE possesses the
following general fundamental soliton solution

As(z, t) = A0sech(x(z, t))e
−jθ(z,t), (8.23)
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with

x =
1

τ
(t− |k′′|p0z − t0), (8.24)

and the generalized phase shift

θ = p0(t− t0) +
|k′′|
2

(
1

τ 2
− p20

)
z + θ0. (8.25)

Thus, the energy fluence w or amplitude A0, the carrier frequency p0, the
phase θ0, and the origin t0, i.e., the timing of the fundamental soliton, are not
yet determined. Only the soliton area is fixed. The energy fluence and width
are determined if one of them is specified, given a certain dispersion and SPM
coefficient.

8.4.2 Higher-order solitons

The NLSE has constant dispersion, in our case anomalous (or negative) dis-
persion. That means the group velocity depends linearly on frequency. We
assume, that two fundamental solitons are far apart from each other, so that
they do not interact. Then this linear superpositon is for all practical purposes
another solution of the NLSE. If we choose the carrier frequency of the soliton,
starting at a later time, higher than the one of the soliton in front, the later
soliton will catch up with the leading soliton due to the negative dispersion
and the pulses will collide, as shown in Fig. 8.7.

Obviously, as observed in Fig. 8.7, the two pulses recover completely from
the collision, i.e., the NLSE has true soliton solutions. The solitons have
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Figure 8.7: Soliton collision, both pulses recover completely.
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particle-like properties. A solution, composed of several fundamental solitons,
is called a higher-order soliton. If we inspect Fig. 8.7 more carefully, we rec-
ognize, that the soliton at rest in the local time frame, and which follows the
t = 0 line without the collision, is somewhat pushed forward due to the col-
lision. A detailed analysis of the collision would also show that the phases of
the solitons have changed [1]. The phase changes due to soliton collisions are
used to build all-optical switches [6] using backfolded Mach-Zehnder interfer-
ometers, which can be realized in a self-stabilized way employing Sagnac fiber
loops.

The NLSE also has higher-order soliton solutions, that travel at the same
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Figure 8.8: Time domain (top) and frequency domain (bottom) of a second-order
soliton composed of two solitons with the same carrier frequency (breather soliton).
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speed, i.e., they possess the same carrier frequency, the so-called breather so-
lutions. Figs. 8.8(a) and (b) show the time and Fourier domain solutions for
such a higher-order soliton solution, which has twice the area of the fundamen-
tal soliton. The simulation starts with a sech-pulse, that has twice the area
of the fundamental soliton, shown in Fig. 8.6. Due to the interaction of the
two solitons, the temporal shape and the spectrum exhibits a complicated but
periodic behavior. This period is the soliton period z = π/4, as mentioned
above. As can be seen from Figs. 8.8(a) and (b), the higher-order soliton dy-
namics leads to an enormous pulse shortening after half of the soliton period.
This process has been used by Mollenauer to build the soliton laser [7]. In
the soliton laser, the pulse compression, that occurs for a higher-order soliton
as shown in Fig. 8.8(a), is exploited for mode locking. Mollenauer pioneered
soliton propagation in optical fibers [7], as proposed by Hasegawa and Tappert
[8], with the soliton laser, which produced the first picosecond pulses at 1.55
µm. A detailed account on the soliton laser was given by Haus [9].

So far, we have discussed the pure soliton solutions of the NLSE. But, what
happens if one starts propagation with an input pulse that does not correspond
to a fundamental or higher-order soliton?

8.5 Inverse scattering theory

Obviously, the NLSE has solutions, which are composed of fundamental soli-
tons. Thus, the solutions obey a certain superposition principle, which is
absolutely surprising for a nonlinear system. Of course, not arbitrary super-
positions are possible as in a linear system. The deeper reason for the solution
manyfold of the NLSE can be found by studying its physical and mathematical
properties. The mathematical basis for an analytic formulation of the solutions
to the NLSE is the inverse scattering theory [1, 10, 11, 12]. It is a spectral

Figure 8.9: The use of Fourier transforms to solve linear, time invariant partial
differential equations.
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transform method for solving integrable, nonlinear wave equations, similar to
the Fourier transform for the solution of the linear wave equations [13].

Let’s remember briefly, how to solve an initial value problem for a linear
partial differential equation (PDE), like Eq. (8.12), that treats the case of a
purely dispersive pulse propagation. The method is sketched in Fig. 8.9. We
Fourier transform the initial pulse into the spectral domain, because the expo-
nential functions are eigensolutions of the differential operators with constant
coefficients. The right-hand side of Eq. (8.12) is only composed of powers
of the differential operator, therefore the exponentials are eigenfunctions of
the complete right-hand side. Thus, after Fourier transformation, the PDE
becomes a set of ordinary differential equations (ODEs), one for each partial
wave. The excitation of each wave is given by the spectrum of the initial wave.
The eigenvalues of the differential operator, that constitutes the right-hand
side of Eq. (8.12), is given by the dispersion relation, k(ω), up to the imagi-
nary unit. The solution of the remaining ODE is then a simple exponential of
the dispersion relation. Now, we have the spectrum of the propagated wave
and by inverse Fourier transformation, i.e., we sum over all partial waves, we
find the new temporal shape of the propagated pulse.

As in the case of the Fourier transform method for the solution of linear
wave equations, the inverse scattering theory is again based on a spectral
transform (see Fig. 8.10). However, this transform depends now on the details
of the wave equation and the initial conditions. This dependence leads to a
modified superposition principle. As is shown in [4], one can formulate for
many integrable nonlinear wave equations a related scattering problem like
one does in quantum theory for the scattering of a particle at a potential well.
However, the potential well is now determined by the solution of the wave
equation. Thus, the initial potential is already given by the initial conditions.
The stationary states of the scattering problem, which are the eigensolutions of

scattering problem

inverse scattering prob.

scattering amplitude
at z=0

scattering amplitude
at z=L

(discrete+continuum
spectrum)

(soliton+continuum)

Figure 8.10: Schematic representation of the inverse scattering theory to solve inte-
grable nonlinear partial differential equations.
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the corresponding Hamiltonian, are the analog to the monochromatic complex
oscillations, which are the eigenfunctions of the differential operator. The
eigenvalues are the analog to the dispersion relation, and as in the case of the
linear PDEs, the eigensolutions obey simple linear ODEs.

A given potential will have a certain number of bound states, that cor-
respond to the discrete spectrum and a continuum of scattering states. The
characteristic of the continuous eigenvalue spectrum is the reflection coefficient
for waves scattered upon reflection at the potential. Thus, a certain potential,
i.e., a certain initial condition, has a certain discrete spectrum and continuum
with a corresponding reflection coefficient. From inverse scattering theory for
quantum mechanical and electromagnetic scattering problems, we know, that
the potential can be reconstructed from the scattering data, i.e., the reflec-
tion coefficient and the data for the discrete spectrum [12]. This is true for a
very general class of scattering potentials. As one can almost guess now, the
discrete eigenstates of the initial conditions will lead to soliton solutions. We
have already studied the dynamics of some of these soliton solutions above.
The continuous spectrum will lead to a dispersive wave which is called the
continuum. Thus, the most general solution of the NLSE, for given arbitrary
initial conditions, is a superposition of a soliton, maybe a higher-order soliton,
and a continuum contribution.

The continuum will disperse during propagation, so that only the soliton
is recognized after a while. Thus, the continuum becomes an asymptotically
small contribution to the solution of the NLSE. Therefore, the dynamics of
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Figure 8.11: Solution of the NLSE for a rectangularly shaped initial pulse with a
pulse area close to that for a fundamental soliton.
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the continuum is completely described by the linear dispersion relation of the
wave equation.

The back transformation from the spectral to the time domain is not as
simple as in the case of the Fourier transform for linear PDEs. One has to
solve a linear integral equation, the Marchenko equation [14]. Nevertheless,
the solution of a nonlinear equation has been reduced to the solution of two
linear problems, which is a tremendous success and is viewed as one of the
most important results of twentieth-century mathematics.

To appreciate these properties of the solutions of the NLSE, we solve the
NLSE for a rectangular shaped initial pulse [15]. The result is shown in 8.11.
The scattering problem, that has to be solved for this initial condition, is the
same as for a nonrelativistic particle in a rectangular potential box [15]. The
depth of the potential is chosen small enough, so that it has only one bound
state, i.e., the pulse area is chosen close to the one for a fundamental soliton.
Thus, we start with a wave composed of a fundamental soliton and continuum.
It is easy to recognize the continuum contribution, i.e., the dispersive wave,
that separates from the soliton during propagation. This solution illustrates,
that soliton pulse shaping due to the presence of dispersion and SPM may
have a strong impact on pulse generation [16]. When the dispersion and SPM
are properly adjusted, soliton formation can lead to very clean, stable, and
extremely short pulses in a mode-locked laser or in an optical communication
system [16].
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Chapter 9

Optical Parametric Amplifiers
and Oscillators

Advances in laser technology together with the discovery/development of novel
high-quality nonlinear optical crystals (e.g., periodically-poled QPM crystals)
have lead to the introduction of ultrafast optical parametric amplifiers (OPAs)
as practical novel sources for femtosecond pulses tunable across the visible, near
and far infrared spectral ranges. Here, we give a brief overview on ultrashort-
pulse OPAs, providing the basic design principles for different frequency ranges
and in addition presenting some advanced designs for the generation of ultra-
broadband few-optical-cycle pulses. Finally, we also briefly discuss the possi-
bility of applying parametric amplification schemes to large-scale, high-energy
systems using optical parametric chirped pulse amplification (OPCPA). This
chapter closely follows the review papers [1, 2, 35].

9.1 Optical parametric generation (OPG)

The principle of OPG is quite simple: In a suitable nonlinear crystal, a high-
frequency and high-intensity beam, called the pump beam, at frequency ωp,
amplifies a lower-frequency, lower-intensity beam, called the signal beam, at
frequency ωs; in addition a third beam, called the idler beam, at frequency
ωi is generated. In the OPG process, the signal and idler beams play an in-
terchangeable role. For simplicity, we assume in the following, that the signal
is at higher frequency, i.e., ωs > ωi. The nomenclature is again taken from
microwave engineering, where parametric amplifiers have been greatly used
at highest frequencies until the arrival of High Electron Mobility Transistors
(HEMTs) and GaAs-FET technology in the 1980s. Parametric interactions of-
ten occur in lossless media and then energy conservation has to be maintained,
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which enforces

~ωp = ~ωs + ~ωi. (9.1)

That is, a pump photon can be converted into a signal and an idler photon
under energy conservation. As we will see from the propagation equation
later, for the conversion to be efficient also momentum conservation has to be
fulfilled, i.e., the process should be phase matched

~kp = ~ks + ~ki. (9.2)

Thus for a given pump frequency, the signal and idler frequency can range from
ωp/2 < ωs < ωp and the corresponding idler ranges from ωp/2 > ωi > 0, see
Fig. 9.1. The case, where signal and idler are both ωp/2, is called degenerate
parametric amplification, which is a delicate process especially if both the
signal and idler beam occupy the same mode, i.e., they can not be distinguished
and are identical. This case will not be considered here.

frequencywi ws
w

p
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e

ct
ru

m

Figure 9.1: Optical parametric generation.

Optical parametric generation in short crystals – necessary for broadband
operation – is only possible with high efficiency at high intensities, typically on
the order of GW/cm2 or even tens of GW/cm2. Such high intensities can easily
be generated using pico- and femtosecond pulses at moderate pulse energies
of a few µJ. OPG can be exploited in two principle configurations. If the

pump

signal and idler resonant

Figure 9.2: Schematic of a doubly resonant OPO. It is resonant for signal and idler.
In addition the cavity length also has to match the pump repetition rate within a
few micrometers, if the OPO is pulsed.
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OPG crystal is enclosed in a suitable optical cavity and the parametric gain
exceeds the losses, the cavity starts oscillating like an ordinary laser and an
optical parametric oscillator (OPO) is obtained. In this case either the signal
and/or the idler can be resonant, see Fig.9.2. The second way consists in
amplifying a weak signal beam, the so-called “seed” beam, thus obtaining an
optical parametric amplifier (OPA). Like in a laser amplifier, amplification may
occur in several stages. Both schemes are employed with ultrashort pulses, as
well as in continuous-wave (cw) and nanosecond pulse systems depending on
the application. OPOs can be pumped by a small-scale femtosecond oscillator,
and provide pulses at very high repetition rates, e.g., 100 MHz - 1 GHz. As
with lasers, at average power levels of 1 W output energies of OPOs are low,
typically a few nanojoules, and they require a cavity whose length is matched
to the repetiton rate of the pump laser within micrometers. Their tunability
is limited by the bandwidth of the mirror coatings, so that several mirror
sets may be required to span the whole tuning range. In contrast to OPOs,
which may operate at moderate single-pass gains, OPAs require high pump
intensities, provided only by an amplified system, and typically operate at
lower repetition rates – typically from 1 to 100 kHz. on the other hand, they
provide high output energies, broad frequency tunability and are simpler to
operate, since they do not require any cavity-length stabilization. Therefore,
femtosecond OPOs and OPAs are complementary systems, used in different
types of applications.

In the following, we will focus on femtosecond OPAs, which have reached a
high level of stability and reliability. These systems have usually been pumped
by amplified Ti:sapphire lasers, providing pulses with mJ-level energy depend-
ing on repetition rate and ∼100 fs duration. Recently, also ytterbium laser
technology has attracted considerable research efforts because of its great
promise for pulse-energy and average-power scaling, as we will discuss later.
For Ti:sapphire systems, pumping can occur either at the fundamental wave-
length (FW) at 800 nm or at the second harmonic (SH) at 400 nm of the
laser beam. Femtosecond OPAs tunable from the ultraviolet (UV) to the mid-
infrared (IR) have been demonstrated and produce pulse energies up to the
100 µJ level and higher if higher pump-pulse energies are available. Typical
overall efficiencies are on the order of ∼10%. Importantly, femtosecond OPAs
have the capability of generating pulses significantly shorter than the pump
pulses, exploiting the large gain bandwidths available in the parametric inter-
actions. They can therefore be used as effective pulse compressors. Recently,
ultrabroadband pulses with durations down to 5 fs in the visible and 10-15 fs
in the near-IR have been demonstrated containing only a few optical cycles of
the carrier frequency.
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9.2 Continuous-wave optical parametric am-

plification

Optical parametric amplification occurs due to the nonlinear interaction of the
three waves, pump, signal and idler waves, during propagation in the nonlinear
medium. We can derive these three coupled equations by starting from the
general wave equationg and adding to the linear polarization of the medium
P(l)(r, t) also the second-order nonlinear contribution P(2)(r, t)(

∆− 1

c20

∂2

∂t2

)
E(r, t) = µ0

∂2

∂t2
(
P(l)(r, t) +P(2)(r, t)

)
. (9.3)

The linear term will lead to a change in group and phase velocities of the three
waves described by the dispersion relation of the medium k(ω). Assuming
that the three waves are different in frequency and propagating along the z-
direction, this equation can be separated in three equations for the amplitudes
Ep,s,i(z) for each frequency component, where

Ep,s,i(z, t) = Re
{
Ep,s,i(z) e

j(ωp,s,it−kp,s,i z)ep,s,i
}
. (9.4)

To do so, we also write the nonlinear polarization in its three contributions
oscillating at different frequencies

P
(2)
p,s,i(z, t) = Re

{
P

(2)
p,s,i(z) e

j
(
ωp,s,it−k′

p,s,i
z
)
ep,s,i

}
(9.5)

and, within the SVEA, d2p,s,iE(z) /dz
2 ≪ 2k dEp,s,i(z) /dz, we obtain

∂Ep,s,i(z)

∂z
= − jc20ωp,s,i

2n(ωp,s,i)
P

(2)
p,s,i(z) e

−j
(
k′
p,s,i

−k
p,s,i

)
z
. (9.6)

Here, c0 is the speed of light in vacuum and n is the refractive index at the
correponding frequency of the wave amplitude considered. Eq. (9.6) shows
that the nonlinear polarization acts as a source term changing the amplitude
of the corresponding wave. Introducing the phase mismatch of the three waves

∆k = k(ωp)− k(ωs)− k(ωi) (9.7)

and the effective nonlinearity and coupling coefficients

deff =
1

2
χ
(2)
ijk(ωp : ωs, ωi), κp,s,i = ωp,s,i deff/(np,s,ic0). (9.8)
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we obtain

∂Ep(z)

∂z
= −jκp Es(z)Ei(z) e

j∆kz , (9.9)

∂Es(z)

∂z
= −jκs Ep(z)E

∗
i (z) e

−j∆kz, (9.10)

∂Ei(z)

∂z
= −jκi Ep(z)E

∗
s (z) e

−j∆kz. (9.11)

Using the intensity in each beam Ip,s,i =
np,s,i

2ZF0
|Ep,s,i|2 and multiplying each

equation from (9.9) to (9.11) with np,s,ic0ε0E
∗
p,s,i/2, and add the complex con-

jugate to it, one finds with(
1

ωp

)
dIp
dz

=
jε0deff

2
E∗

pEsEi e
−j∆kz + c.c.,

and similarly for the other equations, the Manley-Rowe relation

− 1

ωp

dIp
dz

=
1

ωs

dIs
dz

=
1

ωi

dIi
dz
. (9.12)

This equation, which involves the change in photon flux at pump, signal and
idler, guarantees that for each pump photon a signal and idler photon is gen-
erated. Due to the scaling of photon energy with frequency, the corresponding
intensities and with them the power flow has to scale proportional to the fre-
quencies. Note, this follows from energy conservation and the Maxwell equa-
tions, no quantum theory has been invoked in its derivation here.

9.3 Theory of optical parametric amplification

Also, the parametric amplifier equations (9.9) to (9.11) can be solved exactly
and the solutions can be expressed in terms of Jacobi elliptic functions, they do
not give much insight at first. For the purpose here, we solve the parametric
amplifier equations in the undepleted-pump approximation, i.e., we assume
the signal and idler fields are weak compared to the pump. Then the pump
amplitude can be assumed as fixed, Ep =const., unchanged by signal and idler

∂Es(z)

∂z
= −jκs EpE

∗
i (z) e

−j∆kz, (9.13)

∂Ei(z)

∂z
= −jκi EpE

∗
s (z) e

−j∆kz. (9.14)
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Solution of these equations for initial conditions of a small input signal field,
Es(z = 0) = Es(0), and no idler, Ei(z = 0) = 0 can be attempted using
the trial solutions Es(z) ∼ Es(0) e

gz−j∆kz/2 and Ei(z) ∼ Ei(0) e
gz−j∆kz/2,

where g is the parametric gain in amplitude that follows from the determinant
condition. These equations look similar to coupled-mode equations, although
not exactly. Using ∣∣∣∣ g − j∆k

2
jκs Ep

jκi E
∗
p g + j∆k

2

∣∣∣∣ = 0

or

g =

√
Γ2 −

(
∆k

2

)2

, with Γ =

√
κi κs |Ep|2. (9.15)

Here, Γ is the maximum gain achieved under phase matching, i.e., ∆k = 0,
which can be also expressed in terms of the pump intensity

Γ2 =
ωsωi

nsnic20
d2eff |Ep|2 =

2ZF0ωsωi

npnsnic20
d2eff |Ip|2 . (9.16)

The general solutions to Eqs. (9.13) - (9.14 ) are

Es(z) = {Es (0) cosh gz +B sinh gz} e−j∆kz/2 (9.17)

Ei(z) = {Ei (0) cosh gz +D sinh gz} e−j∆kz/2, (9.18)

where the missing constants B and D have to be matched to fulfill Eqs. (9.13)
- (9.14 )

B = −j∆k
2g

Es (0)− j
κ1
g
EpE

∗
i (0) (9.19)

D = −j∆k
2g

Ei (0)− j
κ2
g
E∗

pE
∗
s (0) (9.20)

For the case of our initial conditions, vanishing idler input, we obtain finally
for the intensities of signal and idler beam after a propagation distance L

Is(L) = Is(0)

[
1 +

Γ2

g2
sinh2 gL

]
, (9.21)

Ii(L) = Is(0)
ωi

ωs

Γ2

g2
sinh2 gL. (9.22)

For the case of perfect phase matching, g = Γ, and the case of large gain,
ΓL≫ 1, these equations simplify to

Is(L) =
1

4
Is(0) e

2ΓL, (9.23)

Ii(L) =
1

4
Is(0)

ωi

ωs

e2ΓL. (9.24)
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The parametric gain is

G =
Is(L)

Is(0)
=

1

4
e2ΓL, (9.25)

growing exponentially with the crystal length L and gain Γ. Note, that the
exponential growth of signal and idler waves along the crystal is qualitatively
different from the quadratic growth occurring in other second-order nonlinear
phenomena, such as sum-frequency generation or second-harmonic generation.
This difference can be understood intuitively in the following way: in a strong
pump field, the presence of a seed photon at the signal wavelength stimulates
the generation of an additional signal photon and of a photon at the idler wave-
length. Likewise, due to the symmetry of signal and idler, the amplification of
an idler photon stimulates the generation of a signal photon. Therefore, the
generation of the signal field reinforces the generation of the idler field and vice
versa, giving rise to a positive feedback that is responsible for the exponential
growth of the waves. Eq. (9.16) shows that the gain coefficient Γ depends on:
(i) the pump intensity; (ii) the signal and idler wavelengths; (iii) the nonlinear
coefficient deff ; and (iv) the refractive indexes (propagating as e or o waves)
at the three interacting wavelengths. To characterize a parametric interaction
and compare different nonlinear materials, one defines the following figure of
merit (FOM):

FOM =
deff√

λsλinpnsni

. (9.26)

In the following, we discuss some examples of parametric gain calculations
relevant to ultrashort pulses, assuming perfect phase matching. Fig. 9.3 shows
a plot of the parametric gain in BBO, at the infrared pump wavelength λp = 0.8
µm and the signal wavelength λs = 1.2 µm as a function of pump intensity and
for different crystal lengths. The gain scales as the exponential of the square
root of the pump intensity: G ∼ exp(

√
Ip). At a pump intensity Ip = 25

GW/cm2, a gain G ≃ 6 is calculated for a crystal length L = 1 mm; however,
it rapidly increases to G > 106 for L = 5 mm. The same gain can be obtained
with a 3-mm crystal increasing the pump intensity to 75 GW/cm2. The same
plot for BBO at the visible pump wavelength λp = 0.4 µm and the signal
wavelength λs = 0.6 µm is shown in Fig. 9.4. In this case, at a pump intensity
Ip = 25 GW/cm2, a gain G > 128 is calculated for a crystal length L = 1 mm,
about a factor of 20 larger than in the case of the infrared pump wavelength.
The higher gain is due to the smaller values of λs and λi, which increases the
FOM of the parametric interaction. Despite the improvement in FOM using a
visible pump, the group-velocity mismatch between the interacting pulses, as
we will see later, prevents the use of long nonlinear crystals in this case. Next
we address the problem of phase matching.
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Figure 9.3: Parametric gain for an OPA at the pump wavelength λp = 0.8 µm and
the signal wavelength λs = 1.2 µm, using type-I phase matching in BBO (deff = 2
pm/V). [1]

9.4 Phase matching

To achieve maximum gain, we must satisfy the phase-matching condition,
∆k = 0, which can be recast in the form

np =
nsωs + niωi

ωp

. (9.27)

It is easy to show that this condition cannot be fulfilled in bulk isotropic
materials in the normal dispersion region (ni < ns < np). In some birefringent
crystals, phase matching can be achieved by choosing for the higher-frequency
pump wave the polarization direction giving the lower refractive index. In the
case, common in femtosecond OPAs, of negative uniaxial crystals (ne < no),
the pump beam is polarized along the extraordinary direction, see Fig. 9.5. If
both signal and idler beams have the same ordinary polarization (perpendicular
to that of the pump beam, this scheme is called type-I phase matching (or
os+oi → ep). If one of the two is polarized parallel to the pump beam, we talk
about type-II phase matching; in this case either the signal (es+oi → ep) or the
idler (os + ei → ep) can have the extraordinary polarization [5]. Both types of
phase matching can be used and have their specific advantages according to the
system under consideration. Usually the phase-matching condition is achieved
by adjusting the angle θ between the wave vector of the propagating beams
and the optical axis of the nonlinear crystal, i.e., angular phase matching, see
Figure 9.6. Alternatively, the refractive indices can be changed by adjusting
the crystal temperature (temperature phase matching). As an example, we
consider the case of a negative uniaxial crystal, for which type-I phase matching
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Figure 9.4: Parametric gain for an OPA at the pump wavelength λp = 0.4 µm and
the signal wavelength λs = 0.6 µm, using type-I phase matching in BBO (deff = 2
pm/V). [1]
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Figure 9.5: Type-I noncritical phase matching.

is achieved if
nep(θ)ωp = nosωs + noiωi

1

nep(θ)2
=

sin2 θ

n2
ep

+
cos2 θ

n2
op

which leads to

θ = arcsin

[
nep

nep(θ)

√
n2
op − n2

ep(θ)

n2
op − n2

ep

]
.

Figures 9.7 and 9.8 show the phase-matching angles as a function of wavelength
for BBO type-I and II OPAs at the pump wavelengths 0.8 and 0.4 µm. Note,
that in general, the phase-matching angle shows a less pronounced wavelength
dependence for type-I with respect to type-II phase matching.
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Figure 9.6: Type-I critical phase matching by adjusting the angle θ between wave
vector of the propagating beam and the optical axis.

Figure 9.7: Angle tuning curves for a BBO OPA at the pump wavelength λp = 0.8
µm for type-I phase matching (dotted line), type-II (os + ei → ep) phase matching
(solid line), and type-II (es + oi → ep) phase matching (dashed line).

9.5 Quasi-phase matching for OPAs

If in a given crystal, phase matching by using birefringence is not possible,
one can eventually perform quasi-phase matching [6]. By periodic poling with
a strong applied electric field, the nonlinear coefficient deff in a quasi-phase
matched material will be peridically modulated with a period 2ℓc=2π/∆k. The
nonlinear coefficient can therefore be expanded into a Taylor series

deff (z) =
+∞∑

m=−∞

dme
jmκz. (9.28)

with κ = 2π/ (2ℓc)=∆k. It is obvious, that if this expression is substituted into
equation (9.9), the term proportional to d−1 can facilitate phase matching.
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Figure 9.8: Angle tuning curves for a BBO OPA at the pump wavelength λp = 0.4
µm for type-I phase matching (dotted line), type-II (os + ei → ep) phase matching
(solid line), and type-II (es + oi → ep) phase matching (dashed line).

9.6 Ultrashort-pulse optical parametric ampli-

fication

So far we have studied the interaction of three monochromatic waves, i.e., cw
beams. Now, we consider the case, relevant for femtosecond OPAs, where three
pulses described by complex pulse envelopes

Ep,s,i(z, t) = Re
{
Ep,s,i(z, t) e

j(ωp,s,it−kp,s,i z)ep,s,i
}

(9.29)

are considered. Each pulse envelope is now propagating at its group velocity
and the equations for the pulse envelope change from teh amplitude equations
(9.9) - (9.11) to

∂Ep

∂z
+

1

vp

∂Ep

∂t
= −jκp EsEi e

j∆kz , (9.30)

∂Es

∂z
+

1

vs

∂Es

∂t
= −jκs EpE

∗
i e

−j∆kz, (9.31)

∂Ei

∂z
+

1

vi

∂Es

∂t
= −jκi EpE

∗
s e

−j∆kz, (9.32)

where vp,s,i = dk/dω|ωp,s,i
are the corresponding group velocities of pump,

signal and idler. Note, it is straightforward to include other nonlinearities, that
might become important, like self-phase modulation or higher-order dispersion
terms. For numerical simulations, it is convenient to introduce the retarded
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time t′ = t−z/vp to take out the trivial motion of the pump pulse, which leads
to

∂Ep

∂z
= −jκp EsEi e

j∆kz , (9.33)

∂Es

∂z
+

(
1

vs
− 1

vp

)
∂Es

∂t
= −jκs EpE

∗
i e

−j∆kz, (9.34)

∂Ei

∂z
+

(
1

vi
− 1

vp

)
∂Es

∂t
= −jκi EpE

∗
s e

−j∆kz. (9.35)

Despite the many simplifications, these equations capture the main issues of
parametric amplification with ultrashort pulses, that are related to group-
velocity mismatch (GVM) between the interacting pulses. In particular, GVM
between the pump and the amplified signal and idler pulses limits the inter-
action length over which parametric amplification takes place, while GVM
between the signal and the idler beams limits the phase matching bandwidth.
The useful interaction length for parametric interaction is quantified by the
pulse splitting length, which is defined as the propagation length, after which
the signal (or the idler) pulse separates from the pump pulse in the absence of
gain, and is expressed as

ℓjp =
τ

δjp
, with δjp =

(
1

vj
− 1

vp

)
, (9.36)

where τ is the pump pulse duration and δjp is the GVM between pump and
signal/idler. Note that the pulse splitting length becomes shorter for decreas-
ing pulse duration and for increasing GVM. GVM depends on the crystal type,
pump wavelength, and type of phase matching. Figs. 9.9 and 9.10 show ex-
amples of GVM curves for a BBO OPA pumped by 0.8 and 0.4 µm pulses,
respectively. Note that, due to greater dispersion values in the visible, GVM is
in general larger in this wavelength range. For crystal lengths shorter than the
pulse splitting length, GVM effects can be neglected, to a first approximation,
and Eqs. (9.15) and (9.16), valid for cw beams, can be used for gain calcu-
lations. For crystals longer than or comparable to the pulse splitting length,
GVM plays a crucial role and Eqs. (9.33) - (9.35) must be solved numerically
to properly account for it.

There is a qualitatively significant difference between the cases in which
δsp and δip have the same or different signs. If δspδip > 0, both the signal and
the idler pulses walk away from the pump in the same direction so that the
gain rapidly decreases for propagation distances longer than the pulse splitting
length and eventually saturates. On the other hand, if δspδip < 0 signal and
idler pulses move in opposite direction with respect to the pump; in this way
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Figure 9.9: Pump-signal (δsp) and pump-idler (δip) group velocity mismatch curves
for a BBO OPA at the pump wavelength λp=0.8 µm for type I phase matching (solid
line) and type II (os + ei → ep) phase matching (dashed line).

the signal and idler pulses tend to stay localized under the pump pulse and
the gain grows exponentially even for crystal lengths well in excess of the pulse
splitting length. To try to rationalize this effect, we can consider the situation
in which the signal pulse has moved slightly to the left and the idler pulse
to the right of the pump pulse: during the parametric process, the signal
pulse generates idler photons, which move to the right, i.e., towards the peak
of the pump; on the other hand the idler pulse will generate signal photons
which in turn move to the left, again towards the peak of the pump. This
concentration of photons under the peak of the pump explains the exponential
gain growth. In Fig. 9.11 we show an example of solution of Eqs. (9.33)-
(9.35) for the case δspδip > 0; we consider a type-I BBO OPA pumped at
0.4 µm with signal wavelength λs = 0.7µm, with GVMs δsp=167 fs/mm and
δip =220 fs/mm. We see that, after an initial growth, the gain rapidly tends
to saturate because both signal and idler pulses temporally separate from the
pump. Note that, because the trailing edge of the pulse resides for a longer
time in the amplification region, there is a modest pulse shortening (20%–
30%) and asymmetry. The case δspδip < 0 is shown in Fig. 9.12; we consider
a type-II BBO OPA pumped at 0.8 µm with signal wavelength λs = 0.8µm,
having group velocity mismatches δsp=-47.5 fs/mm and δip =34.6 fs/mm. Here
we see that the signal growth stays exponential for propagation distances well
exceeding the pulse splitting length and that the signal pulse tends to stay
localized under the pump.

In the following, we will show that GVM between signal and idler pulses
determines the phase-matching bandwidth for the parametric amplification
process. Let us assume that perfect phase matching is achieved for a given
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Figure 9.10: Pump-signal (δsp) and pump-idler (δip) group velocity mismatch curves
for a BBO OPA at the pump wavelength λp=0.4 µm for type I phase matching (solid
line) and type II (os + ei → ep) phase matching (dashed line).

signal frequency ωs (and for the corresponding idler frequency ωi = ωp − ωs).
If the signal frequency increases to ωs+∆ω, energy conservation requires that
the idler frequency decreases to ωi −∆ω. The wave vector mismatch can then
be approximated to first order as

∆k = −dks
dω

∆ω +
dki
dω

∆ω =

(
1

vi
− 1

vs

)
∆ω, (9.37)

Within the large-gain approximation, the FWHM phase-matching bandwidth
can then be calculated as

∆f = −2
√
ln 2

π

√
Γ

L

1∣∣∣ 1vi − 1
vs

∣∣∣ . (9.38)

Large GVM between signal and idler waves dramatically decreases the phase-
matching bandwidth; large gain bandwidth can be expected when the OPA
approaches degeneracy, i.e., ωs = ωi, in type-I phase matching or in the case of
group-velocity matching between signal and idler (vs = vi). Obviously, in this
case Eq. (9.38) loses validity and the phase mismatch ∆k must be expanded
up to second order yielding

∆f = −2 4
√
ln 2

π
4

√
Γ

L

1∣∣d2ks
dω2 + d2ks

dω2

∣∣ . (9.39)

Fig. 9.13 and 9.14 show typical plots of phase-matching bandwidths for BBO
OPAs pumped at 0.8 and 0.4 µm, respectively. We see a remarkable difference
between type-I and II phase matching: for type-II interaction, the bandwidth is
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Figure 9.11: Signal pulse evolution for a BBO type I OPA with λp = 0.4 µm,
λs = 0.7µm, for different lengths L of the nonlinear crystal. Pump intensity is 20
GW/cm2. Time is normalized to the pump pulse duration and the crystal length to
the pump-signal pulse splitting length.[1]

smaller than for type I and stays more or less constant over the tuning range,
while for type-I interaction, as previously said, the bandwidth increases as
the OPA approaches degeneracy. These features can be exploited for different
applications: type-I phase matching is used to achieve the shortest pulses, while
type-II phase matching allows to obtain relatively narrow bandwidths over
broad tuning ranges, which are required for many spectroscopic investigations.

So far we have only considered a collinear interaction, in which, once the
phase-matching condition (∆k = 0) is achieved, the group velocities of signal
and idler, and thus the phase-matching bandwidth, are set. Later, we will
see that in a noncollinear interaction there is an additional degree of freedom,
the pump-signal noncollinearity angle α. By suitably selecting this angle, it
is often possible to achieve simultaneously phase matching and group velocity
matching between signal and idler, thus obtaining very broad gain bandwidths.

9.7 Optical parametric amplifier designs

Before illustrating in detail some of the most common OPA designs, we will try
to present a very general description of the operating principles of an OPA,
according to the scheme shown in Fig. 9.15. Femtosecond OPAs are often
pumped by amplified Ti:sapphire lasers: standard systems typically run at 1
kHz repetition rate and generate pulses at the wavelength λ > 0.8 µm, with
0.5–1 mJ energy and duration ranging from 50 to 150 fs. Also higher repetition
rates using lower pulse energies are possible. Pumping can take place at the
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Figure 9.12: Signal pulse evolution for a BBO type II OPA with λp = 0.8 µm,
λs = 1.5 µm, for different lengths L of the nonlinear crystal. Pump intensity is 20
GW/cm2. Time is normalized to the pump pulse duration and the crystal length to
the pump-signal pulse splitting length.[1]

FW or at the SH of the Ti:sapphire laser, i.e., at 800 or 400 nm. Since the
optical parametric amplification process consists of the interaction of a weak
signal beam with a strong pump beam, the first stage of any OPA system
is the generation of the initial signal beam, the so-called seed beam. Since
the seed beam is at a different frequency from the pump beam, a nonlinear
optical process is required for its generation. Two different techniques have
been frequently used for the seed generation: parametric superfluorescence and
white-light continuum generation. Parametric superfluorescence is high gain
parametric amplification of the vacuum or quantum noise. In practice it is sim-
ply achieved by pumping a suitable nonlinear crystal, which is often of the same
types as the ones used in the subsequent OPA stages; amplification will occur
at those wavelengths for which the parametric interaction is phase matched.
The advantage of parametric superfluorescence is the possibility of achieving
large amplification and substantial seed pulse energies; its disadvantages are
the inherent fluctuations of a process starting from quantum noise resulting in
poor compressibility of the amplified spectra, large timing jitter and impos-
sibility to achieve passive CEP-stabilization of the idler pulses (as discussed
later), and the poor spatial quality of the generated seed beam. It is essen-
tially a noise burst! On the other hand, white-light generation occurs when an
intense ultrashort pulse is focused inside a transparent material, such as fused
silica, sapphire or YAG plates: as a result of the interplay between self-focusing
and self-phase modulation, a large spectral broadening takes place. Although
white-light continuum generation via filamentation is a very complex, highly
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Figure 9.13: Phase matching bandwidth for a BBO OPA at the pump wavelength
λp=0.8 µm for type I phase matching (solid line) and type II os + ei → ep phase
matching (dashed line). Crystal length is 4 mm and pump intensity 50 GW/cm2.

nonlinear spatio-temporal dynamical process, whose computational modeling
is very challenging, its properties are very beneficial for generation of an OPA
seed pulse. When focusing 0.8-µm, 100-fs pulses into a sapphire plate, with
thickness ranging from 1 to 3 mm, the threshold for white-light generation is
on the order of a few µJs. The exact value depends on the focusing conditions.
The continuum spectrum extends throughout the visible down to 0.42 µm and
the near-IR up to 1.5 µm, with an energy of approximately 10 pJ per nm
of bandwidth. Under the correct conditions (i.e., a single filament) the white
light has an excellent spatial quality, with a circular Gaussian beam, and a very
high pulse-to-pulse stability. When using materials with high thermal conduc-
tivity and low UV absorption such as sapphire, no long-term degradation of
the material is experienced.

After the generation of the seed pulse, the pump and seed pulses are com-
bined in a suitable nonlinear crystal, in a first parametric amplification stage,
a preamplifier. To achieve temporal overlap, their relative timing must be
adjusted by a delay line. Often the pump spot size in the nonlinear crystal
is set by a telescope and is chosen to achieve the highest possible gain with-
out causing optical damage of the crystal, or inducing third-order nonlinear
effects (self-focusing, self-phase modulation, or white-light generation) that
would cause beam distortions or pulse breakup. In case of parametric super-
fluorescence seeding, the preamplifier is also used as a spatial filter, to improve
the spatial coherence of the signal beam by amplifying only those spatial com-
ponents of the superfluorescence that overlap the pump beam in the crystal.
After the first amplification stage, the signal beam can be further amplified in
subsequent stages, power amplifiers. Usually the last booster stage is driven
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Figure 9.14: Phase matching bandwidth for a BBO OPA at the pump wavelength
λp=0.4 µm for type I phase matching (solid line) and type II os + ei → ep phase
matching (dashed line). Crystal length is 2 mm and pump intensity 100 GW/cm2.

Figure 9.15: Scheme of an ultrafast optical parametric amplifier. SEED: seed gen-
eration stage; DL1, DL2: delay lines; OPA1, OPA2 parametric amplification stages;
COMP: compressor.

into saturation, i.e., with significant pump depletion and conversion efficiency
above 30%. In this regime, the amplified energy is less sensitive to seed fluctu-
ations, and high pulse stability can be achieved. The purpose of using two or
more amplification stages instead of one long crystal is twofold: (i) the GVM
between pump and signal pulses in the first stage can be compensated by a
delay line; and (ii) this scheme gives the flexibility of separately adjusting the
pump intensity, and thus the parametric gain, in separate stages. After the
power amplifier, signal and idler beams are separated from the pump and from
each other using dichroic filters or mirrors. Finally, in case of broadband am-
plification, a pulse compressor is used to obtain transform-limited (TL) pulse
durations. Fig. 9.16 shows a specific design for a near-IR OPA.
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Figure 9.16: Scheme of a near-IR OPA DL: delay lines; WL: white-light generation;
DF: dichroic filter.

9.8 Noncollinear optical parametric amplifier

(NOPA)

In the early days of ultrahort-pulse OPAs, the shortest pulses achieved were in
the 30-50-fs range, limited either by the narrow phase-matching bandwidths or
by the long pump-pulse durations. In this section, we discuss an OPA scheme
which overcame these difficulties and nowadays allows one to generate few-
optical-cycle high-energy pulses in the visible as well as in the infrared. In the
visible, relatively long pump pulses (∼100 fs) are used and the properties of
noncollinear phase matching are exploited to achieve broadband amplification
of the white-light seed; the amplified pulses are then compressed to sub-10 fs
duration using suitable dispersive delay lines. In the infrared, ultrabroadband
pulses can be generated using short (20–40 fs) pump pulses and exploiting
nonlinear compression effects arising in the parametric amplification process
at high conversion efficiencies.

In an OPA using a collinear interaction geometry, the propagation direction
in the nonlinear crystal is selected to satisfy, for a given signal wavelength,
the phase-matching condition ∆k = 0. In this condition, the signal and idler
group velocities are fixed and so the phase-matching bandwidth of the process,
see Eq. (9.38). An additional degree of freedom can be introduced using a
noncollinear geometry, as shown in Fig. 9.17(a): the pump and signal wave
vectors form an angle α (independent of signal wavelength) and the idler is
emitted at an angle Ω with respect to the signal. In this case, the phase-
matching condition becomes a vector equation, which, projected on directions
parallel and perpendicular to the signal wave vector, becomes

∆kpar = ks cosα− ks − ki cosΩ = 0 (9.40)

∆kperp = ks sinα− ki sinΩ = 0. (9.41)
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Figure 9.17: (a) Schematic of a noncollinear interaction geometry; (b) representation
of signal and idler pulses in the case of collinear interaction; and (c) same as (b) for
noncollinear interaction.

Note, that the angle Ω is not fixed, but depends on the signal wavelength. If
the signal frequency increases by ∆ω, the idler frequency decreases by ∆ω and
the wave vector mismatches along the two directions can be approximated, to
first order, as

∆kpar = −dks
dωs

∆ω +
dki
dωi

cosΩ ∆ω − ki sinΩ
dΩ

dωi

∆ω = 0 (9.42)

∆kperp =
dki
dωi

sinΩ ∆ω + ki cosΩ
dΩ

dωi

∆ω = 0. (9.43)

To achieve broadband phase matching, both ∆kpar and ∆kperp must vanish.
Upon multiplying Eq. (9.42) by cos(Ω) and Eq. (9.43) by sin(Ω) and adding
the results, we get

dki
dωi

− cosΩ
dks
dωs

= 0, (9.44)

which is equivalent to

vi − vs cosΩ = 0. (9.45)

This equation shows that broadband phase matching can be achieved for a
signal-idler angle Ω such that the signal group velocity equals the projection
of the idler group velocity along the signal direction. This effect is depicted
in Fig. 9.17: for a collinear geometry, as shown in panel (b), signal and idler
moving with different group velocities get quickly separated giving rise to pulse
lengthening and bandwidth reduction, while in the noncollinear case, shown
in panel (c), the two pulses manage to stay effectively overlapped. Note, that
Eq. (9.45) can be satisfied only if vi > vs; this is, however, always the case in
the commonly used type-I phase matching in negative uniaxial crystals, where
both signal and idler see the ordinary refractive index. Eq. (9.45) allows to
determine the signal-idler angle Ω required for broadband phase matching;
from a practical point of view, it is more useful to know the pump-signal angle
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α, which is given by

α = arcsin

 1− v2s
v2i

1 + 2vsnsλi/viniλs + (nsλi/niλs)
2

 . (9.46)

As an example, in a type-I BBO OPA pumped at λp=0.4 µm for a signal
wavelength λs=0.6 µm broadband phase matching is achieved for α = 53.7◦.
To better illustrate the effect of noncollinear phase matching, in Fig. 9.18 we
plot, for a type-I BBO OPA pumped at 0.4 µm, the phase-matching angle θ
as a function of signal wavelength for different values of pump-signal angle α.
For a collinear configuration (α = 0◦), θ shows a strong dependence on the
signal wavelength such that, for a fixed crystal orientation, phase matching
can be achieved only over a narrow signal frequency range. By going to a
noncollinear configuration and increasing α, the wavelength dependence of θ
becomes progressively weaker until, for the optimum value α = 3.7◦, a given
crystal orientation (θ ≃ 31.3◦) allows to simultaneously achieve phase matching
over an ultrabroad bandwidth, extending from 0.5 to 0.75 µm. Note that,
in this configuration, the symmetry between signal and idler is lost, because
they propagate at different angles. This favorable property of the noncollinear
geometry for broadband parametric amplification was first recognized by Gale
et al. [7] and was exploited to build broadband OPOs generating pulses as
short as 13 fs. Later, the same concept was extended by many research groups
to OPAs seeded by white-light continua.

Figure 9.18: Phase-matching curves for a noncollinear type-I BBO OPA pumped at
λp = 0.4 µm, as a function of the pump-signal angle α. [1]

A schematic of a experimental setup for an ultrabroadband noncollinear
OPA (NOPA) is shown in Fig. 9.19. The system is driven by an amplified
Ti:sapphire laser generating 140-fs pulses at 0.78 µm and 1 kHz repetition
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Figure 9.19: Scheme of a noncollinear visible OPA. BS: beam splitter; VA: variable
attenuator; S: 1-mm-thick sapphire plate; DF: dichroic filter; M1, M2, M3, spherical
mirrors. [1] Right: Superfluorescence ring around the pump beam, the white-light
seed beam overlaps with the pump beam in the crystal and is aligned to overlap
with the superfluorescence ring at the output.

rate with energy up to 500 µJ. The pump pulses at ∼0.39 µm wavelength with
10-µJ energy, 180-fs duration are obtained by frequency doubling a fraction
of the light in a 1-mm-thick lithium triborate crystal. The seed pulses are
generated by focusing another small fraction of the FW beam, with energy of
approximately 2 µJ, into a 1-mm-thick sapphire plate; by carefully controlling
the energy incident on the plate (using a variable attenuator) and the posi-
tion of the plate around the focus, a highly stable single-filament white-light
continuum is generated. To avoid the introduction of additional chirp, reflec-
tive optics are employed to guide the white light to the amplification stage.
Parametric gain is achieved in a 1-mm-thick BBO crystal cut at 32◦ using a
single-pass configuration to increase the gain bandwidth. The chosen crystal
length is close to the pulse-splitting length for signal and pump in the wave-
length range of interest. The white-light seed is imaged into the BBO crystal
by spherical mirror M2, with a spot size nearly matching that of the pump
beam. The amplified pulses have energy of approximately 2 µJ, peak-to-peak
fluctuations of less than 7% and maintain a good TEM00 beam quality. Higher
energies up to 10 µJ can be extracted by a second pass in the BBO crystal.
After the gain stage the amplified pulses are collimated by the spherical mirror
M3 and sent to the compressor. This design is quite similar to the OPAs re-
ported in the last section, the main differences being the noncollinear geometry
and the use of reflective optics to prevent pulse chirping.

The NOPA pulse bandwidth strongly depends on the system alignment and
on the chirp of the white-light seed. A typical spectrum obtained under opti-
mum alignment conditions is shown in Fig. 9.20 as a solid line: it extends over
a FWHM bandwidth of 180 THz and is virtually not tunable, since it covers
the maximum available gain bandwidth. Experimentally, this condition can
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easily be achieved by adjusting the pump-signal angle to match the apex angle
of the strong parametric superfluorescence cone emitted by the BBO crystal
when illuminated by the pump pulse. Narrower gain bandwidths, which may
be required for some experiments, can simply be achieved by detuning the
pump-seed angle from the optimum value and/or deliberately increasing the
white-light chirp: in this case, the NOPA can be tuned by slightly tilting the
BBO crystal and/or varying the pump-seed delay. A typical sequence of am-
plified pulse spectra obtained under these conditions is shown in Fig. 9.20 as
dashed lines. The group delay (GD) versus frequency characteristics of the

Figure 9.20: (a) Solid line: NOPA spectrum under optimum alignment conditions;
dashed line: sequence of spectra obtained by increasing the white-light chirp; (b)
points: measured GD of the NOPA pulses; dashed line: GD after ten bounces on
the ultrabroadband chirped mirrors.

pulses generated was measured by upconversion and is shown in Fig. 9.20(b).
The measurement gives an overall GD of 400 fs between the red and the blue
components of the spectrum; the main contributions to the dispersion are the
sapphire plate, the BBO crystal, and ∼3.5 m air path. Accurately correcting
the phase over such broad bandwidths poses a challenge on the compression
system. The shortest pulses generated by the NOPA were obtained by a prism-
chirped mirror combination and have a nearly TL duration of 4.4 fs. Note the
dramatic shortening of the pulse duration with respect to the pump pulse du-
ration, which is in the 100-fs range. As a matter of fact, using short pump
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pulses does not help in getting shorter pulses from the OPA, but on the con-
trary could be detrimental to the broadband amplification process, because
of the reduced temporal overlap between the pump pulses and the chirped
white-light seed. Moreover, shorter pump pulses can cause complications from
excessive Kerr nonlinearity (e.g., in lenses). As an example for an all-chirped
mirror dispersion compensation, Fig. 9.20(b) as a solid line the opposite of the
GD generated by ten bounces on chirped mirrors which were custom designed
to compensate for the NOPA dispersion: it can be seen that it matches the
required GD very accurately over the wavelength range 0.51–0.71 µm, with an
root-mean-square (rms) deviation of only 1.8 fs.

For the pulses generated by the NOPA shown in Fig. 9.19 and compressed
by the chirped mirror compressor, a full amplitude and phase characterization
using the SPIDER technique resulted in the reconstructed pulse amplitude
profile shown in Fig. 9.21.

Figure 9.21: Reconstructed temporal intensity of the compressed NOPA pulse mea-
sured by SPIDER. The inset shows the corresponding pulse spectrum. [1]

One important experimental subtlety of short-pulse-pumped NOPAs, still
remaining even after group-velocity matching (GVM), is matching of the wave-
fronts of pump and seed in the parametric gain crystal. In a noncollinear para-
metric interaction geometry (with noncollinearity angle α between the pump
and signal beams) using a short pump pulse (which is typically much shorter in
propagation direction than in transverse directions) creates a tilted parametric
gain volume for the signal beam, thus resulting in the generation of a signal
tilted by the same angle γ, i.e., γ = α. The resulting space-time coupling
effects can lead to undesired pulsewidth broadening, spectral lateral walk-off
effects equivalent to angular dispersion preventing one to achieve sub-10-fs
pulses from a NOPA [9]. The remedy is to employ front-tilted pump pulses.
The front-tilt-pumped OPA was first demonstrated in [8] to control the group
velocity of the pump for efficient amplification in a collinear type-I OPA (see
Figs. 9.22 and 9.23). Note that in a type-I NOPA, this affects the pump (e
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Figure 9.22: Effects of the pump-pulse wavefront tilt on group-velocity mismatch
(GVM) in a collinear type-I OPA: (a) tilted pump pulses for a suitable tilt angle
γ, where the fast signal pulse (thick solid lines) propagates under the slow pump
(thick grey lines) because of the walk-off contribution to collinear group velocity (ρ,
birefringent walk-off angle); (b) untilted pump pulses. From [8].

beam), the group velocities of signal and idler (both o beams) are not affected.
Therefore this technique can also be used to improve the amplified signal pulse
properties, as sketched in Fig. 9.24: The pump beam passes through a prism
with apex angle αapex, at incident angle ϕ1 and exit angle ϕ2(λ). Directly after
the prism, the pulse-front tilt angle is given by

tan γprism = −λp
dϕ2

dλp
= − sinαapex

cosϕ′
1 cosϕ2

λp
dn

dλp
, (9.47)

with the refractive index of the prism n and ϕ′
1 the angle of refraction. The

angle γprism is then imaged onto the crystal position to an angle γext using a
telescope with lenses f1 and f1 resulting in a magnification factor f1/f2. The

Figure 9.23: Photos of the parametric superfluorescence for a given crystal orienta-
tion for (a) tilted and (b) untilted 100-fs 0.4-µm pump pulses. From [8].
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Figure 9.24: Front-tilted pumping of a type-I NOPA. αext is the external non-
collinearity angle between the pump and signal. The tilt angle generated by the
prism is γprism, the tilt angle imaged into the crystal is γint. From [9].

internal tilt angle γint is then reduced due to refraction by vp/c. Thus the
condition for pulse-front matching, γint = α, leads to

tanα =
vp
c

f1
f2

tan γprism. (9.48)

This pulse-front matched interaction geometry results in maximum lateral spa-
tial overlap between the pump and signal while avoiding spatial chirp. Pulse-
front matching becomes particularly important in high-energy NOPAs [10],
because of the larger pump-beam diameters used, and it can also be realized
with gratings instead of prisms.

9.9 Optical parametric chirped-pulse amplifi-

cation (OPCPA)

By marrying optical parametric amplification (OPA) with the chirped-pulse
amplification (CPA) scheme, one arrives at optical parametric chirped-pulse
amplification (OPCPA). As discussed in greater detail in recent reviews [11,
12], OPCPA inherits many attractive features from OPA (e.g., large single-
pass gain (106-107 in millimeters of gain crystals), gain bandwidth can be ’en-
gineered’, good energy-scalability and repetition-rate scalability as parametric
amplification is based on transitions between virtual transitions) but also its
challenges (precise pump-seed synchronization required as no pump-energy is
stored in the gain medium). Furthermore, OPCPA is also a promising tech-
nique on the ultrahigh intensity frontier [13, 14]. We will encounter and discuss
several OPCPA systems in the coming sections.
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9.9.1 Temporal optimization of ultrabroadband high-
energy OPCPA

In this section, to develop an intuitive feeling for the considerations involved in
designing a multi-stage high-energy OPCPA system, we look at a theoretical
case study performed by Moses et al. [15]: General guidelines for the design of
ultrabroadband, high-energy OPCPAs, where maximization of both conversion
efficiency and bandwidth and simultaneous suppression of superfluorescence
is required, are discussed. One key finding is that the ratio of pump and
seed pulse durations is a critical parameter in temporal optimization, and its
optimum depends on the amplifier gain. Multi-stage amplifier design thus
requires independent optimization of seed chirp in each amplification stage. A
small compromise in amplifier bandwidth relative to the full phase-matching
bandwidth, through use of the appropriate seed chirp, both maximizes the
efficiency-bandwidth product and optimizes the signal-to-noise ratio (SNR).
On the other hand, maximization of signal bandwidth is found to significantly
degrade both the SNR and the conversion efficiency.

Introduction

In OPCPA, a narrowband high-energy pump field (e.g., a picosecond or nano-
second pulse) is coupled to a chirped, low-energy broadband seed field in the
parametric gain crystal. If the seed pulse is sufficiently stretched, good energy
extraction from the pump field can be achieved, and subsequent recompres-
sion makes it possible to reach very high peak powers. The OPCPA concept
has some very important advantages with respect to standard CPA: (i) the
parametric amplification process can support gain bandwidths well in excess
of those achievable with conventional linear amplifiers, enabling the generation
of few-optical-cycle light pulses; (ii) OPCPA has the capability of providing
a high gain in a relatively short path length, minimizing the B-integral and
allowing a compact, tabletop amplifier setup; (iii) parametric amplification,
due to its instantaneous nature, occurs only when there is a pump pulse, so
that the amplified spontaneous emission (parametric superfluorescence) and
the consequent pre-pulse pedestal are greatly reduced; (iv) thermal loading ef-
fects, apart from parasitic absorption, are completely absent, greatly reducing
spatial aberrations of the beams. These attributes allow OPCPA to push the
limits of high peak power pulse generation at wavelengths at which broadband
laser amplification has not been developed, a capability with increasing impor-
tance since the advent of Yb- and Nd-based picosecond pump lasers that can
deliver hundred-watt (and potentially kilowatt) average powers, thus promis-
ing simultaneous high peak power and high average power from OPCPAs. As
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a result, today there is much interest in the development of OPCPA as a light
source for few-cycle, high-intensity, near-to-mid-IR pulse-driven applications
in high-harmonic generation and attoscience.

One of the key challenges of multi-stage high-energy OPCPA systems is
the avoidance or suppression of buildup of parametric superfluorescence back-
grounds contaminating the output pulse, when amplifying with high gain
lower-energy seeds to high energies. Parametric superfluorescence may over-
take the signal amplification, causing a strong decrease in amplified signal
energy and stability, and introduce an uncompressed temporal pedestal below
the compressed pulse, which is detrimental for most applications. Indeed, in
many mid-IR OPCPAs, superfluorescence turned out to be a major limiting
factor in signal energy scaling.

Thus, a prerequisite for the development of OPCPA is a careful investiga-
tion into the simultaneous optimization of conversion efficiency, signal band-
width, and signal-to-noise ratio (SNR). In OPCPA, there is a trade-off between
amplifier bandwidth and conversion efficiency that is determined by the signal
pulse chirp. Early investigations found an optimum ratio of seed and pump
pulse durations, ∆ts/∆tp, ranging between 0.2 to ∼0.6. The noise amplifi-
cation leads to ’gain quenching’: as amplification of the signal depletes the
available pump energy, both the signal and noise gain are strongly diminished.
However, this effect does not prevent a degradation in SNR observed during
saturation of the amplifier gain, where conversion efficiency and bandwidth
are maximized.

In the following, we look at a theoretical study by Moses et al. [15], that
considers the problem of simultaneously maximizing the efficiency and gain
bandwidth of OPCPA while avoiding superfluorescence amplification and con-
sequent SNR degradation. The analysis below will show that not only the
efficiency and bandwidth but also the SNR are each strongly tied to the tem-
poral profiles of the interacting waves and the local phase-mismatch across the
interacting pulses. The model of simultaneous signal and noise amplification
will reveal, how the overall sacrifice in these qualities can be minimized. In
addition, a sensitivity of the parameters that optimize these qualities to the
total gain of the amplifier is found. In essence, a careful optimization of seed
chirp is necessary at each stage of a multi-stage amplifier in order to prevent
significant noise buildup while preserving both gain and bandwidth.

Underlying principles

The predominant issue in the optimization of efficiency in parametric am-
plification is the spatio-temporal variation of the small-signal gain due to its
dependence on the pump intensity, g(Ip(t, x, y)). This variation prevents trans-
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verse spatial and temporal components of the pump wave from becoming fully
depleted (by conversion to signal and idler) simultaneously [Fig. 9.25(a)]; dur-
ing propagation the most intense coordinates of the pump wave are depleted
first. The weaker components are depleted later, only after a reversal of the
transfer of energy from pump to signal (i.e., “backconversion”) has already set
in at the peak.

In OPCPA, the problem of temporal variation of small-signal gain is fur-
ther complicated by the signal chirp. First of all, the temporal mapping of
signal frequencies creates preferential amplification of those frequency com-
ponents that overlap temporally with the most intense part of the pump
pulse. In addition, the mapping of signal frequency to temporal coordinate
adds a time dependence of small-signal gain g(Ip(t),∆k(t)) through the local
wavevector mismatch, ∆k(t) = kp−ks(t)−ki(t) [Fig. 9.25(b)]. The pump and
phase-mismatch temporal profiles, therefore, cause spectral narrowing. The
full phase-matching bandwidth of the amplifier may be preserved by keeping
the seed pulse short enough, relative to the pump pulse, that the pump inten-
sity remains nearly constant across the duration of the seed. However, for very
short seed pulses only a small fraction of the pump pulse is depleted, and the
increased amplifier bandwidth comes with a decrease in conversion efficiency.
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Figure 9.25: Signal gain, G, versus propagation length, L, for a phase-matched
(∆k = 0) parametric amplifier that has a peak gain G0 = 5 × 104, calculated by
solution of the coupled nonlinear wave equations describing parametric amplification
for monochromatic plane waves. L0 is the length at which the gain curve peaks with
an initial pump intensity Ip(0), i.e., the length at which the pump is fully depleted
and before backconversion occurs. In (a), gain curves corresponding to lower pump
intensity are also shown (representing, for example, the amplification that occurs
along the wings of a pump pulse relative to its peak). In (b), the effect of increasing
∆k is shown, with an initial pump intensity Ip(0) for all curves. ∆kb is the wavevector
mismatch that reduces the gain at L0 by 1/e. [15]
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In the following, we will investigate the problem of optimization in the time
domain.

To gauge the maximum possible conversion efficiency of the amplifier, the
concept of the temporal region of significant gain of the pump pulse is use-
ful. Consider parametric amplification of a seed pulse with spectrum centered
at signal frequency ωs by a pump pulse with center frequency ωp such that
ωp = ωs + ωi. If the idler is unseeded, prior to significant pump depletion
the gain obeys the relation G = Is(L)/Is(0) = 1 + (Γ2/γ2)sinh2(γL), where
γ =

√
Γ2 − (∆k/2)2, and Γ2 = 2ωsωid

2
effIp/nsninpϵ0c

3. If the gain is reason-
ably large, i.e., ΓL≫ 1,

G ≃ 1

4
exp

(
2
[
Γ2 − (∆k/2)2

]1/2
L
)
, (9.49)

which, in the case of perfect phase matching, can be recast in the form

G ≃ 1

4
exp (2ΓL) . (9.50)

In this case, since Γ ∼
√
Ip, the gain is time-dependent and follows the pump

pulse intensity profile: G(t) ∼ exp[
√
Ip(t)]. G(t) is plotted in Fig. 9.26(a)

alongside Ip(t) for a Gaussian pump pulse and unchirped, phase-matched seed.
The peak gain is 100 and the plotted gain profile is normalized to 1. Significant
gain will only be possible for a seed pulse overlapped with the pump pulse
within a central region around t = 0. The shaded interval of Fig. 9.26(a)
corresponds to the region t < |tg| where G(t) ≥ e−1G0, with peak gain G0 =
G(t = 0).

Let us calculate the centroid bounds, ±tg, corresponding to a gain G(tg) =
e−1G0, in the case of perfect phase matching. If we define the small-signal gain
g(t) = 2Γ(t)L and g0 = g(0), we obtain

g(tg)

g0
=

√
Ip(tg)

Ip(0)
=
g0 − 1

g0
. (9.51)

For a Gaussian pump pulse, described by Ip(t) = I0·exp(−(t/τ0)
2) with FWHM

duration ∆tp = 2τ0 ·
√
ln 2, we may rearrange Eq. (9.51) to find

tg =
∆tp

2
√
ln 2

√
−2 ln [1− 1/ ln(4G0)]. (9.52)

Since pump depletion will typically occur only where there is significant
signal gain, tg thus gives a measure of the maximum possible energy extraction
from the pump. Note that tg is a function of the peak gainG0, and that a power
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Figure 9.26: (a) Normalized Gaussian pump pulse profile (black, solid) and corre-
sponding temporal gain profile (red, dashed) of an unchirped phase-matched para-
metric amplifier with a peak gain G0 = 100. The shaded region indicates the region
of the pump pulse where gain is ≥ e−1G0. A suitable seed pulse is also indicated.
(b) The equivalent of (a) but assuming a seed spectrum extending from ωs − δωb

to ωs + δωb and chirped such that frequencies ωs ± δωb just fit within the region
of significant gain corresponding to (a). (c) Normalized pump intensity profile and
corresponding gain profiles for various values of the peak gain for an unchirped
phase-matched amplifier. [15]

amplification stage with low G0 will have a larger gain centroid width than a
pre-amplification stage with high G0. Thus, the power amplier can extract
more energy from the pump pulse, resulting in a higher maximum conversion
efficiency. Figure 9.26(c) plots the temporal gain profile of an amplifier with
unchirped signal pulse for several values of G0, each curve normalized to 1,
and Table 9.1 tabulates the pump centroid width. The difference in tg for pre-
and power amplifiers implies that a different seed pulse chirp will optimize
amplification at each stage. For example, a power amplifier stage with G0 =
102 has 1.5× wider a region of significant gain than a preamplifier stage with
G0 = 105.
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Table 9.1: Width of temporal region of significant gain versus peak gain

G0 10 102 103 104 105 106 107

2tg/∆tp 0.955 0.725 0.609 0.534 0.483 0.443 0.412
2t′g/∆tp 0.726 0.571 0.483 0.425 0.385 0.353 0.335

For an OPCPA, we need to include also the temporally-varying wavevector
mismatch, ∆k(t). According to Eq. (9.49), wavevector mismatch leads to a
reduction in the gain at the wings of the signal pulse if phase-matched at
the center of the pulse. In Fig. 9.26(b), the red (dashed) curve represents
the gain profile of the unchirped signal pulse of Fig. 9.26(a), while the green
(dot-dashed) curve includes the effects of the temporally-varying wavevector
mismatch and the resulting decrease in the small-signal gain. The signal pulse
is linearly chirped such that the edges of the phase-matching bandwidth, ω −
ωs = ±δωb, where G(ωs±δωb) = e−1G(ωs), are mapped to coordinates t = ±tg.
The new temporal region of significant gain, −t′g < t < t′g, where G(t

′
g) =

e−1G0, is narrower.

In principle, as the signal chirp is increased, the region −tg < t < tg will
on average contain signal frequencies that are closer to the phase-matched fre-
quency; ∆k remains small across the bounds and t′g tends to tg, increasing
the maximum possible conversion efficiency. However, the larger the chirp,
the smaller the portion of the signal bandwidth that will fit within the region
−t′g < t < t′g, and thus the smaller the effective amplifier bandwidth. In the
other limiting case of vanishingly small chirp, all the seed colors see approxi-
mately the peak pump intensity; in this case, t′g is determined solely by phase
matching, and t′g ≪ tg. The bandwidth approaches the full phase-matching
bandwidth, but the energy extraction is limited since only a small temporal
window of the pump can be depleted.

The trade-off between amplifier conversion efficiency and bandwidth makes
the optimization of the seed chirp subject to the user’s desired characteristics
of the pulse source. The maximization of peak power is a typical goal and will
inform our optimization analysis. In this case, maximization of the efficiency-
bandwidth product is desired. The optimal seed chirp can be estimated by
analysis of Eq. (9.49). Figure 9.27 plots the efficiency-bandwidth product
calculated from Eq. (9.49) for given values of the peak gainG0, varying the seed
chirp and thus influencing the corresponding mismatch function ∆k(t). For
later comparison, we consider the amplifier materials and geometry that will
be discussed in section 3, and operate at degeneracy (i.e., ωs = ωi = ωp/2). We
approximate the wave-vector mismatch for the broadband amplifier to second-
order (with first-order term vanishing due to the matched signal and idler
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Figure 9.27: (solid lines) Efficiency-bandwidth products, η∆ν, obtainable from the
OPCPA for different values of the seed chirp (GDD) and peak gains of 102, 104 and
106. (dashed curve) Total noise gain subtracted by total signal gain for G0 = 106.
Curves are calculated for 1.047-µm pump and 2.094-µm signal and idler mixing in
3 mm of PPSLT. The pump is 9-ps long. [15]

group velocities) by ∆k(ω) = −(ω − ωs)
2β2(ωs), where β2(ωs) = ∂2k/∂ω2|ωs

is the material group-velocity dispersion (GVD) evaluated at central signal
frequency ωs. The chirp is linear and each component ω is mapped at t =
(ω − ωs)/GDD (with group-delay dispersion, GDD). Since significant energy
extraction from the pump occurs only where there is significant signal gain,
efficiency was calculated as the fraction of pump energy included in the bounds
−t′g < t < t′g, and the bandwidth corresponds to 2δωg/2π, where we define
ωs ± δωg as the frequencies mapped to t = ±t′g. Figure 9.27 demonstrates a
clear optimum chirp for each value of G0, as expected, since efficiency increases
and bandwidth decreases with increasing chirp. In order to compare the gain
width of the unchirped, phase-matched amplifier to that of the chirped-pulse
amplifier optimized for maximum efficiency-bandwidth product, the values of
t′g corresponding to the optimum chirp at each G0 are tabulated in the second
line of Table 1. The parameters 2tg/∆tp and 2t′g/∆tp exhibit the same behavior
as G0 is varied: larger peak gains result in narrower regions of significant gain.
Consistently, t′g < tg.

Note, for this analysis and in all theoretical examples in this section, we
consider the case of a parametric amplifier with ultrabroad phase-matching
bandwidth achieved through matching of signal and idler group velocities, with
second-order approximation ∆k(ω) ∼ (ω − ωs)

2. The analysis, however, can
also be applied to the unmatched group velocity case, where ∆k(ω) ∼ (ω−ωs).
In this case there will be different quantitative results, but similar trends.
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We now turn to the issue of SNR degradation during amplification, when
the amplifier is seeded by both signal and quantum noise. An important dif-
ference between signal gain and noise gain can be understood by means of the
same conceptual picture used above [Fig. 9.26(a),(b)]. Initial quantum noise is
stationary, i.e., seed fluctuations of all frequencies are present at all times [16].
Thus, phase-matched quantum noise is available at all times. The noise gain
profile, therefore, is like the signal gain profile of an unchirped, phase-matched
parametric amplifier, with ∆k = 0 at all t. As a result, in OPCPA, at each
temporal coordinate of the interacting pulses the local gain of signal and noise
photons is different: the noise temporal gain profile is determined solely by
the local pump intensity, while the signal temporal gain profile is determined
by both the local pump intensity and the instantaneous wavevector mismatch.
Simultaneous amplification of signal and noise is thus depicted by Fig. 9.26(b),
where the unchirped-pulse amplifier gain profile (red, dashed) represents the
noise, and the chirped-pulse amplifier gain profile (green, dot-dashed) repre-
sents the signal. Apart from t = 0, where both signal and noise photons
experience ∆k = 0, there is higher gain for noise than for signal. In the ex-
ample of Fig. 9.26(b), at t = ±tg, the signal photons experience a gain < e−1

lower than that of coincident noise photons that are perfectly phase-matched.
The degradation in SNR to be expected during amplification, arising from

the difference between the total noise gain and total signal gain, can be es-
timated, therefore, by the area between the two gain curves of Fig. 9.26(b),
and depends on the signal pulse chirp. Figure 9.27 (dashed line) plots the
difference between noise and signal gain as a function of seed chirp for the case
G0 = 106. This difference approaches zero at a chirp slightly higher than that
which maximizes the efficiency-bandwidth product. Optimum peak power,
therefore, may be obtained with reasonably low degradation of SNR.

A full summary of the amplifier properties determined by the signal pulse
chirp is presented in Fig. 9.28. Here we consider Gaussian pump and seed
profiles measured by their FWHM, ∆tp,∆ts, respectively. With ∆ts = ∆tp/3,
the signal pulse fits within a largely unvarying portion of the pump intensity
profile [Fig. 9.28(a)]. As a result, there is little clipping of the signal pulse at the
wings due to gain narrowing, and the effective amplifier bandwidth is nearly
the full phase-matching bandwidth [Fig. 9.28(e)]. However, since the signal
carrier frequency sweeps quickly in time, so does ∆k(t), and as a result the
temporal gain profile of the signal is much narrower than that of the noise. The
narrow signal gain profile means the conversion efficiency will be small, as only
a fraction of the pump pulse will be depleted, and the large area between signal
and noise gain profiles means the SNR will strongly degrade after amplification.
As the signal chirp increases [Fig. 9.28(b)-(d)], the signal gain profile widens
relative to the noise gain profile, resulting in larger conversion efficiency and
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Figure 9.28: (a-d) Gaussian pump (black, solid) and seed (gray, solid) intensity pro-
files with corresponding signal gain (green, dot-dashed) and noise gain (red, dotted)
profiles for several ratios of seed and pump pulse durations (∆ts/∆tp). The shaded
region represents the difference between noise and signal gain. The chirp of the
signal pulse is represented by colored bars. (e-h) Corresponding signal gain pro-
files (green, dot-dashed) in the frequency domain, plotted alongside the full phase-
matching bandwidth of the amplifier (red, solid). [15]
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higher SNR. On the other hand, since there is more clipping of the signal
pulse during amplification, there is a narrower effective amplifier bandwidth
[Fig. 9.28(f)-(h)]. The extreme is shown in Fig. 9.28(d), where ∆ts = 2∆tp.
Here, the very slow variation in signal frequency, resulting in a slow variation
in ∆k(t), makes the noise and signal gain profiles nearly identical. However,
since only a small portion of the signal bandwidth fits within the central part
of the pump pulse, there is severe spectral clipping, and the effective amplifier
bandwidth is much smaller than the phase-matching bandwidth [Fig. 9.28(h)].
The nearly equal signal and noise gain seen in Fig. 9.28(d) can be understood
from another point of view: since the effective amplifier bandwidth covers
only the flat, phase-matched central region of the phase-matching bandwidth,
∆k is essentially zero over the full significant gain region of the pump pulse.
Therefore, there is little preferential amplification of the noise.

Numerical simulations and results

The analytical and conceptual models introduced in the previous section allows
one to establish trade-offs between conversion efficiency, gain bandwidth and
SNR optimization in OPCPA. In order to test these predictions in the satura-
tion regime of amplification, where significant pump depletion occurs and both
efficiency and bandwidth are maximized, Moses et al. [15] numerically inte-
grated the nonlinear coupled equations describing the parametric amplification
process. These simulations exclude the spatial transverse dimensions, allowing
isolation of the temporal behavior. An ultrabroadband OPCPA system is con-
sidered that is known to be sensitive to parametric superfluorescence [17]. The
amplifier is pumped by a 9-ps FWHM Gaussian pulse at 1.047 µm and seeded
by a broadband pulse at 2.094 µm, for operation around degeneracy. The
interaction was calculated in a 3-mm long periodically-poled stoichiometric
lithium tantalate (PPSLT) crystal. The seed had a super-Gaussian spectrum
(Is(ω) ∼ exp [−(ω − ωs)

8]) with FWHM bandwidth of 69 THz, which well
matches the 15-fs (∼2-optical-cycle) phase-matching bandwidth of the ampli-
fier. These input parameters are close to the experimental conditions of Ref.
[17] (discussed later in Section 9.10.2), chosen for ease of comparison between
simulations and experiments. The second-order nonlinear interaction occur-
ring in the parametric amplifier between signal, idler, and pump fields (labeled
m=s, i, p, respectively) with carrier angular frequency ωm and wavenumber
km was simulated. The total electric field is represented as

E(z, t) =
1

2

[
As(z, t)e

j(ωst−ksz) + Ai(z, t)e
j(ωit−kiz) + Ap(z, t)e

j(ωpt−kpz) + c.c.
]

(9.53)
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where Am(z, t) denotes the complex field amplitude. The coupled equations
describing the nonlinear interaction are derived from the nonlinear propagation
equation

∂2E(z, t)

∂z2
− µ0

∂2D(z, t)

∂t2
= µ0

∂2PNL(z, t)

∂t2
, (9.54)

applied on the total field E(z, t). Here, D(z, t) = ε0
∫
εr(τ)E(z, t − τ)dτ is

the linear electric induction field accounting for the dispersion of the medium,
and PNL = 2ε0deffE(z, t)

2 is the nonlinear polarization, where deff is the
effective second-order nonlinear coefficient. Eq. (9.54) was solved by the split-
step method in the frequency domain. Periodic poling was accounted for by
changing the sign of deff along the propagation coordinate z. Numerical errors
were reduced suitably by setting the propagation step size ∆z = 0.1µm, much
smaller than the used poling period, Λ = 31.2 µm. It is important to point out
that the representation of fields according to Eq. (9.53) assumes that pump,
signal and idler are three separate fields. Justifying this treatment, the am-
plifier modeled employs a small non-collinear angle between signal and idler,
used both to allow their separation after amplification (since they have oppo-
site temporal chirp) and to avoid signal-idler interference for preservation of
CEP of the signal.

In order to test the dependence of the optimization problem on the de-
sired peak gain, the simulations were run for 3 configurations: Ep/Es = 102,
Ep/Es = 104 and Ep/Es = 106, where Ep/Es is the initial pump to sig-
nal energy ratio. The parameter Ep/Es is closely related to the maximum
gain, G0, i.e., the gain that in principle could be obtained from the ampli-
fier if all the pump energy could be transferred to the signal and idler at
the peak of the pulse, by the approximate equivalence G0 ≃ Ep/Es/2, since
Ep/Es ≃ Ip(0)/Is(0). For each of the configurations we performed the follow-
ing analysis:

• We changed the duration of the chirped seed pulse from 1 to 12.5 ps by
introducing a group delay dispersion variable from 2500 to 30000 fs2, in
steps of 2500 fs2;

• For each given seed duration, the amplification process was evaluated
for a range of pump peak intensities, Ip, experimentally corresponding to
changing equally the pump and seed beam diameters at the input surface
of the crystal. This action, increasing the pump intensity at a fixed
propagation length, corresponds to increasing the gain, and increases
the degree of amplifier saturation;



186CHAPTER 9. OPTICAL PARAMETRIC AMPLIFIERS ANDOSCILLATORS

• We deduced the pump intensity giving the highest conversion efficiency
ηmax, where the conversion efficiency, η, is defined as the sum of amplified
signal and idler energies divided by the initial pump energy, and at this
intensity we evaluated the corresponding efficiency-bandwidth product
(ηmax ·∆ν).

We note, since η(Ip) peaks and ∆ν(Ip) slowly rises, ηmax and (η ·∆ν)max occur
at approximately the same value of Ip, and ηmax ·∆ν is a close approximation
to (η · ∆ν)max for each seed duration. Since we use a plane-wave model, η
represents the fractional conversion of pump to signal and idler in the case of
flattop signal and pump beam profiles with matched beam widths. A typi-
cal set of simulations is reported in Fig. 9.29, which shows the efficiency and
bandwidth of the amplifier for various seed durations and pump peak intensi-
ties, calculated for the case Ep/Es = 104. Figure 9.29 confirms the behavior
predicted in the previous section and presents additional behavior pertaining
to the pump-depletion regime: (i) the amplified bandwidth decreases with in-
creasing seed pulse duration, due to the progressively lower gain experienced
by the wings of the spectrum; (ii) for each seed pulse duration there is an
optimum peak intensity that guarantees the highest efficiency [squares in Fig.
9.29(a)] (higher intensities induce back-conversion at the peak of the pump
pulse that exceeds additional conversion at the wings); (iii) as seed duration
is increased, the maximum possible conversion efficiency increases; (iv) for a
given seed duration, as the amplifier reaches maximum conversion the band-
width increases with intensity due to saturation of gain at the center of the
pulse and preferential amplification at the wings.
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Figure 9.29: Efficiency (a) and bandwidth (b) of the OPCPA process for various
seed durations and pump peak intensities, for the case Ep/Es = 104. Squares of
panel (a) highlight the highest efficiency, ηmax, obtainable for a given seed duration;
the corresponding bandwidths, ∆ν, are indicated as filled squares in panel (b). [15]
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Figure 9.30: Best gain-bandwidth products obtainable from the OPCPA for var-
ious seed durations and pump-to-signal energy ratios of Ep/Es = 102 (circles),
Ep/Es = 104 (filled squares) and Ep/Es = 106 (open squares). The seed dura-
tions corresponding to the best performances at the three operating regimes are
shown. The increase in noise relative to signal during amplification is shown for the
data points of the Ep/Es = 106 curve (triangles). [15]

Figure 9.30 demonstrates the behavior of ηmax ·∆ν. For example, the opti-
mal seed duration when Ep/Es = 104 (filled squares) is 8.5 ps, corresponding
to ∆ts/∆tp = 0.94 and contrasting with the cases Ep/Es = 102 (open cir-
cles) and Ep/Es = 106 (open squares), also calculated. This behavior in the
depleted-pump regime of amplification matches the behavior predicted in the
previous section for the non-depleted-pump regime: higher initial pump-to-
seed energy ratios (i.e., peak gains) call for shorter seed pulses. The trend
with increasing Ep/Es is in very good agreement with Table 9.1 for increasing
G0. Fitting the results of Fig. 9.30 with the analytical formula for the scaling
of 2tg/∆tp with peak gain, Eq. (9.52), using a variable correction coefficient,
a, and G0 = Ep/Es/2, we find excellent agreement (see Fig. 9.31). We find

(∆ts/∆tp)opt ≈ a
√
−2 ln [1− 1/ ln(2Ep/Es)], (9.55)

where a = 2.1, and therefore (∆ts)opt ≃ 1.7(2tg). The extra factor of 1.7 can
be attributed to the increase in temporal gain profile width due to amplifier
saturation: gain at the peak of the pump pulse saturates before gain at the
wings does, which pushes out the wings of the gain profile. Even with the
effects of saturation, however, the simple non-pump-depletion-regime analysis
in the previous section still recovers the scaling of (∆ts/∆tp)opt with Ep/Es.
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Figure 9.31: Fit of (∆ts/∆tp)opt values from Fig. 9.30 versus Ep/Es (squares) using
the gain centroid width formula, Eq. (9.55) (solid line). [15]

The factor a also accounts implicitly for the particular spectral intensity pro-
file of the signal, Is(ω), a characteristic of the amplifier not included in the
analytical model. Eqs. (9.52) and (9.55), therefore, can be used to scale the
optimal chirp from one peak gain to another.

To confirm also the behavior of SNR as a function of the seed chirp as
predicted in the previous section, the simulations are redone corresponding to
the data points of Fig. 9.30 for the Ep/Es = 106 case (open squares), adding
initial noise distributions. To capture the features of superfluorescence noise,
to the signal and idler fields we add initial noise fields modeled as complex
stochastic random variables for each frequency component [18]. These noise
fields model, in a semiclassical picture, the incoming vacuum fluctuations that
are transformed into superfluorescence by the amplifier. The frequency-domain
real and imaginary parts of these complex stochastic variables are independent
and Gaussian-distributed with zero-mean and variance that scales with the
quantum energy, σ2 ∝ ~ω [16]. In this example, the amount of initial noise
energy (signal plus idler) in frequencies falling within the signal and idler
phase-matching bandwidth amounts to 3.8% of the initial signal pulse energy.
Figure 9.30 plots the calculated degradation of SNR as a function of seed chirp
(triangles). As predicted, the SNR performance improves significantly as the
seed chirp increases, leveling off at close to the same value that maximizes the
efficiency-bandwidth product. This completes the confirmation of a general
conclusion of the previous section regarding OPCPA optimization: a small
sacrifice in amplifier bandwidth relative to the full phase-matching bandwidth
of the amplifier simultaneously allows optimal efficiency-bandwidth product
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Figure 9.32: Comparison between numerical simulations [(a),(c)] and experiments
[(b),(d)] for a 3-mm long, 9-ps pumped, PPSLT-based amplifier. (a)-(b) Best ef-
ficiencies and bandwidths as a function of seed chirps. (c)-(d) Amplified spectra
corresponding to the maximum efficiencies for the three given seed chirps. [15]

and good robustness of SNR.

Finally, as a proof that the numerical model we used for the optimization
process is consistent with a real OPCPA system, we compared simulations
with measured spectra and efficiencies from an amplifier with the same pa-
rameters and seeded by pulses with bandwidths corresponding to 32 fs [17].
Figure 9.32 illustrates the very good qualitative and quantitative agreement
between numerical (a) and experimental (b) gain and bandwidth trends. In
the same figure, we compare calculated (c) and measured (d) amplified spectra
corresponding to the best total efficiency at the given seed chirp. This match
provides confidence in the use of the trends and scaling rules found above to
inform the design of an OPCPA system.

Conclusions and practical consequences

We have investigated the optimization of OPCPA when ultrabroad bandwidth,
high gain, and suppression of superfluorescence noise are each important.
Noteworthy conclusions of the analysis are listed below.
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1. In OPCPA, the simultaneous amplification of signal and background su-
perfluorescence noise can be treated as simultaneous chirped-pulse and
non-chirped-pulse amplification, respectively. Instantaneous signal am-
plification is sensitive both to the local pump intensity and instantaneous
wavevector mismatch, whereas the instantaneous noise amplification is
sensitive to only the local pump intensity.

2. Like the conversion efficiency and bandwidth of the amplifier, the ro-
bustness of SNR is tied to the ratio of initial signal and pump pulse
durations, ∆ts/∆tp. Considering all three qualities simultaneously, as
seed chirp is increased, the maximum conversion efficiency increases, the
amplifier bandwidth decreases, and the SNR increases. A small sacri-
fice in effective amplifier bandwidth relative to the full phase-matching
bandwidth of the amplifier can significantly improve the SNR.

3. The optimal ratio of pump and seed durations also depends on the gain.
The scaling of the optimum ∆ts/∆tp with the peak gain of the amplifier
is well captured by an analytic formula, Eq. (9.55). For example, the
ratio of optimum ∆ts/∆tp values for G0 = 102 and 105 is 1.5.

These features of OPCPA have a number of important practical conse-
quences for the design of an amplifier. A high-gain parametric amplifier is
often split into two or more stages, including pre-amplification, with high gain,
and power amplification, with relatively low gain (e.g., see Fig. 9.33.) The ben-
efit of this practice can be understood by means of Figs. 9.26, 9.27, and 9.30:
as peak gain decreases, both the maximum achievable conversion efficiency
and maximum achievable efficiency-bandwidth product increase. Therefore,
by placing most of the gain in a pre-amplifier stage, and only 102 gain or lower
in the final stage, the final peak power of the amplifier can be maximized.

Several realistic scenarios in multi-stage OPCPA are subject to problems
in design if separate optimization of the seed chirp in each amplification stage
is disregarded, and parametric superfluorescence suppression is a concern. For
example:

1. In the schematic of Fig. 9.33(a), if the signal stretcher is designed to op-
timize chirp for maximum efficiency-bandwidth product in the power
amplification stage, ∆ts/∆tp will be larger than optimal in the pre-
amplification stage, causing unwanted spectral clipping that would re-
sult in a signal bandwidth too narrow to properly seed the power am-
plifier. To recover the lost bandwidth, the operator of this system has
no choice but to drive the pre-amplification stage into heavy saturation
[see Fig. 9.29(b)]. The resulting loss in efficiency in the pre-amplifier
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may not be problematic, but the heavy saturation would result in strong
degradation of SNR, since high gain would take place at the wings of
the pulse, where there would be a large discrepancy between noise and
signal gain.

2. If, alternatively, the system is designed to maximize amplifier bandwidth,
then optimization of the pre-amplifier stage is crucial. Since the gain
centroid of the pre-amplifier is considerably narrower than the that of the
power amplifier, the pre-amplifier will set a maximum seed chirp. Once
the pre-amplifier is optimized for suitably-large bandwidth, ∆ts/∆tp will
be too small in the power amplification stage, resulting in both a low
efficiency and a poor SNR.

These problems can be avoided by placement of a third dispersive ele-
ment between pre- and power amplification stages, to allow independent opti-
mization of each stage. A good design strategy is illustrated in Fig. 9.33(b).
First, the stretcher dispersion is chosen to optimize the signal chirp in the pre-
amplification stage, GDD = α. Second, the compressor dispersion is chosen
to optimize the signal chirp in the power amplification stage, GDD = β. Last,
a third dispersive element, placed between amplification stages, is chosen to
compensate for the dispersion mismatch between stretcher and compressor,
GDD = α− β. An acousto-optic programmable dispersive filter (AOPDF) or
other adaptive dispersive device is particularly suitable for this element, since
it allows both experimental testing of the optimal chirp at the power amplifier
and the ability to correct for higher-order dispersion terms.

Power amplifier
G0 = 102

Pre-amplifier
G0 = 106

AOPDF:
GDD = β−α

Stretcher
GDD = α

Power amplifier
G0 = 102

Pre-amplifier
G0 = 106

Stretcher:
GDD = α

Compressor:
GDD = -α

(a)

(b) Compressor:
GDD = -β

Power amplifier
G0 = 102

Pre-amplifier
G0 = 106

AOPDF:
GDD = β−α

Stretcher
GDD = α

Power amplifier
G0 = 102

Pre-amplifier
G0 = 106

Stretcher:
GDD = α

Compressor:
GDD = -α

(a)

(b) Compressor:
GDD = -β

Figure 9.33: Schematics of two-stage OPCPA system designs. In (a), the signal chirp
in pre- and power amplifiers must be the same. In (b), a third dispersive element
allows independent optimization of ∆ts/∆tp at each stage. [15]
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Note, the empirical formula for the scaling of ∆ts/∆tp with Ep/Es for the
OPCPA system modeled [Eq. (9.55), with a = 2.1] depended on the particular
characteristics of the amplifier, including the initial pump intensity profile,
the initial seed spectrum, and ∆k(ω). While it is possible to reproduce the
simulations and determination of a (as done in the previous section) for any
system, alternatively, one may experimentally determine the appropriate seed
chirp for either stage of a multi-stage amplifier and then use Eq. (9.55) to
determine the optimum chirp at the other stages.

Finally, for when robustness of SNR is crucial, we mention the importance
of at least a small sacrifice in effective amplifier bandwidth relative to the
full phase-matching bandwidth of the amplifier by keeping the ratio ∆ts/∆tp
suitably large. This both allows the elimination of a significant discrepancy
between signal and noise gain profiles and ensures that all temporal coordinates
of the region of significant gain are seeded (an important consideration when
the amplifier is driven into saturation). Since the final SNR of a multi-stage
amplifier depends on the suppression of noise amplification in each stage, it is
important to correctly optimize the signal chirp in each stage.

9.10 Passive CEP-stabilization in parametric

amplifiers

One of the most intriguing and technologically important features of ultrashort-
pulse parametric amplifiers is the possibility to realize passively carrier-envelope
phase (CEP)-stable pulses. Because of the paramount importance of this self-
CEP-stabilization technique for attoscience and strong-field physics, we now
want to have a closer look into the phase relations in parametric amplifiers, as
discussed in greater detail in [2, 35].

9.10.1 Active versus passive CEP-locking

Before we discuss passive CEP-stabilization schemes, we first want to briefly go
back one step and recapitulate how active CEP-stabilization of chirped-pulse
amplifiers (CPAs) works, how the CEP can be detected and characterized.

Active carrier-envelope phase locking

To understand active CEP stabilization, one first must recall that a mode-
locked laser can be schematically described in the time domain as a pulse
propagating back and forth between the cavity mirrors and being partially
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transmitted every time it impinges on the output coupler. Accounting only
for the gain crystal, in each roundtrip the CEP of the pulse changes by

∆φ = Leff

( 1

vg
− 1

vp

)
ω0 (9.56)

where vg and vp are the group and phase velocities of the pulse, respectively,
Leff is double the thickness of the gain medium and ω0 is the carrier frequency;
here ∆φ is understood modulo 2π. Therefore a free-running laser oscillator
generates pulses with CEP which is variable from shot to shot. The time
interval between the emission of two pulses with the same CEP is called carrier-
envelope offset (CEO) time and is defined as

TCEO =
2π

∆φ
Tr (9.57)

where Tr is the round-trip time. The resulting pulse train emitted by the laser
can then be written as

E(t) =
∑
n

Ep(t− nTr) =

=
∑
n

Ap(t− nTr) exp{j[ω0(t− nTr) + φ0 + n∆φ]}
(9.58)

where Ap(t) is the pulse envelope and φ0 the initial phase. In the frequency
domain, the Fourier transform of the pulse train then becomes

Ẽ(ω) =
∑
n

Ãp(ω − ω0) exp{−j[nωTr − φ0 − n∆φ]} (9.59)

which can be rewritten, using the rotating-vectors approach, as

Ẽ(ω) = Ãp(ω − ω0) exp(jφ0)
∑
m

δ
(
ω −m

2π

Tr
− ∆φ

Tr

)
(9.60)

showing that the spectrum of the mode-locked pulse train is a comb of discrete
longitudinal modes at frequencies

ωm =
2mπ

Tr
+

∆φ

Tr
= mωr + ωCEO (9.61)

or equivalently
νm = mνr + νCEO (9.62)

where νr = 1
Tr

is the repetition frequency, νCEO = 1
TCEO

= ∆φ
2π
νr is the CEO

frequency, i.e., the extrapolated comb frequency closest to zero, which has a
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value ranging between zero and the laser repetition frequency νr. Both ∆φ
and νCEO are generally not constant in time, but change due to fluctuations in
the laser oscillator parameters. As an aside, Eq. (9.62) describes the famous
femtosecond-laser frequency combs, that have revolutionized the field of optical
frequency metrology [Nobel Prize in Physics 2005 for John L. Hall and Theodor
W. Hänsch (together with Roy J. Glauber)] and facilitated the construction of
optical clocks.

The active approach to the generation of pulses with stable CEP consists
of four steps, according to the scheme depicted in Fig. 9.34.

1. Measure the CEO frequency νCEO by a nonlinear interferometer (as dis-
cussed below);

2. Stabilize νCEO by an active high-bandwidth feedback on the laser oscilla-
tor (fast loop), typically varying the laser pump power with an acousto-
optic modulator; in this way one generates a train of pulses with constant
∆φ, i.e., with reproducible shot-to-shot CEP evolution at a repetition
rate of ν∗CEO at an integer fraction of the oscillator frequency νr;

3. Pick pulses at the integer fraction of ν∗CEO to generate a train of actively
CEP-stabilized pulses. This naturally occurs in the pulse amplification
process, which usually proceeds at a lower frequency with respect to that
of the oscillator;

4. After amplification, measure the CEP φ of the pulses by a single-shot
nonlinear interferometer and use an additional feedback loop (slow loop)
to correct for fluctuations induced by the amplification process (and op-
tionally external spectral broadening, e.g., in a hollow-core fiber com-
pressor) and lock the CEP to φ∗. The slow feedback loop acts on the
amplification stage, as exemplified in Fig. 9.34. Among the processes

Figure 9.34: Scheme for active CEP stabilization; ν∗CEO and φ∗ are the target values
of νCEO and φ, respectively. From [35]
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that may induce CEP fluctuations in the amplification chain, we men-
tion the change of grating separation; for this reason, the slow feedback
loop typically acts on the stretcher before the amplification. In other
schemes, the loop modulates the pump of the oscillator.

Using active feed-back stabilization methods, it is routinely possible to generate
amplified pulses with rms CEP fluctuations of the order of 100-200 mrad over
several hours of measurement time. A completely different approach for active
CEP stabilization of a laser oscillator is the feed-forward stabilization method
[19], in which the νCEO of the output of a free-running oscillator is first mea-
sured by a nonlinear interferometer and then used to drive an acousto-optic
frequency shifter (AOFS) which imparts a shift equal to −νCEO in its first
diffraction order. Advantages of the feed-forward method are the robustness,
due to the absence of a feedback loop, the very large bandwidth (in excess of
300 kHz), and the capability to generate CEP-stable pulses, i.e., pulses with
νCEO = 0, directly from the oscillator.

Nonlinear interferometry for CEP detection

The CEO frequency ωCEO can be measured as a beat frequency signal between
the fundamental comb modes and sum-frequency (SF) comb modes in the
region of their spectral overlap, as shown in Fig. 9.35(c,e) or, alternatively,
as a beat frequency between the fundamental modes and CEO-free difference-
frequency modes. Figure 9.36(a) shows an f -to-2f interferometer relying on
the spectral overlap between the FF (a comb at frequencies ωFF = ωCEO+mωr)
and the SH (a comb at frequencies ωSH = 2ωCEO + nωr) of the oscillator.
Beating between modes at frequencies m = 2n produces a note at frequency
ωCEO. The f -to-2f scheme requires a spectrum at the FF spanning an optical
octave; when it is not available, the overlap between other harmonics (2f -to-
3f , f -to-0) can also be used.

For the lower repetition-rate (a few kHz) amplified pulses, it is not pos-
sible to directly access the comb lines, but one can measure (apart from a
constant factor) the CEP of the individual pulses using the spectral interfer-
ometry approach. Figure 9.36(b) shows the typical setup of an inline f -to-2f
interferometer: a fraction of the pulse energy is first focused into a sapphire
plate to generate a white-light continuum (WLC), and then frequency doubled
in a suitable nonlinear crystal. The spatially overlapped FF and SH are sent
to a spectrometer through a polarizer, that projects both polarizations onto a
common axis and also adjusts their relative intensities. In the frequency range,
in which the spectrally broadened FF and the SH overlap, an interference pat-
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Figure 9.35: Overview of ω-2ω self-referencing technique in the case of a mode-
locked pulse train and an individual laser pulse. (a,b) show a pulse train for two
different values of the pulse-to-pulse CEP slip, ∆ϕ. (c,d) power spectra of Fourier
transforms shown, respectively, for a pulse train ”memorized” by the detector and
for a single isolated pulse. (e,f) ω-2ω self-referencing in the overlap region between
the fundamental and SF spectra for a frequency comb and a single laser shot. [2]

tern is observed [Fig. 9.35(f)], according to the expression

I(ω) = IFF (ω) + ISH(ω) + 2
√
IFF (ω)ISH(ω) cos(ωτ + ϕ) (9.63)

where τ is the delay between FF and SH pulses and ϕ is the CEP to be
characterized. If the CEP is not stable, the fringes will move from shot to shot
and will vanish upon averaging. A Fourier transform of Eq. (9.63) allows to
retrieve the CEP on a single-shot basis and to use it in the slow feedback loop
to correct the CEP fluctuations induced by the amplifier [see Fig. 9.34(c)]. The
combined use of fast and slow feedback loops allows rather reliable longer-term
stabilization of the CEP. However, electronic feedback stabilizations can drop
out of locking if perturbed.
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Figure 9.36: (a) f -to-2f interferometer setup for measuring the CE frequency from
a femtosecond laser oscillator; (b) Inline f -to-2f interferometer for measuring the
single-shot CEP drift. [2]

Phase sum rules of nonlinear processes

The CEP of a light pulse can be manipulated both by linear and nonlinear
processes. In linear processes, such as propagation in a dispersive medium,
the difference between the group and phase velocities leads to a slip of the
carrier with respect to the envelope; by means of wedged glass plates of variable
thickness, it is possible to exploit this effect to set the CEP and to compensate
for drifts. If nonlinear optical processes occur, they lead to the mixing of the
optical frequencies and of the spectral phases. In the following, we will briefly
explain how nonlinear processes allow manipulating the CEP and measuring
its fluctuations. We first consider the case of nonlinear three-wave mixing, in
which three waves of frequencies ω1, ω2 and ω3, with ω3 = ω1+ω2, are coupled
in a second-order nonlinear crystal. Similarly to the frequency conservation,
the CEPs of the three waves are also linked by the relationship: φ3 = φ1 +
φ2+ const.; to show this, let’s study the interaction of three linearly polarized
quasi-monochromatic plane waves which collinearly propagate in z direction

Ei = Ai exp[j(ωit− kiz)] + c.c., (9.64)

where Ai denote the complex amplitudes, ki are the wave vectors, and ωi the
angular frequencies (i = 1, 2, 3). We follow the usual treatment by a system of
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three coupled equations in the absence of absorption

∂A1

∂z
= −jσ1A3A

∗
2e

j∆kz

∂A2

∂z
= −jσ2A3A

∗
1e

j∆kz

∂A3

∂z
= −jσ3A1A2e

−j∆kz

(9.65)

where σi are the nonlinear coupling coefficients, and ∆k = k3 − k2 − k1 is
the phase mismatch. Introducing Ai = Bi exp(jφi), where Bi = |Ai| are
the amplitudes and φi are the phases of the respective waves, the real and
imaginary parts of Eq. (9.65) are transformed to:

∂B1

∂z
= σ1B2B3 sinΨ

∂B2

∂z
= σ2B1B3 sinΨ

∂B3

∂z
= −σ3B1B2 sinΨ

∂Ψ

∂z
= ∆k +

(
σ1
B2B3

B1

+ σ2
B1B3

B2

− σ3
B1B2

B3

)
cosΨ

(9.66)

where Ψ = φ3 − φ2 − φ1 + ∆kz is the so-called generalized phase. Assuming
perfect phase matching, ∆kz = 0, system (9.66) leads to simple solutions for
different boundary conditions. In the following, we discuss the phase sum rules
of processes relevant for passive CEP-stabilization schemes, as summarized in
Fig. 9.37.

Let’s first consider the case of sum-frequency generation (SFG), i.e., the
generation of a field at ω3 = ω1 + ω2: assuming the boundary condition
B3(z = 0) = 0, the value of the generalized phase that maximizes the right-
hand side in the third equation in (9.66) is Ψ = −π/2, which corresponds to
the SFG phase φSFG = φ3 = φ1 + φ2 − π/2 (see Fig. 9.37(a)). For the case of
SHG of a field at the fundamental frequency (FF), which is a degenerate SFG
process with ω1 = ω2 = ωFF and ω3 = ωSH = 2ωFF, we get φSH = 2φFF − π/2.
Let’s now consider the case of difference-frequency generation (DFG), which
is equivalent to the process of idler generation in an OPA, i.e., ω2 = ω3 − ω1:
assuming the boundary condition B2(z = 0) = 0, the value of the generalized
phase that maximizes the right-hand side term in the second equation in (9.66)
becomes Ψ = π/2. Consequently, φDFG = φ2 = φ3 − φ1 − π/2 (Fig. 9.37(b)).
A very similar effect occurs in the third-order nonlinear process of four-wave
mixing (FWM), in which four waves at frequencies ω1, ω2, ω3 and ω4, with



9.10. PASSIVE CEP-STABILIZATION IN PARAMETRIC AMPLIFIERS199

Figure 9.37: Frequency and phase summation rules for (a) sum-frequency generation
(SFG), (b) difference-frequency generation (DFG), equivalent to the generation of
the idler wave in an OPA, and (c) four-wave mixing (FWM) process. From [2]

ω4 = ω1 − ω2 + ω3, are coupled in a third-order nonlinear medium. The
CEPs of the waves are linked by the relationship: φ4 = φ1 − φ2 + φ3 − π/2
(Fig. 9.37(c)). Self-phase modulation (SPM), i.e., spectral broadening due
to the instantaneous intensity-dependent variations of index of refraction in
a Kerr medium, can be regarded as a special case of FWM, in which a new
frequency ωSPM is generated starting from three frequencies ω1, ω2 and ω3, all
belonging to the pulse spectrum, by the FWM process ωSPM = ω1 − ω2 + ω3.
These new frequencies in turn contribute to subsequent FWM processes, caus-
ing a progressive broadening of the pulse spectrum as it propagates through
the nonlinear medium. If we now consider that the mixing frequencies belong
to the same beam and hence share the same CEP φ1 = φ2 = φ3 = φ, then the
SPM pulse will have the CEP φSPM = φ1 − φ2 + φ3 − π/2 = φ − π/2. This
demonstrates that, net π/2, the newly added frequency components of the
broadened SPM spectrum inherit the original value of the CEP of the driving
pulse. The SPM/FWM process is the dominant nonlinear interaction behind
the spectral broadening in gas-filled hollow waveguides and in gas filaments
and white-light continuum (WLC) generation in bulk materials.

Passive stabilization of the carrier-envelope phase

The passive method is an alternative all-optical approach for the generation of
CEP-stable pulses. If a DFG process ωDF = ω2−ω1 occurs between two pulses
with the same shot-to-shot CEP fluctuations φ, so that φ1 = φ and φ2 = φ+c,
then φDF = φ2 − φ1 − π/2 = c − π/2 = const., i.e., the fluctuations of φ are
automatically cancelled. Passive CEP stabilization has some clear advantages
with respect to the active one: (i) being an all-optical technique, it does not
require any electronic feedback circuits imposing bandwidth limitations; (ii)
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it directly produces a train of CEP-stable pulses, avoiding the need to pick
pulses at a fraction of νCEO.

There are two possible experimental implementations of this method. Inter-
pulse DFG processes involve mixing of two separate CEP-locked frequency-
shifted pulses synchronized by a delay line, as schematically represented in
Fig.9.38(a). Inter-pulse DFG may also accur in OPAs, since DFG is equiv-
alent to the process of idler generation in an OPA; when the signal and the
pump of the OPA are derived from the same source, the idler is phase-stable.
Intra-pulse schemes involve mixing between different frequency components of
a single ultrabroadband pulse, as depicted in Fig. 9.38(b); in this case, the
frequencies are intrinsically CEP-locked. A similar effect is encountered in
THz pulse generation by optical pulse rectification, which may be viewed as a
special case of a three-wave mixing process. In the case of inter-pulse DFG,
the resulting spectral phase is influenced by the phase of the interacting input
pulses and by any relative fluctuation of the CEP c; in the example reported in
panel (a), where the high-frequency pulse is broadband and the low-frequency
one is narrowband, the DFG bandwidth is mainly due to the high-frequency
pulse, and its spectral phase is transferred to the DFG pulse. In the case of
the intra-pulse scheme of panel (b), the DFG spectrum and phase depend on
the dispersion properties of the nonlinear crystal; since all interacting frequen-
cies are phase-locked, the absolute phase of the DFG pulse is not affected by
fluctuations c.

Figure 9.38: Comparison of (a) inter-pulse and (b) intra-pulse stabilization schemes.
Lower panels provide the evolution of both intensity and phase in the frequency
domain; φ is the absolute phase, c denotes fluctuations of the CEP. From [35]
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Figure 9.39: Cartoon illustrating passive CEP-stabilization of the idler: if the seed
of the OPA is obtained by SPM from the pump pulses, any shot-to-shot phase
fluctuations in the pump and signal pulses cancel out in the idler, yielding shot-to-
shot reproducible phase-stable idler pulses. From [2]

The cartoon shown in Fig. 9.39 illustrates the essence of passive CEP-
stabilization of the idler.

9.10.2 Generation of CEP-stable pulses from an OPA

Let’s now discuss how CEP-stable pulses can be generated from an OPA.
We start by recalling that the idler pulse is generated through a DFG-type
process between pump and signal, so that its CEP, according to phase sum
rules discussed earlier, is given by ϕi = ϕp − ϕs − π/2. Let us now consider an
OPA that is pumped by pulses at the fundamental frequency (FF) ω0, with
CEP ϕp = ϕ which is generally fluctuating from shot to shot. If the seed pulse
is produced via WLC generation starting from the FF pulse, then its CEP is
linked to that of the pump by ϕs = ϕ− π/2 [see Fig. 9.37(c)]; in this case the
idler has CEP ϕi = 0, which is stable from shot to shot [Fig. 9.40(a)]. If the
OPA is pumped by the SH of the driving pulse, then ϕp = 2ϕ − π/2; if the
WLC seed is generated starting from the SH of the driver, then ϕs = 2ϕ − π
and ϕi = 0 [Fig. 9.40(c)]. We can thus conclude that an OPA generates
a CEP-stable idler if the seed is generated with the same pulse used as the
pump, either the FF or the SH of the driving laser.

If, on the other hand, the OPA is pumped by the SH but the seed is
generated starting from the FF, we have ϕp = 2ϕ − π/2 and ϕs = ϕ − π/2.
In this case, we obtain ϕi = ϕ − π/2, so that the idler is not CEP stabilized,
but rather reproduces, from shot to shot, the CEP fluctuations of the driving
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Figure 9.40: Schematics of three OPA configurations. For clarity, the seed and the
pump beams are shown to intersect non-collinearly in the crystal. However, the
conclusions are also valid for the collinear beam arrangement. From [2]

pulse (’phase-repeating OPA’).

One important note of caution: As can bee seen from the equation sys-
tem (9.66), from the standpoint of the passive CEP-stabilization technique
discussed here, we note that pre-existence of an input field (seed) at the de-
sired DFG (idler) frequency ω2 = ω3 − ω1 has to be strictly avoided! On the
one hand, it changes the value of the phase lag. More significantly, it cor-
responds to the opening of a competing channel (the case of double seeding)
which would result in the generation of an idler wave at the signal frequency
ω1 causing unintended interference with the seed at ω1.

The above considerations are valid when the OPA is seeded by WLC, which
inherits the CEP of the driving pulse. For parametric superfluorescence (PSF),
which is initiated by vacuum fluctuations or quantum noise, one expects that
the CEP link between the pump and the PSF pulses is completely lost; this
has indeed been verified, both numerically and experimentally, in [20]. For
this reason, an OPA seeded by PSF cannot be used in any passive CEP-
stabilization scheme. It should be noted that, for a multi-stage OPA driven by
a sufficiently intense pump, efficient amplification of PSF with random CEP
takes place even in the absence of a seed beam. This mechanism can compete
with the amplification of the WLC seed causing extra CEP jitter and even
excessive amplitude noise. Therefore, to suppress the parasitic amplification
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of PSF, the pump intensity and the gain of each OPA stage should be carefully
optimized.

CEP-stable pulses from a visible NOPA

Next it is illustrative to have a deeper look at the pioneering experiment by
T. Kobayashi and coworkers [21] demonstrating CEP stabilization from the
idler of an OPA. The system consists of a broadband visible NOPA, pumped
at 395 nm by the SH of a 120-fs CPA Ti:sapphire laser and seeded by a
WLC generated by focusing a fraction of the SH pulses into a 2-mm-thick
CaF2 window. With a 1-mm type-I BBO crystal (θ = 32◦) and 9 µJ pump
pulse energy, the output energy is 1.6 µJ (1.1 µJ) in the signal (idler) pulses,
respectively. The OPA signal has an ultrabroad spectrum ranging from 500 to
750 nm, while the idler spans more than an octave of bandwidth, from 800 to
1700 nm.

This OPA works according to the scheme of Fig. 9.40(c) and thus provides
a CEP-stable idler. The idler CEP stability can be monitored by f -to-2f in-
terferometry, detecting the interference fringes between the idler and its SH.
In addition, this scheme allows monitoring the shot-to-shot CEP fluctuations
of the driving pulses through the interference between the idler and the FF of
the pump. Because of the angular dispersion of the idler beam, which is the
result of the non-collinear phase matching, the 790-nm components of the idler
and idler-SH are emitted from the BBO at different angles. These beams are
subsequently interferometrically recombined by use of two beam splitters, as
is shown in Fig. 9.41(a). Additionally, a double pass through a quarter-wave
plate (not shown) rotates the idler-SH polarization by 90◦ to match it with that
of the idler. A fraction of the residual FF light is superposed with the idler–
idler-SH beam, and all three beams are transmitted through a 50-µm pinhole,
placed between a confocal lens pair, to ensure spatial coherence. Cancellation
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Figure 9.41: Schematic of experimental setup for CEP self-stabilization measure-
ment. (a) NOPA and three-beam interferometer. OMA: Optical Multichannel Ana-
lyzer. (b) Output spectra of the NOPA. Note the spectral overlap between the idler
and its SH around 790 nm. [2]
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Figure 9.42: Experimental results of CEP self-stabilization measurement. (a,b)
Overlapped spectral portions of the residual fundamental, idler, and idler-SH beams.
(c,d) Solid curves show interference pattern averaged over 1000 shots, whereas dotted
curves represent single-shot interferograms. (e,f) Dots show relative CEP jumps
wrapped on a [−π,+π] interval. Note that the stable phase pattern obtained from
the interference of the idler and its second harmonic is a direct proof of CEP self-
stabilization. [2]

of the pulse-to-pulse CEP drift of the idler implies that frequency-doubled
idler pulses (idler-SH) should also experience CEP stabilization. Therefore,
the presence of CEP control in an OPA can be ascertained by observing the
interference between the idler and idler-SH, provided the two have some spec-
tral overlap. In a NOPA, an octave-spanning idler spectrum can be generated
directly, obviating the need of additional spectral broadening for f -to-2f in-
terferometry. One can also take advantage of the fact that frequency doubling
of the idler can be attained in the same OPA crystal. Indeed the idler-SH is
nearly phase-matched in a broad spectral range. The resultant signal, idler,
and idler-SH spectra are shown in Fig. 9.41(b). Assuming ideal compression,
the spectra of both the idler and the signal support sub-5-fs pulses, which
correspond to less than two optical cycles in the case of the idler. Whereas
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the signal spectrum does not cover a full octave, this becomes possible in the
case of the idler. The latter has the same bandwidth as the signal, but lies at
a lower frequency thus fulfilling the condition for the f -to-2f interference.

The results of the CEP pulse-to-pulse drift measurement are summarized
in Fig. 9.42. The cases of the idler-FF and idler–idler-SH interference were
examined separately (not shown here). The spectra of the individual pulses
are depicted in Figs. 9.42(a) and (b), while panels (c,d) show corresponding
single-shot interferograms (dotted curves) and their average intensities (solid
curves). The fringe pattern observed in the phase-locked case of the idler–
idler-SH interference [panel (d)] is remarkably stable, whereas it is washed out
in the average idler-FF [panel (c), solid curve] due to shot-to-shot CEP fluctu-
ations of the FF pulse. The pulse-to-pulse CEP drift retrieved from single-shot
interferograms for the two cases is shown in panels (e),(f) respectively. The
rapid phase fluctuation in Fig. 9.42(e) is indicative of the random CEP value
of the pulses emitted by the Ti:sapphire laser, whereas the CEP of the idler
stays locked within a ±π/10 range [panel (f)]. The rms residual phase drift of
0.18 rad can be attributed to the intensity instability of the pump laser.

CEP-stable ultrabroadband pulses from cascaded OPAs

Broadband OPA configurations always call for a non-collinear phase matching
geometry, leading to angular dispersion of the idler which is quite difficult to
compensate. For this reason the CEP-stable broadband idler cannot readily
be used in applications. To overcome this problem, in the following we present
a scheme for the generation of few-optical-cycle passively CEP-stable pulses,
broadly tunable in the visible and near-IR spectral ranges and free from an-
gular dispersion. The scheme system consists of three building blocks [22, 23]:
(i) an FF-pumped, WLC-seeded near-IR OPA, generating narrowband, CEP-
stable idler pulses; (ii) a WLC generation stage driven by the idler, producing a
CEP-stable seed; (iii) a broadband OPA stage seeded by the spectrally broad-
ened idler. The OPA preserves the absolute phase stability of the seed and
produces ultrabroadband tunable pulses with µJ-level energy; scaling of the
source energy by the addition of subsequent amplification stages is straight-
forward.

The experimental setup of such a two-stage OPA is shown in Fig. 9.43. The
first stage is pumped by a 50-µJ fraction of the FF of an amplified Ti:sapphire
laser (800 nm, 50 fs, 1 kHz). Approximately 5 µJ are split off and focused in
a 3-mm-thick sapphire plate to generate a single-filament WLC. The near-IR
portion of this WLC, spectrally selected by a long-pass filter, is amplified in
a 5-mm-long BBO crystal cut for type-II oee phase matching (θ = 28.5◦). A
collinear geometry was chosen to avoid angular dispersion of the idler beam and
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Figure 9.43: Experimental setup for the generation of self-phase-stabilized pulses in
the visible. BS, beam splitters; DL, delay lines; WLG, white-light generation stages;
LPF, long-pass filter; BPF, bandpass filter; FS, fused silica glass block. [2]

a type-II configuration (in which signal and idler have orthogonal polarizations)
to prevent spectral interference between the CEP-unstable signal and the CEP-
stable idler. This OPA stage produces idler pulses tunable between 1.45 and
2.1 µm with energy up to 3 µJ and nearly TL 50-fs duration. Since this OPA
corresponds to the configuration of Fig. 9.40(a), its idler is self-CEP-stabilized.
The CEP stability of the idler was characterized by f -to-2f interferometry, as
shown in Fig. 9.44(a). The CEP-stable idler beam has enough energy to
generate a stable single-filament WLC in a 3-mm-thick sapphire plate, which
can provide a CEP-stable seed for a broadband SH-pumped visible NOPA. The
NOPA is pumped by 40-µJ pulses at 390 nm and employs a 1-mm thick BBO
crystal cut for type-I phase matching (θ = 31.5◦) in a standard broadband
configuration (3.7◦ internal pump-seed angle). The SH pump is chirped by a
2-cm fused silica block to optimize its temporal overlap with the seed and thus
increase the amplification bandwidth.

The generated pulses have energies up to 5 µJ and can be tuned by either
changing the delay between signal and pump or slightly adjusting the phase-
matching angle θ. Figure 9.45(a) shows a sequence of spectra obtained tuning
the NOPA from 500 nm to 800 nm, each of which corresponds to a 6-8 fs TL
pulse. Note that, in contrast with the standard visible NOPA, the tunability
can be extended to 800 nm thanks to the good quality of the seed in this
spectral region; in this case, the broadest gain bandwidth would be achieved
in a nearly-collinear configuration. In the spectral range from 500 nm to 700
nm, pulse compression down to the TL was achieved through double-chirped
mirrors (DCMs). Fig. 9.45(b) shows an interferometric autocorrelation of a
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Figure 9.44: (a) f -to-2f interferometric characterization of idler pulses from the
IR OPA. Upper panel: deduced CEP evolution, indicating a fluctuation with rms
∆ϕ=0.19 rad. Left panel: sequence of interferograms acquired for 13 seconds. Right
panel: fringe pattern obtained averaging over 10 laser shots. (b) same as (a), but
for the visible NOPA pulses. A fluctuation with rms ∆ϕ=0.23 rad is obtained. [2]

pulse centred at 550 nm [shaded spectrum in panel (a)], after 10 bounces on
the DCMs; it corresponds to a 6.4-fs pulse duration, in close agreement with
the TL of its spectrum. Fine optimization of the NOPA gain bandwidth and
dispersion compensation should enable the generation of CEP-stable visible
pulses with duration down to 4 fs.

The CEP stability of the visible NOPA was characterized by nonlinearly
interfering a frequency-doubled portion of the idler from the first OPA stage
with the output of the second NOPA stage. The nonlinear interferogram shown

Figure 9.45: (a) Dashed line, logarithmic scale: WLC generated by the IR OPA idler
and seeding the visible NOPA. Solid line: sequence of spectra obtained tuning the
visible NOPA. (b) Interferometric autocorrelation trace (circles) of a pulse centered
at 550nm [shaded spectrum of panel (a)]; the best fit to the experimental data (solid
line) indicates a 6.4-fs pulse duration, close to the TL. [2]
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in Fig. 9.44(b) reveal excellent CEP stability.
Note that this scheme is rather versatile, so that also other portions of

the WLC generated by the CEP-stable idler can be amplified by broadband
OPAs. For example, few-optical-cycle pulses in the near-IR can be obtained
by an FF-pumped NOPA or degenerate OPA.

As we will see later in Chapters 12 and 13 on attoscience and strong-field
physics, there is currently immense research activities to develop CEP-stable
IR pulses with multi-mJ and even higher pulse energies. In the following we
showcase a few selected examples of such state-of-the-art parametric amplifiers,
a more exhaustive overview of the field can be found in the reviews [2, 35].

CEP-stable IR pulses from hybrid type-II OPCPA/filamentation
system

Early works on CEP-stable parametric amplification employed the available
0.8-µm Ti:sapphire CPA systems as driver source. Meanwhile, transferring
such schemes to ∼1-µm driver wavelength has become a very important re-
search topic aiming to use the emerging Yb amplifier technology (e.g., cryogeni-
cally cooled, innoslab, thin-disk, or fiber CPAs) or mature flash-lamp-pumped
Nd:YAG amplifier technology for pumping [35]. Refs. [24, 25] pursued a hybrid
type-II OPCPA/filamentation system sketched in Fig. 9.46, which consists in
using a CEP-stable IR type-II KTP OPA with a narrow gain bandwidth, scal-
ing the output energy to the highest possible value and then shortening the
pulse by nonlinear gas-phase compression. The system was based on the fol-
lowing building blocks: (i) a passively CEP-stable type-I BBO OPA followed
by a narrowband, non-degenerate OPA using type-II phase matching, yielding
a self-CEP-stabilized 1.5-µm frontend; (ii) an type-II KTP OPCPA based on
mature picosecond Nd:YAG amplifier technology; (iii) pulse self-compression
by filamentation in noble gases.

The use of a narrowband type-II OPA configuration was motivated by the
following arguments: (a) near-degenerate type-I OPAs have the worst possible
quantum defect for the signal wave (i.e., half of the pump photon energy
goes to the idler wave and is thus not available for signal amplification); (b)
even though group-velocity-matched OPAs deliver output spectra with FWHM
bandwidth in excess of 200 nm, the quality of the resulting compressed pulses
most often remains poor due to intrinsically steep slopes of the parametrically
amplified spectra; (c) more narrowband amplification has the advantage of
optimizing the spectral brightness of the signal, helping to suppress the buildup
of parametric superfluorescence; (d) when scaling the pulse energies of type-
I OPAs to the mJ-level, cascaded FWM can cause unwanted losses due to
parasitic self-diffraction [26].
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Figure 9.46: Scheme of a four-stage OPA for the generation of CEP-stable pulses at
1.5 µm. A: AOPDF. [2, 24, 25]

The scheme of this CEP-stable four-stage IR OPCPA is shown in Fig. 9.46.
The two-stage OPA seed source is driven by a femtosecond diode-pumped
Yb:KGW Master Oscillator Power Amplifier (MOPA), producing 130-µJ, 250-
fs pulses at 1030 nm and 10 kHz. In OPA1, the 1.03-µm MOPA pulses are
first frequency-doubled in a 1-mm thick type-I BBO crystal (θ = 23.4◦). The
515-nm SH pulses are then used for both generating a WLC seed at ∼795 nm
in a 10-mm thick sapphire plate, and pumping the first stage (OPA1), which
employs a 4-mm thick type-I BBO crystal (θ = 22.8◦) in a collinear geometry
(to avoid idler angular dispersion). This OPA works according to the scheme
of Fig. 9.40(c) and thus produces passively CEP-stable 1.5-µm idler pulses.
The idler pulses are used for seeding the second stage (OPA2), which employs
a 6-mm thick type-II KTP crystal (θ = 45.5◦, ϕ = 0◦) pumped directly by the
1.03-µm pulses from the Yb:KGW MOPA. OPA2 generates pulses with energy
around 4 µJ and 33-fs FWHM duration [24]. Because of the strong nonlinear
Kerr effect in KTP, pump/idler-to-signal cross-phase modulation (XPM) in
OPA2 could in principle negatively affect the CEP stability. However f -to-2f
interferometry revealed a negligible influence of XPM on the CEP (see Fig. 3
in [24]), indicating only a slow residual CEP drift of environmental origin.

After the second stage, the signal pulses were stretched to ∼40 ps by a
combination of a grating-based stretcher and an IR high-resolution acousto-
optic programmable dispersive filter (AOPDF) for higher-order dispersion con-
trol. In the subsequent booster-amplification stages OPA3 and OPA4, that
are pumped by a 20-Hz 100-mJ Nd:YAG amplifier, the 1.5-µm signal pulses
are amplified from the 4-µJ level to energies up 12.5 mJ before recompres-
sion in a gratings compressor. The femtosecond Yb:KGW front-end allows
easy all-optical synchronization, since both Yb:KGW and Nd:YAG regenera-
tive amplifiers can simultaneously be seeded from a single Yb:KGW master
oscillator.
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Figure 9.47: Left panel: SHG-FROG characterization of the 20-Hz output from the
four-stage IR OPCPA: (a) Measured and (b) retrieved FROG traces. (c) Measured
spectrum (back curve), retrieved spectral intensity (blue) and phase (red). (d)
Retrieved temporal intensity (blue) and phase (red) profiles exhibiting a 74.4-fs
FWHM pulse duration. The TL intensity profile (dashed) corresponds to a 72.6-fs
duration. Right: self-compression of 1.5-mJ pulses in argon at 5 bar: (a-d) as in left
panel. The retrieved self-compressed pulse duration is 19.8 fs (TL 15.9 fs). [25]

The left panel group in Fig. 9.47 shows SHG-FROG data of 3.5-mJ, 1.57-
µm pulses with 62 nm bandwidth from the 20-Hz four-stage IR OPCPA, indi-
cating a 74.4-fs FWHM pulse duration, close to the TL of 72.6 fs. Note that
no superfluorescence was observed in the output of this four-stage IR OPCPA,
when blocking the WLC seed in OPA1, so that the booster-amplification stages
inherit the excellent short-term CEP stability from the frontend. Further-
more, CEP noise originating from amplitude-to- phase-noise conversion from
the Nd:YAG pump due to XPM in OPA3 and 4 can be estimated to be com-
pletely negligible (< 2.2× 10−3π).

For this CEP-stable type-II OPCPA, the best strategy to reduce the pulse
duration down to the few-optical-cycle regime for attoscience experiments is
using the pulse-self-compression occuring during filamentation in noble gases.
With this technique, CEP-stable 2.2-mJ 74.4-fs 1.57-µm input pulses were
self-compressed in a single filament in argon down to a 19.8-fs duration. This
represents a temporal compression of the input pulses by a factor of ∼ 4. The
output energy was 1.5 mJ, corresponding to a 66% energy throughput.

OPCPA of a 2-µm seed pulse obtained by intrapulse DFG

The experimental realizations discussed so far fall into the category of inter-
pulse CEP stabilization as depicted in Fig. 9.38(a). Now we have a closer look
at systems based on intra-pulse CEP stabilization as shown in Fig. 9.38(b).
For example, 2-µm OPCPAs amplifying seed pulses obtained by intra-pulse
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Figure 9.48: OPCPA system generating 2.6-mJ, 39-fs, 2.1-µm pulses. It consists of
a broadband Ti:sapphire seed oscillator. Seed pulses are generated via DFG in a
QPMMgO:PPLN crystal. Two chirped-pulse amplifiers (CPAs), a 1047-nm Nd:YLF
and a 1029-nm cryogenically cooled Yb:YAG CPA that are both seeded directly
from the Ti:sapphire oscillator, are used for pumping stages 1-2 and 3, respectively.
Parametric amplification is achieved in the QPM MgO:PPLN and MgO:PPSLT
crystals in stages 1 and 2, and type-I BBO in the booster amplification stage 3.
Pulse stretching and compression in this OPCPA system is achieved by bulk Si,
suprasil and an AOPDF (DAZZLER). [29]

DFG and pumped by picosecond 1-µm amplifiers have been pursued at MPQ
in Garching [27] and MIT in Cambridge, MA [17, 28, 29]. Fig. 9.48 shows
the most recent incarnation of the 3-stage 2.1-µm OPCPA at MIT [29], whose
temporal optimization we already discussed in detail in Section 9.9.1.

The OPCPA system is pumped by two independent picosecond lasers: (1)
1047 nm 11 ps Nd:YLF amplifier and (2) 1029 nm 17 ps cryogenic Yb:YAG am-
plifier. Both pump lasers are seeded by the same octave-spanning Ti:sapphire
laser for achieving low-jitter optical synchronization. The Nd:YLF CPA laser
pumps the first two OPCPA stages [OPA1 and OPA2 in Fig. 9.48] with a
pump energy of 1 mJ. The 42 mJ cryogenic Yb:YAG laser pumps the final
OPCPA stage for power amplification.

By intra-pulse DFG mixing the 650 and 940-nm components in a 2-mm
thick MgO:PPLN crystal (ΛQPM = 13.1 µm), CEP-stable 2.1-µm seed pulses
with half-octave bandwidth and 3 pJ energy are obtained. These pulses are
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stretched to ∼5 ps by a 30-mm long Si block and amplified in OPA1. After-
wards it is further stretched to ∼9 ps using an AOPDF before being amplified
in OPA2.

As discussed in Section 9.9.1, the dispersion management was designed to
both optimize the efficiency-bandwidth product and superfluorscence suppres-
sion in the power-amplifier stage, and the AOPDF allows to eventually com-
pensate for higher-order dispersion. Ultrabroadband amplification is achieved
by means of a degenerate OPA in 3-mm MgO:PPLN (ΛQPM = 31.0 µm) and
3-mm MgO:PPSLT (ΛQPM = 31.4 µm) crystals [17]. The ∼35 µJ pulse from
OPA2 is further stretched to ∼17 ps using 50-mm long Si block and then am-
plified in a 5-mm long type-I BBO crystal. Pulse recompression was achieved
using two Brewster-angle Suprasil 300 blocks with a total path length of 620
mm. The spectral bandwidth of the amplified pulses is 407 nm in FWHM
centered at 2.1 µm, and the compressed pulse duration is ∼40 fs, rather close
to the TL pulse duration of 29 fs. For more details, see [17, 28, 29].

This high-energy 2.1-µm OPCPA is currently used for water-window HHG
experiments as we will discuss later in Chapter 12.

Dual-chirped infrared optical parametric amplification

For the generation of intense isolated attosecond XUV pulses for attosecond
XUV-pump/XUV-probe spectroscopy [30], IR pulses with many tens or even
hundreds of mJ pulse energy would be an ideal driver source. For this applica-
tion, the Midorikawa Group at RIKEN in Wako (Japan) recently proposed and
demonstrated the dual-chirped optical parametric amplification (DC-OPA)
scheme [31, 32], that allows one to use commercially available TW and PW
Ti:sapphire CPA systems as pump source.

In Fig. 9.49, the DC-OPA scheme is conceptually compared to the stan-
dard OPA and OPCPA schemes. In the OPA scheme [Fig. 9.49(a)], nearly TL
ultrashort pump and seed pulses are synchronized and interact in the nonlinear
crystal, yielding amplified ultrashort signal and idler pulses. The maximum
acceptable pump energy is limited by the crystal aperture (for BBO, typi-
cally ∼20 × 20 mm2) and damage threshold of the nonlinear crystal. In the
OPCPA scheme [Fig. 9.49(b)], a temporally chirped broadband seed pulse
with significantly reduced peak intensity extracts energy from a high-energy
picosecond (i.e., narrowband) pump amplifier during parametric amplification,
the amplified signal and idler pulses can reach high power after subsequent re-
compression.

The DC-OPA scheme using a broadband Ti:sapphire CPA pump laser is
shown in Fig. 9.49(c): The DC-OPA is seeded with a chirped, broadband
seed pulse and pumped by a stretched, broadband pump pulse. Automatic
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Figure 9.49: Scheme of (a) OPA, (b) OPCPA and (c) DC-OPA. [31]

synchronization can easily be realized by splitting the Ti:sapphire pulses into
strong pump and weak seed pulses at a proper energy ratio. The frequencies of
pump, signal and idler pulses in the parametric interaction are time dependent
and connected via

ωi(t) = ωp(t)− ωs(t). (9.67)

For linearly chirped pump and seed pulses, ωp(t) and ωs(t) are given by

ωp(t) = ωp + βpt, (9.68)

ωs(t) = ωs + βst, (9.69)

where ωm is the central angular frequency, and βm = dωm(t)/dt is the linear
chirp. Inserting Eqs. (9.68) and (9.69) into Eq. (9.67), one obtains

ωi(t) = (ωp − ωs) + (βp − βs)t. (9.70)
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Figure 9.50: Time-dependent frequencies of pump and seed pulses for OPCPA. [31]

Eq. (9.70) indicates that the chirp of the idler pulse is determined by the
chirps of the pump and seed pulses.

Both OPCPA and DC-OPA allow one to choose different chirps for opti-
mizing the amplification of the signal and idler pulses. Figs. 9.50 and 9.51
show the possible chirp configurations of pump, seed/signal and idler pulses in
OPCPA and DC-OPA, respectively. The values of chirp are represented by the
slopes of the lines. For OPCPA, the narrowband pump pulse has a long du-
ration, but shows no frequency chirp. Obviously, compared with the OPCPA
scheme, the DC-OPA scheme has more degrees of freedom for combining pump
and seed pulses, since the chirp of the pump pulse is now also variable. This
increased freedom can be advantageously used to create broadband signal and
(passively CEP-stable) idler pulses.

After a detailed numerical study of the DC-OPA scheme [31], first experi-
mental results on IR DC-OPA using the experimental setup shown in Fig. 9.52
were recently reported in [32]. In these experiments, the pump pulses were

Figure 9.51: Time-dependent frequencies of pump and seed pulses for DC-OPA. [31]
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Figure 9.52: Experimental setup of a type-II BBO DC-OPA. [32]

chirped using a grating stretcher. A suitable dispersion was applied to the
seed pulses using an acousto-optic programmable dispersive filter (AOPDF,
DAZZLER). Energy scalability was demonstrated with 30%-40% total (i.e.,

Figure 9.53: (a) Energy scalability experimentally confirmed by a single-stage DC-
OPA. Blue solid-square, total output energy; red solid-circular, signal pulse energy;
black solid-rhombic, idler pulse energy. (b) Typical seed (blue dashed) and output
(red solid) spectra corresponding to panel (a). (c) Spectra for 80 mJ pumping in a
two-stage DC-OPA. Black dashed curve, seed spectrum; brown dash-dotted curve,
signal spectrum after first stage; red solid curve, spectrum after second stage. [32]
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signal+idler) energy conversion efficiency. The maximum pump pulse energy
was successfully increased to the 100-mJ level. This way, 20-mJ 1.4-µm signal
and 13-mJ 1.9-µm idler pulses were obtained. The signal pulses were fur-
thermore compressed to a FWHM duration of 27 fs, close to the TL of 25
fs. Good focus quality was achieved for the signal pulses. The DC-OPA also
features self-CEP-stabilization of the idler and good prospects for energy scal-
ing to reach hundred-mJ-level and even joule-level IR pulses as the analysis in
[32, 33] reveals.

Parametric sub-cycle optical waveform synthesizers

As we have seen in this chapter, the output of parametric amplifiers can cover
a wide spectral range from the UV to the IR, as summarized for Ti:sapphire-
driven OPAs in Fig. 9.54. This opens up the fascinating opportunity to
coherently combine the outputs from several OPAs to synthesize even shorter
pulses. Parametric sub-cycle optical waveform synthesizers [35, 35, 36, 36] with
more than 2 octaves in optical bandwidth allow one to sculpt the electric field
E(t) on the time scale of a single cycle of light. This opens up a new regime
of light-matter interactions, waveform nonlinear optics [35, 36], which aims to
observe and control light-matter interactions on a sub-cycle time scale.

Figs. 9.55 and 9.56 show the parametric sub-cycle waveform synthesizers
currently being developed at DESY CFEL [36]. In short, a self-CEP-stabilized
white-light continuum is divided into and thus seeding three parallel paramet-
ric amplification channels that bring the total energy from the OPAs up to
>2 mJ (see Fig. 9.57). After individual compression of the OPA outputs
using double-chirped mirrors (DCMs), sub-cycle optical waveforms (shown in
Fig. 9.58) can be synthesized using balanced optical cross-correlators (BOCs)
for locking the relative timing. Such sources will become versatile tools for
controlling strong-field interactions in matter and for attosecond pump-probe
spectroscopy using VIS/IR and XUV/soft-X-ray pulses [35, 36].

Figure 9.54: Spectral coverage from Ti:sapphire-driven OPAs. [34]
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Figure 9.55: Scheme of >2-octave-wide multi-mJ parametric waveform synthesizer.
BS, beam splitter; SHG, second-harmonic generation; WLG, white-light generation;
DBS, dichroic beam splitter; NOPA, non-collinear OPA; DOPA, degenerate OPA;
DCMs, double-chirped mirrors; BOC, balanced optical cross-correlator. [36]

Figure 9.56: Photos of the waveform synthesizer shown in Fig. 9.55. In the front of
the photo on the right, the BOC setup for timing lock of VIS NOPA3 (yellow beam)
and IR DOPA3 (red beam) can be seen.

Figure 9.57: Output spectra and energies from the third stages of the VIS
NOPA/NIR DOPA/IR DOPA channels. These spectra support 5.6/5.2/5.2-fs pulses
corresponding to 2.9/2.1/1.1 optical cycles at 573 nm/750 nm/1390 nm center wave-
lengths, respectively. The spectra combined together support ∼1.9-fs pulses. [36]
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Figure 9.58: Synthesized waveforms computed from FROG-retrieved amplitudes and
phases of the three channels. Field amplitudes of the pulses are the same, phases
(VIS NOPA, NIR DOPA, IR DOPA) as indicated. Red: electric field E(t); dashed:
field envelope Ẽ(t); blue: intensity I(t). Note that perfect compression of the slightly
broader spectra in Fig. 9.57 would allow to even reach ∼1.9-fs pulse durations. [36]
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Chapter 10

Interactions of light and matter

Usually, there are infinitely many energy eigenstates in an atomic, molecular
or solid-state medium, and the spectral lines of the emission are associated
with transitions between two of these energy eigenstates. Atomic and also
molecular gases in low concentration show discrete energy eigen spectra. For
many physical considerations it is already sufficient to take only two of these
possible energy eigenstates into account, e.g., those which are related to the
laser transition. The pumping of the laser can be later introduced by phe-
nomenological relaxation processes that describe the pumping of the laser via
other levels. The resulting simple model is often called a two-level system (or
two-level atom) [1, 2], which is mathematically also equivalent to a spin-1/2
particle in an external magnetic field, because the spin can only be parallel or
anti-parallel to the field, i.e., it has two energy levels and energy eigenstates.
The interaction of the two-level system with the electric field of an electromag-
netic wave is described by the Bloch equations [1, 2, 3], which were originally
used to describe nuclear magnetic resonance phenomena [4].

10.1 Two-level systems

An atom with only two energy eigenvalues is described by a two-dimensional
state space spanned by the two energy eigenstates with wave functions ψg(r⃗)
and ψe(r⃗). The two states constitute a complete orthonormal system. The
corresponding energy eigenvalues are Eg and Ee for ground and excited states,
respectively. Fig. 10.1 shows a one-dimensional potential of finite depth that
has only two bound energy eigenstates, which can serve as a model for the
following discussion. For the Hamiltonian operator of the two-level system,
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Figure 10.1: 1D model for a two-level atom.

denoted as HA, we have

HA ψe(r⃗) = Ee ψe(r⃗) (10.1)

HA ψg(r⃗) = Eg ψg(r⃗). (10.2)

An arbitrary state is a superposition state of ground and excited states

Ψ(r⃗, t) = cg(t) ψg(r⃗) + ce(t) ψe(r⃗). (10.3)

The coefficients cg(t) and ce(t) are the probability amplitudes to find the atom
in the ground or excited states, respectively:

|cg|2 : probability to find the atom in the ground state (10.4)

|ce|2 : probability to find the atom in the excited state (10.5)

In this two-dimensional state space, the temporal dynamics is described by
the time dependence of the coefficients. The time dependence follows from the
Schrödinger equation

j ~
∂

∂t
Ψ(r⃗, t) = HA Ψ(r⃗, t) (10.6)

j ~ (ċg(t) ψg(r⃗) + ċe(t) ψe(r⃗)) = (Eg cg(t) ψg(r⃗) + Ee ce(t) ψe(r⃗)) . (10.7)

By multiplication of this equation from the left with the complex conjugate
ground-state or excited-state wavefunction, integration over x, and using the
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orthogonality relations for the energy eigenstates, we obtain two separate equa-
tions for the time dependence of the coefficients

ċe = −jωece, with ωe = Ee /~, (10.8)

ċg = −jωgcg, with ωg = Eg /~. (10.9)

As we will discuss in more detail later, this procedure is equivalent to projecting
the Schrödinger equation onto the energy eigenstates. The time-dependent
solution of the Schrödinger equation of the free atom with initial conditions
cg(0) and ce(0) is then

Ψ(r⃗, t) = cg(0)e
−jωgt ψg(r⃗) + ce(0)e

−jωet ψe(r⃗). (10.10)

The question arises now, how does the atomic dynamics change in the presence
of an external electromagnetic field and environmental perturbations?

10.2 Atom-field interaction within the dipole

approximation

The strongest interaction between atoms or molecules and electromagnetic
fields is due to the induced dipole moment in the atom or molecule in the
presence of an electric field. The dipole moment of an atom d⃗ is determined
by the position r⃗ of the electron from the nucleus according to

d⃗ = −er⃗. (10.11)

A dipole in an electric field E⃗ has the additional energyHd = −d⃗·E⃗. Therefore,
we may argue that the Schrödinger equation for an atom in an electromagnetic
field taking the dipole interaction into account can be described by the total
hamiltonian operator

HAF = HA − d⃗ · E⃗(r⃗A, t), (10.12)

where r⃗A is the position of the atom and E⃗(r⃗A, t) = E⃗(t) the field at the
position of the atom. The resulting Schrödinger equation described by the
hamiltonian (10.12) leads to new equations of motion for the probability am-
plitudes when projected onto the corresponding energy eigenstates, as done
before to derive Eqs. (10.8) and (10.9). During these projections the following
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matrix elements of the dipole moment of the atom arise

M⃗ee =

∫
ψ∗
e(r⃗) d⃗ ψe(r⃗) dr⃗ = −e

∫
ψ∗
e(r⃗) r⃗ ψe(r⃗), (10.13)

M⃗eg =

∫
ψ∗
e(r⃗) d⃗ ψg(r⃗) dr⃗ = −e

∫
ψ∗
e(r⃗) r⃗ ψg(r⃗), (10.14)

M⃗ge =

∫
ψ∗
g(r⃗) d⃗ ψe(r⃗) dr⃗ = M⃗∗

eg, (10.15)

M⃗gg =

∫
ψ∗
g(r⃗) d⃗ ψg(r⃗) dr⃗ = −e

∫
ψ∗
g(r⃗) r⃗ ψg(r⃗). (10.16)

Due to the symmetry of atomic energy eigenstates, the matrix dipole elements∫
ψ∗
e(r⃗) d⃗ ψe(r⃗) dr⃗ and

∫
ψ∗
g(r⃗) d⃗ ψg(r⃗) dr⃗ vanish, i.e., there is no atomic

dipole moment if the atom is in an energy eigenstate. This might not be the
case for energy eigenstates in a solid. The atoms constituting the solid are
oriented in a lattice, which may break the symmetry. If so, there are perma-
nent dipole moments and consequently the matrix elements

∫
ψ∗
e(r⃗) d⃗ ψe(r⃗) dr⃗

and
∫
ψ∗
g(r⃗) d⃗ ψg(r⃗) dr⃗ would not vanish. Here, we assume atomic wave func-

tions, i.e., symmetric or antisymmetric wave functions, and therefore the new
equations of motion for the probability amplitudes become

ċe = −jωece + jcg
1

~

(∫
ψ∗
e(r⃗) d⃗ ψg(r⃗) dr⃗

)
· E⃗(t), (10.17)

ċg = −jωgcg + jce
1

~

(∫
ψ∗
g(r⃗) d⃗ ψe(r⃗) dr⃗

)
· E⃗(t). (10.18)

Separating the electric field into its polarization vector e⃗ and field strength
E(t)

E⃗(t) = E(t) e⃗, (10.19)

the Schrödinger equation becomes

ċe = −jωece + jcg
M⃗eg · e⃗

~
E(t), (10.20)

ċg = −jωgcg + jce
M⃗∗

eg · e⃗
~

E(t). (10.21)

The expectation value for the dipole moment of an atom in state (10.3) can
also be expressed in terms of the dipole matrix elements⟨

d⃗
⟩

= |ce|2M⃗ee + |cg|2M⃗gg + c∗ecgM⃗eg + c∗gceM⃗ge

= c∗ecgM⃗eg + c.c., (10.22)
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where the last line again follows from the symmetry of the wavefunctions. This
equation shows again that the atom only possesses a dipole moment if it is in
a superposition of energy eigenstates. The Schrödinger equation, expressed as
Eqs. (10.20) and (10.21), indicates that an external electric field is capable of
coupling two energy eigenstates, i.e., it induces a dipole moment in an atom.
To obtain more insight into the dynamics induced by the electric field in the
atom, we look at the case of a monochromatic electric field at the position of
the atom

E(t) =
1

2

(
E0e

jωt + E∗
0e

−jωt
)
, (10.23)

where E0 is the complex electric field amplitude. We expect strong interaction
between the field and the atom if the atomic transition frequency between the
states, ωeg = ωe−ωg, is close to the frequency of the driving field, i.e., ωeg ≈ ω.
It is advantageous to transform to new probability amplitudes, that take some
trivial oscillations already into account

Ce = ce e
j(ωe+ωg+ω

2
t) (10.24)

Cg = cg e
j(ωe+ωg−ω

2
t), (10.25)

which leads to the new equations of motion

Ċe =

[
j

(
ωe + ωg + ω

2

)
− jωe

]
cee

j(ωe+ωg+ω

2
t) + jcg

M⃗eg · e⃗
~

E⃗(t) ej(
ωe+ωg+ω

2
t),

Ċg =

[
j

(
ωe + ωg − ω

2

)
− jωg

]
cge

j(ωe+ωg−ω

2
t) + jce

M⃗∗
eg · e⃗
~

E⃗(t) ej(
ωe+ωg−ω

2
t).

Introducing the detuning between the atomic transition and the electric field
frequencies

∆ =
ωeg − ω

2
(10.26)

and the Rabi frequency

Ωr =
M⃗∗

eg · e⃗
~

(
E0 + E∗

0e
−j2ωt

)
, (10.27)

we obtain the following coupled-mode equations for the probability amplitudes

d

dt
Ce = −j∆Ce + j

Ω∗
r

2
Cg (10.28)

d

dt
Cg = +j∆Cg + j

Ωr

2
Ce. (10.29)
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If the Rabi frequency is small compared to the optical transition |Ωr| ≪ ωeg ≈
ω, the so-called Rotating-Wave Approximation (RWA) [3] can be made, where
we only keep the slowly varying components in the interaction, i.e.,

Ωr ≈
M⃗∗

eg · e⃗
~

E0 = const. (10.30)

10.3 Rabi oscillations

It can be shown that Eqs. (10.28) and (10.29) are identical to the coupled-mode
equations between two waveguide modes: but here, the coupling is between
modes in time (i.e., resonances) and the modes are electronic ones instead of
photonic modes. Otherwise the treatment is analogous. For example, conser-
vation of power flow becomes now conservation of probability. For the case
of vanishing detuning the exchange in probability (excitation) between the
modes is the strongest. For that case it is especially easy to eliminate one of
the variables and we arrive at

d2

dt2
Ce = −|Ωr|2

4
Ce (10.31)

d2

dt2
Cg = −|Ωr|2

4
Cg. (10.32)

The solution to this set of equations are oscillations. If the atom is initially at
time t = 0 in the ground state, i.e., Cg(0) = 1 and Ce(0) = 0, we arrive at

Cg(t) = cos

(
|Ωr|
2
t

)
(10.33)

Ce(t) = −j sin

(
|Ωr|
2
t

)
. (10.34)

Then, the probabilities for finding the atom in the ground or excited states are

|cg(t)|2 = cos2
(
|Ωr|
2
t

)
(10.35)

|ce(t)|2 = sin2

(
|Ωr|
2
t

)
, (10.36)

as illustrated in Fig. 10.2. For the expectation value of the dipole operator
under the assumption of a real dipole matrix element M⃗eg = M⃗∗

eg, we obtain⟨
d⃗
⟩

= M⃗egcec
∗
g + c.c. (10.37)

= −M⃗eg sin (|Ωr| t) sin (ωegt) . (10.38)
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Figure 10.2: Evolution of occupation probabilities of ground and excited state and
the average dipole moment of a two-level atom in resonant interaction with a coher-
ent classical field.

The coherent external field drives the population of the atomic system between
the two available states with a period Tr = 2π/Ωr. Applying the field only
over half of this period leads to a complete inversion of the population. The
population inversion is defined as

w = Pe − Pg = |ce|2 − |cg|2. (10.39)

These Rabi oscillations (also called Rabi flops) have been observed in var-
ious systems ranging from gases to semiconductors. Interestingly, the light
emitted from the coherently driven two-level system is not identical in fre-
quency to the driving field. If we look at the Fourier spectrum of the polariza-
tion according to Eq. (10.38), we obtain, within the RWA, lines at frequencies
ω± = ωeg ±Ωr. This is clearly a nonlinear output and the sidebands are called
Mollow sidebands [5]. Most important for the existence of these oscillations is
the coherence of the atomic system over at least one Rabi oscillation. If this
coherence is destroyed too fast, the Rabi oscillations cannot occur and it is
then impossible to generate inversion in a two-level system by interaction with
light! This is the case for a large class of situations in light-matter interaction
and especially for typical laser materials. So we are interested in finding out
what happens in the case of loss of coherence in the atomic system due to
additional interactions of the atom with its environment.

These energy-nonpreserving dissipative processes can not easily be included
in the Schrödinger equation formalism. As an aside, in general dissipative
quantum systems can be described within a path-integral formalism of open
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quantum systems consisting of the quantum system coupled to a bath. This
leads to the paradigmatic Feynman-Vernon Caldeira-Leggett model (for fur-
ther reading, e.g., see [6]). However, here we can introduce these processes
phenomenologically into the equations of motion for the expectation values of
the dipole moment and the population inversion, which are of interest because
those quantities feed back into Maxwell’s equations as a source term.

From the equations of motion for the coefficients of the wave function, Eqs.
(10.28) and (10.29), we derive equations of motion for the complex slowly
varying dipole moment defined as

d = c∗ecge
−jωt = C∗

eCg. (10.40)

By applying the product rule, we find

d

dt
d =

(
d

dt
C∗

e

)
Cg + C∗

e

(
d

dt
Cg

)
(10.41)

= j∆C∗
eCg − j

Ωr

2
C∗

gCg + j∆C∗
eCg + j

Ωr

2
C∗

eCe (10.42)

= j∆d+ j
Ωr

2
· w (10.43)

and

d

dt
w =

(
d

dt
Ce

)
C∗

e −
(
d

dt
Cg

)
C∗

g + c.c. (10.44)

=

(
−j∆CeC

∗
e + j

Ω∗
r

2
CgC

∗
e − j∆CgC

∗
g − j

Ωr

2
CeC

∗
g

)
+ c.c.(10.45)

= +jΩ∗
rd+ c.c (10.46)

For the monochromatic wave of Eq. (10.23), we find for the dynamics of a
two-level system interacting with a coherent driving field with Rabi frequency
Ωr

d

dt
d = j∆d+ j

Ωr

2
· w (10.47)

d

dt
w = +jΩ∗

rd+ c.c. (10.48)

10.4 Energy and phase relaxation

In reality it is extremely difficult to completely isolate an atom from its en-
vironment. For example, an atom in free space does not only interact with
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an external electric field that is intentionally incident upon the atom, but also
with the electric field from all the free-space modes of the surrounding electro-
magnetic field. If the atom is in a solid, it interacts with the lattice vibrations
(phonons) of the solid. This random interaction leads to a thermalization and
decoherence of the atom. To provide an example for the interaction of an atom
with its environment in thermal equilibrium, we consider the interaction with
the free-space electromagnetic field, that is in thermal equilibrium at a given
temperature T . Thus, we consider, that the electric field amplitude in the
Bloch equations (10.47) and (10.48) is a random quantity and represents the
field of the black-body radiation

Ωbbr(t) =
M⃗∗

eg · e⃗bb
~

Ebb(t), (10.49)

where Ebb(t) is the random field and e⃗bb the random polarization of the black-
body radiation. Note, that in the process of deriving the Rabi frequency the
field is related to the field at the transition frequency ω ≈ ωeg. This thermal
Rabi frequency is a random process with autocorrelation function

⟨Ωbbr(t+ τ) ∗Ωbbr(t)⟩th =

⟨∣∣∣∣∣M⃗∗
eg · e⃗bb
~

∣∣∣∣∣
2⟩

⟨Ebb(t+ τ)Ebb(t)⟩ . (10.50)

The details of the computation of this autocorrelation function and the ap-
proximations used can be found in Appendix A, the result is

⟨Ωbbr(t+ τ) ∗Ωbbr(t)⟩th =
2

T1
δ(τ), (10.51)

with
1

T1
=

∣∣∣M⃗eg

∣∣∣2
3~2

2ω3
eg~

πc3ϵ

(
nth(ωeg) +

1

2

)
, (10.52)

and nth(ωeg) = 1/(exp(~ωeg/kT )− 1). (10.53)

This result can easily be interpreted: The first factor
|M⃗eg|2

3~ comes from the
average of the projection of the dipole matrix element onto a unit vector,
when averaged over every possible polarization direction. The second factor
4ω3

eg~
πc3ϵ

(
nth(ωeg) +

1
2

)
originates from expressing the power spectral density of the

electric field amplitudes at the transition frequency ω ≈ ωeg by the spectral
energy density of the black-body radiation. However, we did not only include
in the energy the part due to the thermal photon population of the mode, but
also its ground-state energy ~ωeg/2. Thus even at temperature T → 0, 1

T1

stays finite. The white noise property helps us to find an equation of motion
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for the inversion in the presence of this fluctuating field. The solution to Eq.
(10.47) can be written as

d(t) =
j

2

∫ t

−∞
e(j∆−γ)(t−t′)Ωbbr(t

′) · w(t′)dt′. (10.54)

Here, γ is a decay term that ensures convergence of integrals. As we will see,
the final results will not depend on γ. The equation for the inversion is then

d

dt
w = −1

2

∫ t

−∞
e(j∆−γ)(t−t′)Ω∗

bbr(t)Ωbbr(t
′) · w(t′)dt′ + c.c. (10.55)

Note, after performing this statistical average, the inversion w does no longer
describe the inversion of a specific atom but rather the average inversion of an
ensemble of such atoms. We perform now an average over the random thermal
field and obtain

d

dt
w = −1

2

∫ t

−∞
e(j∆−γ)(t−t′) ⟨Ω∗

bbr(t)Ωbbr(t
′)⟩th · w(t

′)dt′ + c.c. (10.56)

= −1

2

∫ t

−∞
e(j∆−γ)(t−t′) 2

T1
δ(t− t′) · w(t′)dt′ + c.c. (10.57)

= − 1

2T1
w(t) + c.c. = − 1

T1
w(t). (10.58)

Note, the evaluation of the integral over the delta-function is ambiguous, since
the singularity of the delta-function was at the integration boundary. How-
ever, the delta-function is the limit of a regular function. Here, we used the
limit of a symmetric function, which contributes 1/2 after the execution of the
integral. The random field fluctuations of the electromagnetic vacuum lead to
an exponential decay of the population inversion. Note, a similar computa-
tion could be carried out, integrating first the equation for the inversion and
substituting it into the equation for the dipole moment, which will lead to an
exponential decay term according to

d

dt
d = j∆d− 1

2T1
d. (10.59)

As for the inversion, this equation describes now the average dipole moment
in an ensemble of identical atoms, rather then for a specific one. Note, so
far we only averaged the equations of motion over the random excitation field
assuming that no interactions existed between the random field and the atomic
system at the start of the integration. This is not true, of course in steady
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state the atomic system should also be in thermal equilibrium with the thermal
population inversion w0. To account for this fact, the equation for the inversion
has to be changed to

d

dt
w = −w − w0

T1
. (10.60)

This rate equation for the population difference can be compared with a phe-
nomenological discussion of how thermal equilibrium between thermal radia-
tion and a two-level system is reached using Einstein’s A and B coefficients. In
that description one uses as variables the densities for the ground and excited
state n1 and n2. But normalization of these densities to the total density of
atoms gives the probability to be in the excited or ground state, respectively.
The equation

dn1

dt
= −dn2

dt
=

1

τsp
[(n2−n1) ⟨s⟩+ n2] (10.61)

can be transferred to

dPg

dt
= −dPe

dt
=

1

τsp

[
(Pe−Pg)nth+Pe

]
(10.62)

or rewritten as
dPg

dt
= −dPe

dt
=ΓePe − ΓaPg . (10.63)

with abbreviations

Γe =
1

τsp
(nth + 1), (10.64)

Γa =
1

τsp
nth, (10.65)

see Fig. 10.3. For the inversion, we then obtain

d

dt
w =

d

dt
Pe −

d

dt
Pg = − 2

τsp

[
(Pe−Pg)nth+Pe

]
(10.66)

= − 2

τsp

[
wnth+

w + 1

2

]
= −2nth + 1

τsp

[
w+

1

2nth + 1

]
. (10.67)

Note, here we used that Pe+Pg = 1 and thus Pe =
w+1
2
. Comparing coefficients

between Eqs. (10.60) and (10.67), we find

1

T1
=

2nth + 1

τsp
= Γe + Γa (10.68)

w0 =
Γa − Γe

Γa + Γe

=
−1

2nth + 1
= − tanh

(
~ωeg

2kT

)
. (10.69)
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Figure 10.3: Two-level atom with transition rates due to induced and spontaneous
emission and absorption.

For zero temperature, the decay time T1 approaches the spontaneous lifetime
of the atom due to the zero-point fluctuations of the electromagnetic field

1

T1
=

1

τsp
=

∣∣∣M⃗eg

∣∣∣2 ω3
eg

3π~c3ϵ
.

This is an expression for the spontaneous lifetime of an atom in terms of the
dipole matrix element and the density of modes in the electromagnetic field at
the transition frequency ωeg.

In summary, the equation for the dipole moment d and the inversion w due
to its interaction with the environment can be written as

ḋ =

(
j (ωeg − ω)− 1

T2

)
d (10.70)

ẇ = −w − w0

T1
. (10.71)

The time constant T1 denotes the energy relaxation in the two-level system
and T2 the phase relaxation. T2 is the correlation time between amplitudes ce
and cg. The coherence between the excited and ground states described by the
dipole moment is destroyed by the interaction of the two-level system with the
environment.

In this basic model, the energy relaxation rate is exactly half the phase
relaxation rate, i.e.,

T2 = 2T1. (10.72)

The atoms in a real medium do not only interact with the electromagnetic
field, but also with phonons or among themselves through collisions in a gas
laser. All these processes must be considered when determining the energy and
phase relaxation rates. Thus there might not only be radiative transistions that
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lead to a finite energy relaxation time T1. Some of the processes are elastic,
i.e., there is no energy relaxation but only the phase is influenced during the
collisions. Therefore, these processes reduce T2 but have no influence on T1. In
real systems the phase relaxation time is most often much shorter than twice
the energy relaxation time

T2 ≤ 2T1. (10.73)

If the inversion deviates from its equilibrium value, w0, it relaxes back into
equilibrium with a time constant T1. Eq. (10.69) shows that for all temper-
atures T > 0 the inversion is negative, i.e., the population of the lower level
is higher than the upper level. Thus with incoherent thermal light, inversion
in a two-level system cannot be achieved. Inversion can only be achieved by
pumping with incoherent light, if there are more levels and subsequent relax-
ation processes into the upper laser level. Due to these relaxation processes,
the rate Γa deviates from the equilibrium expression (10.65), and it has to be
replaced by the pump rate Λ. If the pump rate Λ exceeds Γe, the inversion
corresponding to Eq. (10.69) becomes positive

w0 =
Λ− Γe

Λ + Γe

. (10.74)

If we allow for artificial negative temperatures, we obtain with T < 0 for the
ratio of relaxation rates

Γe

Γa

=
1 + nth

nth

= e
~ωeg
kT < 1. (10.75)

Thus the pumping of the two-level system drives the system away from thermal
equilibrium. Now, we have a correct description of an ensemble of atoms
in thermal equilibrium with its environment, which is a much more realistic
description of media especially of typical laser media.

10.5 Bloch equations

Thus, the total dynamics of the two-level system including the pumping and
dephasing processes from Eqs.(10.70) and (10.71) is given by

ḋ = −
(

1

T2
− j (ωeg − ω)

)
d+ j

Ωr

2
w, (10.76)

ẇ = −w − w0

T1
+ jΩ∗

r d− jΩr d
∗. (10.77)

These equations are called the Bloch equations (within the RWA). They de-
scribe the dynamics of a statistical ensemble of two-level atoms interacting
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with a classical electric field. Together with Maxwell’s equations, where the
polarization of the medium is related to the expectation value of the dipole
moment of the atomic ensemble, these result in the Maxwell-Bloch equations.

10.6 Dielectric susceptibility and saturation

The Bloch equations are nonlinear. However, for moderate field strength E0,
i.e., the magnitude of the Rabi frequency is much smaller than the optical
frequency, |Ωr| ≪ ω, the inversion does not change much within an optical
cycle of the field. We assume that the inversion w of the atom will only be
slowly changing and it adjusts itself to a steady-state value ws. For a constant
field strength E0, Eqs. (10.76) and (10.77) reach the steady-state values

ds =
j

2~

(
M⃗∗

eg · e⃗
)
ws

1/T2 + j(ω − ωeg)
E0 (10.78)

ws =
w0

1 + T1

~2
1/T2 |M⃗∗

eg ·e⃗|2
(1/T2)2+(ωeg−ω)2

|E0|2
. (10.79)

We introduce the normalized lineshape function, which is in this case a Lorent-
zian

L(ω) =
(1/T2)

2

(1/T2)2 + (ωeg − ω)2
, (10.80)

and connect the square modulus of the field |E0|2 to the intensity I of a
propagating plane wave, according to I = 1

2ZF
|E0|2,

ws =
w0

1 + I
Is
L(ω)

. (10.81)

Thus the stationary inversion depends on the intensity of the incident light.
Therefore, w0 is called the unsaturated inversion, ws the saturated inversion
and Is, with

Is =

[
2T1T2ZF

~2
|M⃗∗

eg · e⃗|2
]−1

, (10.82)

is the saturation intensity. The expectation value of the dipole operator (10.22)
is then given by ⟨

d⃗
⟩
= M⃗egd e

jωt + c.c. (10.83)

Multiplication with the number of atoms per unit volume, N, relates the dipole
moment of the atom to the macroscopic polarization P⃗ . As the electric field,
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also the polarization can be written in terms of complex quantities

P⃗ (t) =
1

2

(
P⃗ 0e

jωt + P⃗
∗
0e

−jωt
)

(10.84)

= NM⃗egds e
jωt + c.c. (10.85)

or
P⃗ 0 = 2NM⃗egds. (10.86)

With the definition of the complex susceptibility

P⃗ 0 = ϵ0χ(ω)e⃗E0 (10.87)

and comparison with Eqs. (10.86) and (10.78), we obtain for the linear sus-
ceptibility of the medium

χ(ω) = M⃗egM⃗
+
eg

jN

~ϵ0
ws

1/T2 + j(ω − ωeg)
, (10.88)

which is a tensor. In the following we assume that the direction of the atom is
random, i.e., the alignment of the atomic dipole moment, M⃗eg, and the electric
field is random. Therefore, we have to average over the angle enclosed between
the electric field of the wave and the atomic dipole moment, which results in MegxM

∗
egx MegxM

∗
egy MegxM

∗
egz

MegyM
∗
egx MegyM

∗
egy MegyM

∗
egz

MegzM
∗
egx MegzM

∗
egy MegzM

∗
egz

 =

 M2
egx 0 0

0 M2
egy 0

0 0 M2
egz

 =
1

3
|M⃗eg|2 1.

(10.89)
How to arrive at this average over the orientation is also discussed in Appendix
A. Thus, for homogeneous and isotropic media the susceptibility tensor shrinks
to a scalar

χ(ω) =
1

3
|M⃗eg|2

jN

~ϵ0
ws

1/T2 + j(ω − ωeg)
. (10.90)

Real and imaginary part of the susceptibility

χ(ω) = χ′(ω) + jχ′′(ω) (10.91)

are then given by

χ′(ω) = −|M⃗eg|2NwsT
2
2 (ωeg − ω)

3~ϵ0
L(ω), (10.92)

χ′′(ω) =
|M⃗eg|2NwsT2

3~ϵ0
L(ω). (10.93)
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Figure 10.4: Real and imaginary part of the complex susceptibility for an inverted
medium ws > 0. The positive imaginary susceptibility indicates exponential growth
of an electromagnetic wave propagating in the medium.

If the incident radiation is weak, i.e.,

I

Is
L(ω) ≪ 1 (10.94)

we obtain ws ≈ w0. For optical transitions there is no thermal excitation of
the excited state and w0 = −1. For an inverted system, w0 > 0, the real and
imaginary parts of the susceptibility are shown in Fig. 10.4.

The shape of the susceptibility computed quantum mechanically compares
well with the classical susceptibility (2.22) derived from the harmonic oscillator
model close to the transistion frequency ωeg for a transition with reasonably
high Q = T2ωeg. Note, the quantum mechanical susceptibility is identical to the
complex Lorentzian one encounters in the discussion of loss and gain. There is
an appreciable deviation, however, far away from resonance. Far off resonance,
the RWA should not be used.

The physical meaning of the real and imaginary part of the susceptibility
is of course identical to our earlier discussion. The propagation constant k of
a TEM-wave in such a medium is related to the susceptibility by

k = ω
√
µ0ϵ0(1 + χ(ω)) ≈ k0

(
1 +

1

2
χ(ω)

)
, with k0 = ω

√
µ0ϵ0 (10.95)

for |χ| ≪ 1. Under this assumption we obtain

k = k0(1 +
χ′

2
) + jk0

χ′′

2
. (10.96)

The real part of the susceptibility contributes to the refractive index n =
1 + χ′/2. In the case of χ′′ < 0, the imaginary part leads to an exponential
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damping of the wave. For χ′′ > 0, amplification takes place. Amplification of
the wave is possible for w0 > 0, i.e., in an inverted medium.

The phase relaxation rate 1/T2 of the dipole moment determines the width
of the absorption line or the bandwidth of the amplifier. The amplification can
not occur forever, because the amplifier saturates, when the intensity reaches
the saturation intensity. This is a strong deviation from the linear susceptibility
we derived from the classical oscillator model. The reason for this saturation
is twofold: First, the light can not extract more energy from the atoms than
stored in them, i.e., energy conservation holds. Second, the induced dipole
moment in a two-level atom is limited by the maximum value of the matrix
element. In contrast, the induced dipole moment in a classical oscillator grows
proportionally to the applied field without limits.

10.7 Rate equations and cross-sections

In many cases, the fastest processes in the atom-field interaction dynamics
are connected to the dephasing of the dipole moment, as characterized by the
phenomenological dephasing time T2 → 0. For example, in semiconductors T2
is typically <50 fs and for extreme excitation conditions can even become a few
fs only! Then, if the dynamics one is interested in occurs on longer time scales,
the magnitude of the dipole moment relaxes instantaneously into the steady
state and follows the slowly varying electric field envelope E0(t), which evolves
on a much longer time scale. We obtain with the quasi-steady-state solution
for the dipole moment (10.78), which may now have a slow time dependence
due to the slowly varying field envelope E0(t), for the time-dependent inversion
in the atomic system

ẇ = −w(t)− w0

T1
− w(t)

T1Is
L(ω)I(t), (10.97)

where I(t) = |E0(t)|2 /(2ZF ) is the intensity of the electromagnetic wave inter-
acting with the two-level atom. In this limit, the Bloch equations are replaced
by a simple rate equation for the population. We only take care of the counting
of population differences due to spontaneous and stimulated emissions.

The interaction of an atom with light at a given transition with the stream
of photons on resonance, i.e., ω = ωeg is often described by the mass action
law. That is, the number of induced transitions from the excited to the ground
state, is proportional to the product of the number of atoms in the excited state
and the photon flux density Iph = I/~ωeg

ẇ|induced = −σwIph = − w

T1Is
I. (10.98)
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This defines an interaction cross-section σ that can be expressed in terms of
the saturation intensity as

σ =
~ωeg

T1Is
(10.99)

=
2ωegT2ZF

~
|M⃗∗

eg · e⃗|2. (10.100)

To summarize the findings of the discussions in this chapter so far, we
found the most important spectroscopic quantities that characterize an atomic
transition, which are the lifetime of the excited state or often called upper-state
lifetime or longitudinal lifetime T1, the phase relaxation time or transverse
relaxation time T2 which is the inverse half-width at half maximum (HWHM)
of the line, and the interaction cross-section σ that only depends on the dipole
matrix element and the linewidth of the transition.

10.8 Extreme nonlinear optical response of

two-level systems

As we will discuss in greater detail later in Chapter 13, with the advent of in-
tense few-optical-cycle laser pulses, one enters a novel nonperturbative regime
of light-matter interactions often called extreme nonlinear optics [3]. In this
new regime, the light-matter interaction is governed directly by the time evo-
lution of the laser electric field E(t), rather than merely by the laser intensity
I(t). Note the fundamental difference from the conventional nonlinear optics
discussed in this lecture so far: the light intensity is defined via the optical-
cycle-average of the square modulus of the Poynting vector. Thus, I(t) is
proportional to the square modulus of the electric field envelope Ẽ(t), i.e.,
I(t) ∝ |Ẽ(t)|2, and therefore does not contain the fast oscillations of the opti-
cal carrier wave at frequency ω0, in contrast to the full electric field E(t). This
leads to a number of intriguing nonperturbative phenomena that are sensitive
directly to E(t) and the CEP ϕ of the pulses. Importantly, many approxi-
mations routinely employed in conventional nonlinear optics, in particular the
rotating-wave approximation (RWA) and the slowly varying envelope approx-
imation (SVEA), break down and therefore must not be made.

Before discussing some extreme nonlinear optical phenomena in Chapter
13, at this point we want to address some rather general features of the extreme
nonlinear optical response of two-level systems. In [8], the dynamics of a two-
level system driven by an electric field E(t) was investigated using exact (i.e.,
without employing the RWA) numerical simulations and analytical models.
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From now on and throughout this Section 10.8, we adopt the nomenclature
used later in Chapter 13.

Within the dipole approximation, but without employing the RWA and
without transverse or longitudinal damping, the Bloch equations of a two-
level system with transition frequency Ω for the Bloch vector (u, v, w)T can be
written in matrix form as u̇

v̇
ẇ

 =

 0 +Ω 0
−Ω 0 −2ΩR(t)
0 +2ΩR(t) 0

 u
v
w

 . (10.101)

The dots denote the derivative with respect to time t. Here, we have introduced
the (instantaneous) Rabi frequency ΩR(t) via the (instantaneous) Rabi energy

~ΩR(t) = dE(t) (10.102)

with dipole matrix element d and the laser electric field defined as

E(t) = Ẽ(t) cos(ω0t+ ϕ). (10.103)

Note that the Rabi frequency itself oscillates with the carrier frequency of light
and periodically changes sign. We shall call the peak of the Rabi frequency ΩR

[rather than ΩR(t)] with ~ΩR = dẼ0, where Ẽ0 is the peak of the electric-field
envelope.

The Bloch vector (u, v, w)T thus allows an intuitive geometric representa-
tion of the state of the two-level system which was introduced by R.P. Feynman
et al. [9]. The complex amplitude of the superposition state is encoded in the
real and the imaginary part of the transition amplitude, i.e., in the compo-
nents u and v of the Bloch vector. The component w is again the inversion
of the two-level system, i.e., it is equal to -1 if all electrons are in the ground
state, and it is +1 for complete inversion. The light intensity radiated by the
two-level system is proportional to the square modulus of the second tempo-
ral derivative of the macroscopic polarization, hence proportional to |ω2u(ω)|2
in the Fourier domain, where ω is the spectrometer frequency. For vanishing
relaxation, the length of the Bloch vector is conserved and equal to one, i.e.,√

u(t)2 + v(t)2 + w(t)2 = 1 . (10.104)

Hence, all the physics can be represented as rotations of the Bloch vector on
a sphere with radius unity, the so-called Bloch sphere. For vanishing electric
field, the Bloch vector rotates in the uv-plane with a frequency given by the
optical transition frequency Ω, for very large fields one gets a rotation in the
vw-plane with frequency ΩR(t). This oscillation is the Rabi oscillation. If, for
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example, during the action of the electric field pulse, the Bloch vector performs
one complete rotation in the vw-plane, the pulse area Θ = d

~

∫ +∞
−∞ dt Ẽ(t) is

equal to 2π. There is, however, no simple analytical expression for Θ. For
finite Ω and ΩR, the dynamics of the Bloch vector is a combination of both
rotations, one in the uv-plane and one in the vw-plane.

Most importantly the optical Bloch equations (13.7) are invariant under
space inversion [8]: Space inversion means that we have to replace r⃗ → −r⃗.
Thus, the dipole matrix element transforms as d → −d, the electric field as
E(t) → −E(t), and the Rabi frequency as ΩR(t) → +ΩR(t) according to Eq.
(10.102). As a result, the optical Bloch equations (13.7) are invariant un-
der space inversion and the solution for the Bloch vector (u(t), v(t), w(t))T is
also unchanged. Finally, the macroscopic optical polarization, which is given
by P (t) = nTLSdu(t) with the density of two-level systems nTLS, transforms
according to P (t) → −P (t). Consequently, in an expansion of the polariza-
tion in terms of powers of the electric field up to infinite order, strictly no
even harmonic orders occur – even for arbitrarily large electric fields [8]. In
the literature, one can find several papers reporting on symmetry breaking
of two-level systems driven by strong laser fields, that is supposedly leading
to second-harmonic generation. This claim is physically wrong, as proven by
the invariance under space inversion! A more careful analysis reveals that al-
though light can indeed be emitted at the spectral position of even harmonics,
the corresponding carrier frequency and phases allow to clearly identify them
belonging to odd-order harmonics, as we will below.

From this model, a complete overview of the rich behavior as a function of
the four involved frequencies can be obtained [3, 8]: Carrier frequency of light
ω0, transition frequency Ω, Rabi frequency ΩR, and spectrometer frequency ω.
Thereby it is natural to scale all frequencies to ω0, in which case the dependence
of the radiated intensity on the three dimensionless parameters Ω/ω0, ΩR/ω0,
and ω/ω0 has to be studied. In all calculations, we start from the ground state
of the two-level system, i.e., from Bloch vector (0, 0,−1)T.

The simplest and cleanest situation is given when the envelope Rabi fre-
quency is either constant or zero. Let’s start our discussion with such box-

Figure 10.5: Box-shaped optical pulses E(t): The integer number of cycles in the
pulse is called N . The gray area indicates the electric-field envelope Ẽ(t). [8]



10.8. EXTREMENONLINEAROPTICAL RESPONSE OFTWO-LEVEL SYSTEMS243

Figure 10.6: Gray-scale images of the radiated intensity spectra Irad(ω) ∝ |ω2u(ω)|2
(normalized and on a logarithmic scale) from exact numerical solutions of the two-
level system Bloch equations (13.7). The peak Rabi frequency ΩR of the exciting
N = 30 cycles long box-shaped optical pulses is plotted along the vertical axis. The
transition frequency ω is parameter. (a) Ω/ω0 = 1 and (b) Ω/ω0 = 5. ω0 is the
carrier frequency of the laser pulses. [8]
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shaped optical pulses illustrated in Fig. 10.5, which are N = 30 optical cycles
in duration (for, e.g., ~ω0 = 1.5 eV, this would correspond to a ∼90-fs long
pulse). To get an overview we can either fix Ω/ω0 and plot the radiated inten-
sity versus ΩR/ω0 and ω/ω0 (Fig. 10.6) or, alternatively, fix ΩR/ω0 and plot
the signals versus Ω/ω0 and ω/ω0 (Fig. 10.7).

For ΩR/ω0 ≪ 1 on the vertical axis of Fig. 10.6(a), where Ω/ω0 = 1 (i.e.,
for resonant excitation), conventional Rabi oscillations occur and the well-
known Mollow triplet [5] can be seen at ω/ω0 = 1 on the horizontal axis. At
larger ΩR/ω0 approaching unity, the extreme nonlinear optical phenomenon of
carrier-wave Rabi flopping (discussed in Section 13.4) takes place and addi-
tional carrier-wave Mollow triplets appear around odd integers ω/ω0. Beyond
ΩR/ω0 = 1, the Mollow sidebands are ”repelled” by the central peaks of the
adjacent Mollow triplets. They oscillate around even integer values of ω/ω0

and finally converge towards these values in the limit ΩR/ω0 ≫ 1. On the
way, they periodically cross at even integers ω/ω0 versus ΩR/ω0 with a period
of π/2 for ΩR/ω0 ≫ 1 (whereas the first crossing occurs at ΩR/ω0 ≈ 1). For
off-resonant excitation, e.g., Ω/ω0 = 5 shown in Fig. 10.6(b), the behavior is
different for ΩR/ω0 < 1 and ΩR/ω0 ≈ 1, but becomes similar to Fig. 10.6(a)
for ΩR/ω0 ≫ 1.

The other way to look at the parameter space is to fix the Rabi frequency
ΩR/ω0. For large Ω/ω0 but not too large peak Rabi frequencies ΩR/ω0 in
Fig. 10.7, well separated high harmonics are observed, as expected from tra-
ditional nonlinear optics. On the diagonal, where ω = Ω, very large resonant
enhancement effects are observed. This is also true for the adjacent harmonics
at spectrometer frequencies ω = Ω± 2Mω0 with integer M , which altogether
leads to a band of enhancement around the diagonal in Fig. 10.7. Especially
note that large contributions can occur at the spectral positions of even har-
monics, as already discussed for Fig. 10.6. These contributions are especially
pronounced for even integer values of Ω/ω0.

For other pulse envelopes, the envelope Rabi frequency is not constant
within the pulse, which effectively averages along the vertical axis of Fig. 10.6.
This is further illustrated in Fig. 10.8 for the example of Gaussian pulses with
an electric-field envelope given by Ẽ(t) = Ẽ0 exp(−(t/t0)

2). The temporal

FWHM of the intensity profile is given by tFWHM = t02
√

ln
√
2 and translates

into a FWHM of N = tFWHM/(2π/ω0) optical cycles in Fig. 10.8. In Fig.
10.8(a), where N = 30 and ϕ = 0, the anticipated averaging can clearly
be seen. As a result, the contributions at odd integers ω/ω0 have almost
disappeared in favor of even contribution. This is exactly opposite to what
one might have expected intuitively. For N = 30 and ϕ = π/2 (not shown),
the behavior is similar, apart from fine details which are hardly visible on
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Figure 10.7: Same as Fig. 10.6, but versus transition frequency Ω for two fixed
values of the peak Rabi frequency ΩR. (a) ΩR/ω0 = 1 and (a) ΩR/ω0 = 10. [8]

this scale. For few-cycle optical pulses [Fig. 10.8(b)] the various contributions
get largely broadened spectrally and their mutual interference leads to rather
”messy” spectra, which have lost all of the beautiful fine details of Fig. 10.6.
It is clear that this interference also introduces a dependence on the ϕ as will
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Figure 10.8: Same as Fig. 10.6(a), i.e., Ω/ω0 = 1, but for Gaussian optical pulses
with CEP ϕ = 0 and with a FWHM of (a) N = 30 and (b) N = 3 optical cycles. [8]

be discussed later in Section 13.4.

We emphasize once again that peaks observed at even integers ω/ω0 in the
optical spectra shown in Figs. 10.6 - 10.8 are not even harmonics, because
even orders are strictly forbidden due to inversion symmetry of the complete
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system, i.e., the two-level system plus light field. Thus, one must not call a
peak at, e.g., ω/ω0 = 2, second-harmonic generation (SHG). A strict definition
of SHG must be based and its carrier frequency or its phase, which are 2ω0

and 2ϕ, respectively. The peaks at ω/ω0 = 2 from the two-level system are
not consistent with this definition. This extreme nonlinear optical effect was
named third-harmonic generation in disguise of second-harmonic generation,
and we will return to it in Section 13.5. A similar argument obviously holds
for all the other even integers ω/ω0, which must not be called even harmonics
in the framework of nonlinear optics.

Appendix: Derivation of the field autocorrelation function

To understand the relaxation processes in a two-level system coupled to a
thermal radiation field, we need to calculate the following expectation value

⟨Ωbbr(t+ τ) ∗Ωbbr(t)⟩th =

⟨∣∣∣∣∣M⃗∗
eg · e⃗bb
~

∣∣∣∣∣
2⟩

⟨Ebb(t+ τ)Ebb(t)⟩ . (10.105)

We first compute the average ⟨∣∣∣M⃗∗
eg · e⃗bb

∣∣∣2⟩ ,
which is the projection of a vector onto a random unit vector, see Fig. 10.9.
This average is over the full volume angle, whereby it does not depend on the
polar angle φ⟨∣∣∣M⃗∗

eg · e⃗bb
∣∣∣2⟩ =

1

2

∫ π

0

∣∣∣M⃗∗
eg

∣∣∣2 cos2 (ϑ) sin (ϑ) dϑ (10.106)

= −1

6

∣∣∣M⃗∗
eg

∣∣∣2 cos3 (ϑ)∣∣π
0
=

∣∣∣M⃗∗
eg

∣∣∣2
3

·

Next is the field autocorrelation function ⟨Ebb(t+ τ)Ebb(t)⟩ , which is the in-
verse Fourier transform of the power spectral density of the electric field. For a

Meg
J

ebb

Figure 10.9: Projection onto a random unit vector and averaging over all angles.
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TEM wave the electric field amplitude is directly related to the energy density
w in the wave

w =
1

2
ϵ |E|2 . (10.107)

Thus the power spectral density of the electric field of a thermal noise source
is directly related to the spectral energy density of a thermal radiator, which
is given by Planck’s law

SEE(ω) =
2

ϵ
w (f) =

2

ϵ

8π f 2

c3
hf

exp hf
kT

− 1
, (10.108)

SEE(ω) =
4π ~ω 3

ϵc3
⟨s⟩ , with ⟨s⟩ = 1

exp hf
kT

− 1
, (10.109)

where ⟨s⟩ is the average photon number. If we want to describe the fluctuations
in the electric field properly also for zero temperature, we need to include the
zero point energy, which describes the random field fluctuations in the ground
state

SEE(ω) =
4π ~ω 3

ϵc3

(
nth(ω) +

1

2

)
. (10.110)

As we have discussed before and is shown in Section 10.6, the atom only inter-
acts strongly with fields in the spectral range close to the transition frequency,
ω ≈ ωeg. Therefore, we replace the power spectral density for the fields in this
frequency range by

SEE(ω) =
4π ~ω 3

eg

ϵc3

(
nth(ωeg) +

1

2

)
, (10.111)

since only those modes will interact with the atom. The constant spectral
density simplifies the field autocorrelation function in the time domain to

⟨Ebb(t+ τ)Ebb(t)⟩ =
4π ~ω 3

eg

ϵc3

(
nth(ωeg) +

1

2

)
δ (τ) , (10.112)

with nth(ωeg) =
1

exp ~ωeg

kT
− 1

⟨Ωbbr(t+ τ) ∗Ωbbr(t)⟩th =
2

T1
δ(τ), (10.113)

with
1

T1
=

∣∣∣M⃗eg

∣∣∣2
3~2

2ω3
eg~

πc3ϵ

(
nth(ωeg) +

1

2

)
. (10.114)
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Chapter 11

Terahertz generation and
applications

Terahertz (THz) radiation (typically 0.3-30 THz) is of great interest for many
applications such as linear and nonlinear spectroscopy in this wavelength range
[1], charged particle acceleration [2, 3], high-harmonic generation [4] and molec-
ular alignment [5], to name a few. Today, devices exist that directly generate
THz radiation. At low power up to the watt level, quantum cascade lasers
(QCLs) can be used. Up to 100 GHz not quite into the THz range, very-
high-power gyrotrons have been developed for up to 1 megawatt of power for
heating of fusion plasmas. Here, we want to consider only nonlinear optical
techniques for THz generation.

11.1 Auston switch

The most commonly used method for generating short, near-single-cycle pulses
of THz radiation is the photoconductive switch, also often called Auston switch
after its inventor [6], see inset in 11.1. It consists of an antenna with connected
transmission line deposited on a semiconductor substrate. The transmission
line is connected to a voltage to charge it up. When a femtosecond laser pulse
hits the gap between the transmission line to generate carriers, a current flows
and leads to a rapid discharge of the antenna. The antenna current radiates a
THz pulse. For that to happen, the carriers have to disappear rapidly, which is
achieved by using as substrate low-temperature-grown GaAs or ion-bombarded
silicon with typical carrier capture times of 100 fs. A similar Auston switch
can also be used as receiver for the THz radiation. Using a transmitter and
receiver pair, it is straightforward to put a THz-spectroscopy system together
with very high dynamic range. Fig. 11.2 shows THz pulses generated with
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photoconductive switches.

Figure 11.1: THz pulses generated (a) and received (b) with photoconductive
switches.

Figure 11.2: Terahertz waveforms modified by passage through (a) a 10 mm block
of stycast and (b) a chinese fortune cookie. The dashed lines show the shape of the
input waveform multiplied by 0.5 in (a) and by 0.1 in (b). In (a) the transmitted
pulse exhibits a strong ”chirp” due to a frequency-dependent index, while in (b),
pulse broadening indicates preferential absorption of high frequencies. [7]
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This technique was pioneered by C. Fattinger and D. Grischkowsky [8].
Photoconductive switches activated by sub-100-fs pulses or optical rectification
with sub-100-fs pulses leads to the generation of THz electromagnetic impulses,
that can be received with similar photoconductive receivers or by electro-optic
sampling (EOS) [7, 9].

11.2 Optical rectification

Other often used techniques to generate mid-IR or THz radiation is difference-
frequency generation (DFG) of narrowband optical signals, or optical rectifi-
cation (OR) of femtosecond to picosecond laser pulses, which is nothing else
than intrapulse DFG, see Fig. 11.3. One can understand this process by con-
sidering two narrowband optical signals at frequencies ω0 + Ω and ω0, whose
difference frequency Ω lies in the THz range. If we have a whole pulse, all pos-
sible frequency components can generate difference-frequency components and
a THz pulse arises. Once the THz field has built up, it will modulate the gen-
erating optical lines and produce additional sidebands in the optical domain.
In addition, depending on phase matching, the higher frequency optical lines
may parametrically amplify the lower lying spectral components, with the THz
signal as its idler. This leads to cascaded difference-frequency conversion and
downconversion of the optical lines to the THz wavelength range. Depending
on the input pulse format and phase-matching conditions, single-cycle THz
pulses or multi-cycle THz waveforms are generated.

Tables 11.1 and 11.2 show the linear and nonlinear properties, and figures
of merit (FOM) (normalized to LiNbO3) of crystals transparent in the 0-4 THz
range and most widely used for optical THz generation according to Ref. [10].

Figure 11.3: THz generation by DFG from two cw lines or from intrapulse spectral
components. Once intense enough THz has been generated it acts back on the
generating lines and creates additional down-shifted lines, which themselves again
generate THz by DFG. This cascaded DFG process leads to a continuous down-
shifting of the center of the optical spectrum.
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crystal ZnTe LiNbO3 LiTaO3 GaP
opt. wl (µm) 0.8 1.06 1.06 1.06
opt. ref. index 2.85 2.16 2.14 3.11
THz ref. index 3.2 5.2 6.5 3.21
∆n = nTHz − ng,opt 0.35 3.0 4.32 0.1
THz abs. (cm−1) 9.9 21.7 95 3.3
transp. range (µm) 0.55-30 0.4-5.2 0.4-5.5 0.55-10
band gap (eV) 2.26 3.7 5.65 2.25
nonlin. coeff. (pm/V) d14=23.1 d33=152.4 d33=145.2 d14=21.7
nonlin. ref. index n2

10-15cm2/W
at λ (µm)

120 at 1.06
71 at 0.8

0.91
at 1.06

0.37
at 1.06

20
at 0.78

FOM1, long pulses 0.03 1 0.21 0.06
FOM2, ultrashort pl. 0.74 1 0.64 1,67
FOM3, Kerr-limited 0.00045 1 0.416 0.005

Table 11.1: Linear and nonlinear properties, and figures of merit (normalized to
LiNbO3) of crystals transparent in the 0-4 THz range and most widely used for
optical THz generation according to Ref. [10].

crystal GaSe GaAs ZGP CdSiP2

opt. wl (µm) 1.06 2.1 2.1 2.0
opt. ref. index 2.8 3.33 3.15 3.0
THz ref. index 3.26 3.6 3.37 3.05
∆n = nTHz − ng,opt 0.34 0.18 0.17 0.05
THz abs. (cm−1) 2.5 1 1 <0.1
transp. range (µm) 0.65-18 0.9-15 0.75-12 0.5-9
band gap (eV) 2.1 1.424 2.34 2.45
nonlin. coeff. (pm/V) d22=24.3 d14=46.1 d36=39.4 d36=85
nonlin. ref. index n2

10-15cm2/W
at λ (µm)

45
at 1.06

150
at 2.1

40
at 2.1

?
at 2.1

FOM1, long pulses 0.13 0.83 0.68
FOM2, ultrashort pl. 0.13 0.64 0.55
FOM3, Kerr-limited 0.004 0.014 0.047

Table 11.2: Linear and nonlinear properties, and figures of merit (normalized to
LiNbO3) of crystals transparent in the 0-4 THz range and most widely used for
optical THz generation according to ref. [10]

Starting from the DFG picture in Fig. 11.3, this is a three-wave interaction
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described by Eqs. (4.92)-(4.95)

dÊ (ω1)

dz
= −jκ1Ê (ω3) Ê

∗ (ω2) e
−j∆kz, (11.1)

dÊ (ω2)

dz
= −jκ2Ê (ω3) Ê

∗ (ω1) e
−j∆kz, (11.2)

dÊ (ω3)

dz
= −jκ3Ê (ω1) Ê (ω2) e

+j∆kz, (11.3)

with coupling coefficients and difference wave number

κi = ωideff/nic0, and ∆k = k3 − k1 − k2. (11.4)

It is interesting to look at the wave-vector mismatch and its meaning.
We assume ω3 = ω0 + Ω and ω2 = ω0, where ω3 and ω2 are nearby optical
frequencies, and Ω is a THz frequency. Then we obtain for the wave-vector
mismatch for a collinear interaction

∆k =
∂kopt(ω)

∂ω

∣∣∣∣
ω0

Ω− kTHz (Ω) =

(
1

vg,opt
− 1

vp,THz

)
Ω (11.5)

=
Ω

c
(ng,opt − np,THz) . (11.6)

The phase mismatch for THz generation is due to a mismatch in group
velocity of the optical waves and the THz phase velocity. Therefore, the im-
portance in the difference of optical group index and the THz phase index. As
can be seen from Tables 11.1 and 11.2, the material with the highest nonlinear
optical coefficient, lithium niobate, has unfortunately a large index difference,
and for a frequency of, e.g., 1 THz the coherence length is as short as 50 µm.
This problem can be partially overcome by either noncollinear phase matching,
see Fig. 11.4, which leads to the tilted-pulse-front technique or by quasi-phase
matching (QPM) using periodically poled lithium niobate (PPLN). Periodic
poling of course achieves only narrowband phase matching and therefore is the
right choice for multi-cycle THz generation. The tilted-pulse-front technique
achieves phase matching for a broad wavelength range and lends itself to the
generation of single-cycle THz waveforms tracing the derivative of the pulse
intensity.

11.2.1 Optical rectification with tilted-pulse-fronts

Lithium niobate has emerged as the most efficient THz-generation crystal us-
ing the tilted-pulse-front technique. This approach [11, 12, 13] produces single-
cycle THz fields with optical-to-THz conversion efficiencies (henceforth referred
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Figure 11.4: (a) Noncollinear phase matching for THz generation. Note, the THz
phase index in lithium niobate is more than twice as large as the optical group index.
(b) Broadband implementation of the noncollinear phase matching using a grating
and imaging system that leads to the generation of pulses with a tilted pulse front.

to as conversion efficiency) in excess of 1% at room temperature [14]. Conse-
quently, the approach has attracted a lot of interest in the pursuit of mJ-level
THz pulse energies [15, 16, 17]. However, the theoretically predicted conver-
sion efficiencies for this approach are larger than those of the corresponding
experimental demonstrations [18], so it is interesting to understand the dis-
crepancies that lead to a limitation in the achievable conversion efficiencies
[19, 20]. Figure 11.5 shows the schematic of a tilted-pulse-front setup in panel
(a) and its computational domain (b) for simulation.

For the noncollinear geometry, the phase-matching condition (11.5) must
now be separated into a condition parallel to the propagation direction of the
THz radiation z, and one orthogonal to it, let us call this direction y. Note,
this is similar to the noncollinear OPA, see Fig. 11.6.

For the z-component we obtain

∆kz(ω) = cos γ k(ω + Ω)− cos(γ + θ(ω)) k(ω)− kTHz (Ω)

= cos γ
∂kopt(ω)

∂ω
Ω + sin γ

(
− ∂θ

∂ω

)
Ω k(ω)− kTHz (Ω) = 0, (11.7)

and for the y-component

∆ky(ω) = sin γ k(ω + Ω)− sin(γ + θ(ω)) k(ω)

= sin γ
∂kopt(ω)

∂ω
Ω− cos γ

∂θ

∂ω
Ω k(ω)

= sin γ
∂kopt(ω)

∂ω
Ω− cos γ

(
− ∂θ

∂ω

)
Ω k(ω) = 0. (11.8)
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Figure 11.5: (a) Scheme of a tilted-pulse-front configuration for THz generation. An
optical pump pulse with electric field Ein

opt(ω, x0, z0) is incident on a setup to gen-
erate a tilted-pulse-front. The model accounts for the angular dispersion of various
spectral components that can generate THz radiation inside the nonlinear crystal by
satisfying the appropriate phase-matching condition for optical rectification. From
a time-domain viewpoint, the angularly dispersed pulse forms a tilted-pulse-front
shown by the red ellipse. THz radiation is generated perpendicular to this tilted-
pulse-front. (b) Corresponding 2D computational space for solving coupled nonlinear
wave equations for optical rectification. Nonlinear crystal geometry is accounted for

by delineating an appropriate distribution of χ
(2)
eff (x, z). Edges of the distribution

along z0 = 0 are smoothed out to avoid discontinuities. The refractive index is
homogeneously distributed throughout the computational space. The optical beam
is centered at a distance h from the apex of the crystal which sets the limits to the
computational region. The THz field profile can be calculated at a distance zd from
the crystal after Fresnel reflection is taken into account. [20]
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Figure 11.6: Noncollinear phase-matching condition for pulse-front-tilted optical
rectification.

Using the same trick as previously for the noncollinear OPA, we multiply the
condition for the z-direction with cos γ and the condition for the y-direction
with sin γ, and adding both conditions leads to

∂kopt(ω)

∂ω
Ω− cos γkTHz (Ω) = 0

1

vg,opt
− 1

vp,THz

cos γ = 0

ng,opt = np,THz cos γ, (11.9)

which determines the pulse-front-tilt angle γ. Inserting this back into the
condition for the y-direction determines the necessary angular frequency spread

∂θ

∂ω
= − tan γ

vp,opt
ω vg,opt

= − tan γ
ng,opt

ω np,opt

. (11.10)

The pulse-front-tilt angle determines the prism angle, and the angular spread
the choice of grating and imaging system. Note, the sign in the angular spread
is taken care off by the lens in Fig. 11.5.

To achieve insight into the competing linear and nonlinear processes, we
first explore the dynamics by an effective 1D spatial model. The wavenumber
of the optical field in this 1D model propagating effectively into the z-direction
is given by

k(ω) =
1

cos γ

ω n(ω)

c
+

(ω − ω0)
2

2
k

′′

AD (11.11)

k
′′

AD =
−n2

g,opt(ω0)

ω0 c (ω0)
tan2 γ. (11.12)

The factor cos γ appears in the denominator of the first term in Eq. (11.11) to
account for the tilted-pulse-front, where γ is the pulse-front-tilt angle. The sec-
ond term k

′′
AD, corresponds to GVD due to the angle spread (AD) in frequency,
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i.e., the phase advance in z-direction has an additional frequency dependence.
The expression for GVD-AD is given by Eq. (1b) in Ref. [21]. The evolution
equation for the envelope of the THz field is then given by

dÊTHz (Ω, z)

dz
= −αTHz(Ω)

2
ÊTHz (Ω, z) (11.13)

−j
Ω deff
c np,THz

∫ ∞

0

Êopt (ω + Ω, z) Êopt (ω, z)
∗ ej∆k(ω)zdω .

which also includes the THz absorption. For the optical field, we obtain

dÊopt (ω, z)

dz
= −αopt(Ω)

2
Êopt (ω, z)

−j
ω deff
c np,opt

∫ ∞

0

Êopt (ω + Ω, z) ÊTHz (Ω, z)
∗ dΩe−j∆k(ω)z

−j
ω deff
c np,opt

∫ ∞

0

Êopt (ω − Ω, z) ÊTHz (Ω, z) e
−j∆k(ω)zdΩ

+F
[
j
ε0ω0 n

2
p,opt n2deff
2

|Eopt (t, z)|2 Eopt (t, z)

]
(11.14)

+F
[
j
ε0ω0 n

2
p,opt n2deff
2

[
|Eopt (t− t′, z)|2 ⊗ hr(t

′)
]
Eopt (t, z)

]
,

which includes potential optical absorption, the difference and sum-frequency
generation with the THz field, self-phase modulation and Raman effect now
added in the Fourier domain. The symbol F denotes a Fourier transform and
hr(t

′) is the Raman response function. Fig. 11.7 shows the experimental and
simulation results for the transmitted optical spectra for a 500-fs Gaussian
pulse at 1030 nm through the lithium niobate prism after THz generation for
different pulse energy levels corresponding to given values of the maximum
conversion efficiency achievable. The other parameters used are deff = 180
pm/V and n2=10−15 cm2/W. Both the simulated and experimental spectra
show an amount of broadening and red-shift commensurate with the amount
of THz generated. This is strong evidence that the observed broadening is a
direct consequence of THz generation. To further reinforce this point, in Fig.
11.7(a), when there is virtually no THz generation, there is also negligible
broadening of the transmitted optical pump pulse. This also indicates a rela-
tively small impact of SPM and Stimulated Raman Scattering (SRS) effects in
these experiments even at the relatively large peak intensities of 40 GW/cm2.

In Figs. 11.7(b) and (c), the extent of broadening seen in experiments is well
reproduced by the simulations at half the maximum and maximum conversion
efficiency, respectively. Here, in addition to the red shift, a relatively small
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Figure 11.7: Comparison of experimental and simulated optical spectra for different
amounts of generated THz. The frequency down-shift and spectral broadening can
be modeled only by the simultaneous solution of the THz and optical fields. (a)
No broadening or red-shift is observed when conversion efficiency η = 0%, which
implies small effect of SPM. (b)There is large cascaded frequency down-shift and
spectral broadening corresponding to a larger amount of THz generation (c) Max-
imum frequency down-shift and spectral broadening is observed when conversion
efficiency is maximum at ηmax = 0.8%. Conversion efficiency, amount of frequency
down-shift and spectral broadening are in good agreement with experiments. The
difference between theory and experiment can be attributed to uncertainties in ma-
terial parameters (χ(2), n, α) and experiments. The measured spectra include spatial
averaging effects which are not included in the calculations, which could explain their
difference.

amount of blue-shift is also seen which also increases with increasing THz
generation. This effect is also observed in our calculations. An explanation
for this is obtained by inspecting the third term on the right-hand side of Eq.
(11.14). This term represents a blue-shift of the optical pulse via THz plus
optical SFG, which increases with the THz conversion. Consequently, there is
an increasing amount of blue-shift with increased THz generation, albeit to a
much lesser extent than that of the red-shift. The difference in the shape of the
spectra between experiments and simulations is partly due to the usage of a 1D
model. In the actual physical situation, due to the noncollinear propagation
of the optical and THz radiation, different parts of the optical beam will be
broadened to different extents. The final recorded power spectrum would then
correspond to a spatial averaging of the spectral intensity over the beam cross-
section. Such spatial averaging has not been considered here.
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The good match in conversion efficiency, frequency shifting, and spectral
broadening between simulation and experiments is evidence that even this
simple 1D model captures the essential physics of the nonlinear THz generation
process.

We can now selectively switch-on and switch-off various effects in our sim-
ulations to study their relative importance.

In Fig. 11.8, we calculate the conversion efficiency as a function of the
effective propagation length Leff for various cases. Material dispersion and
THz absorption are considered in all cases. The different cases are as follows:
(i) GVD-AD is considered. This corresponds to an undepleted-pump approx-
imation where only Eq. (11.13) is solved and the optical pulse is assumed
unchanged during propagation. There is no change in the total pump pulse
energy or spectrum; (ii) SPM, SRS and GVD-AD are considered. Equations
(11.11)-(11.13) are used. Only the fourth and fifth terms in Eq. (11.14) are
employed. Here, the total pump pulse energy is conserved but spectral reshap-
ing of the pump pulse spectrum occurs due to SPM; (iii) cascading effects are
included but SPM, SRS and GVD-AD are excluded. Equations (11.13) and
the first three terms of Eq. (11.14) are utilized. The GVD-AD term, k”(ω)AD

is set to zero; (iv) cascading effects and GVD-AD are included but SPM and
SRS are excluded. Equations (11.13) and (11.14) are used but the fourth and
fifth terms of Eq. (11.14) are ignored; (v) all effects are simultaneously in-
cluded (Eqs. (11.13) and (11.14)). A crystal temperature of 100 K is assumed.
This is because the difference between various cases is best illustrated with
cryogenic cooling rather than at room temperature. The pump fluence is fixed
at 20 mJ/cm2 and the material parameters are the same for all simulations.
The absorption and refractive index are functions of crystal temperature. Due
to the change in refractive index with temperature, the pulse-front-tilt angle
for optimal phase matching is now set to γ = 62.26◦.

In Fig. 11.8(a), we plot the simulation results for cases (i)-(v) for a
transform-limited (TL) Gaussian pulse with a FWHM pulse width of 500 fs.
This corresponds to a peak intensity of 40 GW/cm2. For case (i), when only
GVD-AD is considered, conversion efficiencies larger than 10% are possible, in
agreement with the results from [15]. For case (ii), when SPM and SRS effects
are included, the conversion efficiency peaks at about 6%. The reduction in
maximum conversion efficiency is because of the additional phase mismatch
induced by the change in refractive index at optical frequencies due to SPM
effects. The increase in phase mismatch is evident in the reduction of the op-
timal effective length value compared to case (i) to Leff = 6 mm. Beyond this
distance, the coherent build up of THz energy reduces as the optical and THz
pulses slip out of phase.

For case (iii), when only cascading effects are considered along with material
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Figure 11.8: Conversion efficiencies as a function of effective length are calculated by
switching on/off various effects. Material dispersion and absorption are considered
for all cases. The pump fluence is 20 mJ/cm2, for a crystal temperature of 100 K. (a)
Gaussian pulses with 500-fs FWHM pulse width with peak intensity of 40 GW/cm2

are used. Cascading effects together with GVD-AD leads to the lowest conversion
efficiencies. The drop in conversion efficiency is attributed to the enhancement of
phase mismatch caused by dispersion due to the large spectral broadening caused
by THz generation (See Figs. 11.7(b)-(c)). However, since group velocity dispersion
due to angular dispersion (GVD-AD) is more significant than GVD due to material
dispersion at optical frequencies in lithium niobate, cascading effects in conjunc-
tion with GVD-AD is the strongest limitation to THz generation. SPM effects are
much less detrimental since they cause relatively small broadening of the optical
pump spectrum (see 11.7 (a)). (b) Cascading effects along with GVD-AD are most
detrimental even for a 150-fs Gaussian pulse with 3× larger peak intensity. [19]
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dispersion, the conversion efficiency peaks at ∼3%. Here, the dispersive effects
due to material dispersion are enhanced by the broadened spectral bandwidth
of the optical pump pulse and therefore the corresponding optimal effective
lengths are shorter compared to cases (i),(ii). This is demonstrated by a de-
crease of the optimal effective length to ∼2.5 mm. This shows that cascading
effects in combination with material dispersion is even more detrimental to
THz generation than SPM. This trend agrees with the experiments and sim-
ulations in Fig. 11.7. Here, it was seen that the spectral broadening which
occurs as a consequence of THz generation was much larger than that due to
SPM.

For case (iv), when both cascading effects and GVD-AD are considered, the
peak conversion efficiency is reduced to 1.8%. The optimal effective length re-
duces even further compared to case (iii) to ∼1.5 mm. It can also be seen that
the conversion efficiency degrades more rapidly with propagation length com-
pared to case (iii). These allude to the dominant effect of GVD-AD compared
to material dispersion. This is further verified by calculations of GVD-AD
from Eq. (11.11) (-15000 fs2/mm) which are significantly larger in magnitude
compared to GVD due to material dispersion in lithium niobate at optical
frequencies (<1000 fs2/mm). Finally, if all effects (SPM, GVD-AD, cascading
effects) are considered simultaneously for case (v), there is only a minor change
compared to case (iv) in Fig. 11.8(a). This confirms that the combination of
spectral broadening caused by the generation of THz (cascading effects) and
angular dispersion are the most dominant limiting effects. A five-fold reduc-
tion in the maximum achievable conversion efficiency in comparison to the 10%
efficiency levels for similar pump parameters [15] is observed.

In Fig. 11.8(b), we show the results for cases (i)-(v), using a TL Gaussian
pulse with a FWHM pulse width of 150 fs, while keeping the pump fluence
constant. This corresponds to a peak intensity of ∼120 GW/cm2. At these
higher intensities, the effect of SPM is seen to be more pronounced than in
Fig. 11.8(a). However, even here trends are consistent with Fig. 11.8(a) and
cascading effects in conjunction with GVD-AD impose the strongest limitation
to conversion efficiency. The effective lengths at which conversion efficiency
peaks reduces even further compared to Fig. 11.8(a) for all cases. For case (i),
this is because of the larger effects of dispersion due to an increased spectral
bandwidth compared to Fig. 11.8(a). For cases (ii)-(iv), it is owed to a faster
(with respect to length) broadening of the optical pump pulse. This is because,
THz generation initially occurs at a faster rate because of the higher intensity.
However, since the generation of THz is necessarily accompanied by spectral
broadening of the optical pump pulse, coherent build-up of THz ceases at
shorter distances.

In summary, cascading effects broaden the spectral bandwidth and enhance
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dispersive effects which leads to greater phase mismatch. In lithium niobate,
since GVD-AD due to angular dispersion is larger than that due to material
dispersion at optical frequencies, cascading effects in conjunction with GVD-
AD represent the strongest limitation to THz generation for 1 µm pumping.
The inclusion of these effects significantly reduces the maximum achievable
conversion efficiency. The effective lengths at which the conversion efficiency
peaks reduce significantly and are on the order of ∼1 mm. For such short
propagation lengths, absorption plays a minor role in limiting conversion effi-
ciency. This is an additional reason why free-carrier absorption (FCA) is not
expected to play a major role for pumping at 1 µm.

Verification using a 2D model with complete description of beam
parameters

In OR using tilted-pulse-fronts, there is a spatial separation of optical fre-
quency components due to angular dispersion. Furthermore, the generated
THz propagates in a direction different from the optical pump. Due to these
separating field profiles, a realistic simulation can only be expected from a 2D
spatial model. We now use a numerical 2D spatial model which takes into
consideration the noncollinear propagation of the optical and THz fields and
their mutual interaction. It includes angular dispersion, cascading effects as
well as SPM and SRS effects. The crystal geometry and reflections of THz
radiation at the crystal boundary are also considered. The formulation of this
model is a 2D extension of the earlier presented 1D model. It solves a cou-
pled system of 2D wave equations for the optical and THz fields Eop(ω, x, z),
ETHz(Ω, x, z), respectively, in the (x, z) coordinate axes, where z is the THz
propagation direction and x is the corresponding transverse direction.

We use this 2D model to confirm the conclusion that cascading effects
in conjunction with GVD-AD are the strongest limitation to the scaling of
conversion efficiency. The simulation parameters are the same as before. An
optical pump beam with input radius (1/e2) of 2.5 mm was incident on the
diffraction grating. The transformation of the beam by optical elements was
computed using dispersive ray pulse matrices [20]. It impinged the crystal at
a distance 2.5 mm from the apex of the crystal. Material dispersion and THz
absorption are considered in all cases. The simulation results are shown in
Fig. 11.9(a) and (b). The area contained within the box delineated with green
lines in Fig. 11.9 represents regions with a nonzero χ(2). The right edge of
the computational space represents the output facet of the crystal from which
the THz radiation emerges. This choice of coordinate axis is the same as that
depicted in Fig. 11.5. The oblique beam (cyan/light-blue colored) depicts the
optical pump fluence ∝

∫
|Eop(ω, x, z)|2dω . Here, x is the transverse direction,
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Figure 11.9: 2D model: Simulation parameters are the same as before. (a) THz
fluence (red) and optical fluence (oblique, cyan/light-blue) when only SPM effects
are included. Regions within the green box have nonzero χ(2). THz generation
occurs along the full length of optical pump pulse propagation. Minimal broadening
by SPM is seen between pulse spectra at locations (i) to (iii). A slight narrowing of
the spectrum is seen in (ii), compared to (i) due to the spatial chirp associated with
angular dispersion. The conversion efficiency is 2.28% (b) THz and optical fluence
when cascading effects are included. Note how the pulse spectrum in location (i)
is rapidly broadened in locations (ii),(iii). THz generation ceases once the pulse
spectrum has drastically broadened. The conversion efficiency is only 0.85%.
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perpendicular to the direction of THz propagation. The optical pump pulse
enters the crystal normal to the input surface, as seen in Fig. 11.9. In Fig.
11.9, the angular dispersion of the optical pump beam cannot be seen with
the naked eye because even for a large bandwidth of 100 nm, the beam is still
relatively paraxial (with kx ≪ kz). However, the evidence of angular dispersion
is in the generation of THz. Without the appropriate angular dispersion, phase
matching is not possible and THz generation will not occur. The red-colored
regions represent the total generated THz fluence

∝
∫

|ETHz(Ω, x, z)|2dΩ. (11.15)

In Fig. 11.9(a), we calculate the generated THz fluence when only SPM,
GVD-AD and material dispersion are included. THz continues to be gener-
ated over the entire length of the optical pump pulse propagation. The optical
pump pulse spectra at locations delineated by labels (i)-(iii) are shown. No
appreciable broadening of the optical pump pulse spectrum due to SPM is
seen, which explains why THz continues to be generated, unabated. There is
a slight narrowing of the spectrum between locations (i) and (ii). This is a
consequence of angular dispersion, which leads to different spectra at differ-
ent spatial locations, even in the absence of THz generation. This result is
in agreement with the experimental observation that no appreciable broaden-
ing due to SPM is observed and simulations (Fig. 11.7(a)). The conversion
efficiency in Fig. 11.9(a) is 2.28%.

In Fig. 11.9(b), cascading effects, GVD-AD and material dispersion are
considered while SPM effects are excluded and all simulation parameters are
kept fixed. The scale for the THz and optical fluences are the same as in Fig.
11.9(a). Initially, there is a growth in the amount of generated THz fluence
analogous to Fig. 11.8(a). However, after a short distance of propagation,
the generation of THz ceases to occur. A conversion efficiency of only 0.85%
is achieved. The optical spectra at the spatial locations delineated by labels
(i)- (iii) are shown. It can be seen that for location (i), prior to appreciable
THz being generated, there is no noticeable broadening of the optical pump
spectrum. However, in (ii) and (iii), there is significant broadening of the
optical pump spectra. After extensive broadening in (iii), no further THz is
generated. Therefore, the 2D model is in agreement with the 1D model in that
cascading effects in conjunction with angular dispersion limit the conversion
efficiency more strongly than SPM and SRS. The extent of broadening at
location (iii) is larger than the experimental results since spatial averaging
effects are not included.
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11.2.2 Optical rectification by Quasi-Phase Matching
(QPM)

As we have seen from the last section, due to the cascaded noncollinear inter-
action, the conversion efficiency is limited in the tilted-pulse-front technique.
There is hope to change that using quasi-phase matching, which enables phase
matching in a collinear interaction. We still need cascading to achieve a high
optical-to-THz conversion efficiency in a single-pass interaction. However, in
a collinear interaction the beam does stay together and does not break-up,
which should be advantageous. The phase-matching condition (11.5) needs to
be extended by the grating wave number, which determines the poling period
Λ

∆k =
∂kopt(ω)

∂ω

∣∣∣∣
ω0

Ω− kTHz (Ω) +m
2π

Λ
=

(
1

vg,opt
− 1

vp,THz

)
Ω +m

2π

Λ
= 0(11.16)

=

(
ng,opt − np,THz

c

)
Ω +m

2π

Λ
= 0 (11.17)

→ Λ = m
λTHz

np,THz − ng,opt

. (11.18)

For the nonlinear optical materials in Tables 11.1 and 11.2, the THz phase
index is larger than the optical group index and therefore, the natural choice
is m = 1. In contrast to velocity-matched single-cycle OR, optical rectification
with QPM crystals gives rise to multi-cycle narrowband THz radiation with
the center frequency according to (11.18), see Fig. 11.10.

Each inverted domain of a QPM nonlinear crystal contributes a half-cycle
of the THz pulse and thus the THz wave packet has as many oscillation cycles
as the number of QPM periods over the length of the crystal, see Fig. 11.10.
Also, PPLN was used in surface-emitting geometries for THz generation using
both OR (fs pulses) and DFG (ps pulses). Lately, THz-wave generation was
demonstrated in periodically-inverted GaP and GaAs. In fact, III-V semicon-
ductors are very attractive for QPM THz-wave generation because of several
appealing properties, namely: (i) small THz absorption coefficient (smaller by
an order of magnitude than in commonly used EO crystals: lithium niobate,
ZnTe, CdTe), (ii) large coherence length due to small mismatch between the
optical group and THz phase velocities, and (iii) high thermal conductivity.

Figure 11.10 depicts a schematic illustration of collinear THz-wave gen-
eration in a nonlinear crystal with periodically-inverted sign of χ(2). In (a),
optical rectification with femtosecond pulses, in (b) DFG with two picosecond
pulses (Ω = ω3 - ω2) is shown. In [22], THz-waves were obtained by DFG in a
periodically-inverted GaP stack, produced by direct wafer-bonding technique,
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Figure 11.10: Schematic illustration of collinear THz-wave generation in a nonlin-
ear crystal with periodically inverted sign of χ(2). (a) Optical rectification with
femtosecond pulses, (b) difference-frequency generation with two picosecond pulses
(Ω = ω3 − ω2) [10].

and the GaP crystal was pumped with 10-nanosecond pulses near 1.55 µm.
Thus, optical THz generation in nonlinear crystals provides a variety of meth-
ods to produce THz output with an average power from nW to mW, and peak
power up to megawatts. For example, single-cycle THz pulses with peak power
of 5 MW were demonstrated by OR in LiNbO3 [12] and sub-ns pulses with 2
MW peak power (at 1 THz) by noncollinear DFG in GaAs, using 250-ps CO2

laser pulses [23].

Plane-wave analysis of optical-to-THz conversion in QPM crystals
with ultrashort pulses

Here, we follow the analysis of Vodopayanov of the scenario shown in Fig.
11.10. We consider as an optical pump, bandwidth-limited ultrashort (e.g.,
femtosecond - nanosecond) laser pulses propagating along the z-direction in
the form of infinite plane waves, with the Gaussian temporal envelope of the
electric field

Eopt(t) = Re{E0 e
−t2/τ2 ejω0t} =

1

2
{E0 e

−t2/τ2 ejω0t + c.c.}, (11.19)
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where ω0 is the central frequency and τ is the pulse width. The intensity
envelope is thus I(t) ∼ exp(−2t2/τ 2) and the pulse duration at full width
of half-maximum is τFWHM=(2ln2)1/2τ=1.18τ . Having the Fourier transform
pair defined in the form

f(t) =

∫
f̂(ω) ejωt dω (11.20)

f̂(ω) =

∫
f(t) e−jωt dt (11.21)

and taking into account that E(t) is real, we can get (z = 0) a transform

of the electric field (11.19) in the form 1
2

(
Ê(ω) + Ê(ω)∗

)
,where E(ω) is the

one-sided (ω > 0) Fourier component given by

Êopt(ω) =
Eoτ

2
√
π
exp

(
−τ

2ω2

4

)
. (11.22)

In the undepleted pump approximation and neglecting the losses, we obtain
for the THz field generated by the optical Gaussian pulse from Eq. (11.13)

dÊTHz (Ω, z)

dz
= −j

Ω dQPM
eff

c np,THz

E2
oτ

2

4π

∫ +∞

−∞
exp

(
−τ

2 (ω + Ω)2

4

)
exp

(
−τ

2ω2

4

)
dω

= −j
Ω dQPM

eff

c np,THz

E2
oτ

2
√
2π

exp

(
−τ

2Ω2

8

)
ej∆k(Ω)z. (11.23)

Solving this equation as in the case of SHG, the power spectral density of the
THz radiation is given by∣∣∣ÊTHz (Ω, z)

∣∣∣2 =
Ω2 dQPM,2

eff

c2 n2
p,THz

E4
oτ

2

8π
exp

(
−τ

2Ω2

4

)
L2sinc2(

∆k(Ω)L

2
) (11.24)

with ∆k(Ω) = ∆k =
ng,opt − np,THz

c
+m

2π

Λ
(11.25)

and PPLN dQPM
eff = 2

π
deff . The optical-to-THz energy fluence efficiency in

plane-wave approximation is

ηPW
THz =

Fluence THz

Fluence (pump)
(11.26)

with the pump fluence

Fpump =
cε0np,opt

2

∫ +∞

−∞
|Eopt (t, 0)|2 dt =

√
π

2

cε0np,opt

2
E2

oτ (11.27)
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and THz fluence

FTHz =
cε0np,THz

2

∫ +∞

−∞
|ETHz (t, L)|2 dt =

cε0np,THz

2
2π

∫ +∞

−∞

∣∣∣ÊTHz (Ω, z)
∣∣∣2 dΩ

(11.28)
where we used Parceval’s theorem∫ +∞

−∞
|f(t)|2 dt = 2π

∫ +∞

−∞

∣∣∣f̂ (Ω)∣∣∣2 dΩ. (11.29)

Thus, we obtain

ηPW
THz =

Ω2 dQPM,2
eff E2

oτ

2
√
2πc2 np,optnp,THz

L2

∫ +∞

0

exp

(
−τ

2Ω2

4

)
sinc2(

π

2

Ω− Ω0

∆Ω
) dΩ,(11.30)

with Ω0 =
2π c

Λ (ng,opt − np,THz)
and ∆Ω =

2π c

L (ng,opt − np,THz)
=

Λ

L
Ω0 (11.31)

where ∆Ω is the acceptance bandwidth for a given crystal length and is equal
to the center wavelength divided by the number of QPM periods N = L

Λ
in

the crystal. Note, N is half the number of coherence lengths contained in the
crystal if there would be no QPM. If the crystal contains many QPM periods,
the generated THz is very narrowband and mostly due to optical frequency
components which are separated by the phase-matching frequency Ω0, which
is the center frequency of the generated THz signal. The Gaussian function
is the square of the convolution of the optical field spectrum at a given THz
spectrum and therefore has typically the width of the optical spectrum. For
the unchirped Gaussian, it agrees exactly, see Fig. 11.22. The narrow sinc2-
function, typically acts like a delta function, and we can approximate the
integral as

ηPW,sp
THz =

Ω2 dQPM,2
eff E2

oc

2
√
2πc2 np,optnp,THz

L2g1(Ω0) 2 ∆Ω =

=
Ω2 dQPM,2

eff E2
oτ

c np,optnp,THz

√
2π

(ng,opt − np,THz)
L g(Ω0)

=
2Ω2 dQPM,2

eff L

ε0 c2 n2
p,optnp,THz (ng,opt − np,THz)

g1(Ω0) Fpump (11.32)

with g1(Ω0) = exp

(
−τ

2Ω2
0

4

)
= exp

(
− (πfTHzτ)

2) and (11.33)

2 ∆Ω =

∫ +∞

−∞
sinc2(

π

2

Ω− Ω0

∆Ω
) dΩ (11.34)
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Figure 11.11: Relative THz generation reduction due to g1(Ω0).

where g(Ω0) is a reduction factor, if the optical pulse spectrum is not broad-
band enough to produce a nonlinear polarization at the QPM-THz frequency
Ω0. Due to this effect, the THz generation efficiency drops off as soon as
fTHzτ > 0.1, see Fig. 11.11. The fact that the THz efficiency only grows
with the length of the QPM crystal L and not with L2 is a consequence that
the optical pulse is much shorter than a coherence length of the crystal and
therefore it walks off from the already generated crystal. Quadratic growth
is only possible over one coherence length, i.e., one of the layers of the QPM
crystal.

Plane wave analysis of optical-to-THz conversion in QPM crystals
with longt pulses

Let us now consider as a pump, bandwidth-limited pulses with longer (pico- or
nanosecond) duration τ , such that fTHzτ > 1. In this case, the spectrum of a
single pulse is narrow and to generate THz output, two different pump pulses
need to be mixed to achieve difference-frequency generation (DFG). Assume
that two Gaussian bandwidth-limited optical pulses (plane waves) at frequen-
cies ω2 and ω3 with equal pulse widths propagate collinearly and generate a
THz wave centered at Ω0 = ω3 − ω2. In that case, the field convolution spec-
trum of the Gaussian pulses located at the THz frequency for phase matching
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and on top of the sinc-function (11.30)

ηPW,lp
THz =

Ω2 dQPM,2
eff E2

oτ

2
√
2πc2 np,optnp,THz

L2

∫ +∞

0

e

(
− τ2(Ω−Ω0)

2

4

)
sinc2(

π

2

Ω− Ω0

∆Ω
) dΩ,(11.35)

=
Ω2 dQPM,2

eff E2
oτ

2
√
2πc2 np,optnp,THz

L2

∫ +∞

0

e

(
− τ2(Ω′)2

4

)
sinc2(

π

2

Ω′

∆Ω
) dΩ′.(11.36)

Introducing the temporal walk-off length between the optical and THz pulses
as

lw =

√
πcτ

(ng,opt − np,THz)
, (11.37)

which is proportional to the length in the crystal where the pulse walks off from
the generated THz radiation by its width due to the difference in velocities.
Then Eq. (11.36) can be expressed as

ηPW,lp
THz =

Ω2 dQPM,2
eff E2

o

2
√
2πc2 np,optnp,THz

L2

∫ +∞

0

exp

(
− y2

4

)
sinc2(

√
π

2

L

lw
y) dy, (11.38)

ηPW,lp
THz =

Ω2 dQPM,2
eff E2

o√
2c2 np,optnp,THz

lwL

π
g2(

2lw
L

) (11.39)

g2(x) =

∫ +∞

0

exp

(
−x

2µ2

π

)
sinc2(µ) dµ, with x =

2lw
L
. (11.40)

Figure 11.12 is the plot of the reduction factor g2 as a function of lw/L. In many
cases, it is desirable to have longer pulses to suppress high-order nonlinear
optical effects, even at the expense of some loss in efficiency. Thus, setting
lw/L = 1 (i.e., g2 = 0.69) might be a good compromise between efficiency and
pump intensity. For L = 1 cm in GaAs and pumping at 2.1 µm, the lw/L = 1
condition corresponds to a pulse duration of 3.6 ps. For longer pulses, the
THz efficiency will decline; however it will not be improved dramatically if the
pulses are made shorter.

Especially for pulses longer than the crystal length, i.e., walk-off length
longer than crystal length, the THz radiation adds up coherently over the full
length and we obtain for the efficiency

ηPW,lp→∞
THz =

Ω2 dQPM,2
eff E2

o

2
√
2πc2 np,optnp,THz

L2 (11.41)

=
Ω2 dQPM,2

eff

πε0c3 n2
p,optnp,THz

Fpump

τ
L2,

which is proportional to the pump intensity and the length square.
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Figure 11.12: Relative THz generation reduction due to g2(2
lw
L ).

Optimal length of the EO crystal

From the simple plane-wave analysis above, we see that the optical-to-THz
conversion efficiency, in the optimized case, is proportional to L or L2. If we
take into account THz absorption in the crystal (which is usually much larger
than the optical absorption) but still neglect pump depletion, we obtain

ηTHz(L) ∼
1

αTHz

[
1− e−αTHzL

]
= Leff

where αTHz is the THz intensity absorption coefficient and Leff is an effective
length. When L → ∞, Leff → 1/αTHz. Choosing L = 1/αTHz will give us
Leff = 0.63/αTHz. In general, one can introduce another reduction factor,
associated with the absorption and write

ηTHz(L) ∼ g3L, with g3 =
1

αTHzL

[
1− e−αTHzL

]
.

For L = 1/αTHz, g3 = 0.63.

Optimal focusing

To maximize the THz efficiency, one needs to focus pump beams. In the
near-field approximation, when the focusing is loose and diffraction can be
neglected, the optical-to-THz conversion efficiency (OR, femtosecond pulses)
with respect to the pump-pulse energy Upump can be obtained by integrating
Eq. (11.32) over the transverse coordinate r, Epump(r) ∼ exp(−r2/w2))
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ηTHz =
UTHz

Upump

= g1 g3
2Ω2 dQPM,2

eff L

ε0 c2 n2
p,optnp,THz (ng,opt − np,THz)

Upump

πw2
,

where w is the Gaussian pump beam size. Following Chapter 5 of Ref. [25],
which considers the DFG case, we can characterize the focusing strength by
a focusing parameter ξ = (λ L/2πnTHzw

2), where λ is the THz wavelength
and nTHz is the THz refractive index (Boyd-Kleinman’s theory itself [25] is
not applicable here since the THz field is not a resonant field and its dis-
tribution is not defined a priori by an optical cavity). Morris and Shen [26]
developed a theory of far-infrared generation by optical mixing of focused laser
beams, based on Fourier analysis with respect to transverse k-vector compo-
nents, and have found that focusing of the pump beams appreciably enhances
the far-infrared output despite the strong far-infrared diffraction. This is un-
derstandable, since the optical beam continuously generates new THz waves
building up coherently on what is already there, when propagating with its
own beam profile and with increasing efficiency. For example, in a 1-cm-long
GaAs crystal and an output wavelength 100 µm, the optimal focal-spot size
(for the optimized phase-matching condition) was found to be around w = 20
µm, which corresponds to ξ = 110, and is less than the THz wavelength.

Figure 11.13: Enhancement factor h as a function of the focusing parameter ξ.
Solid curve is based on Ref. [26]. Dashed curve – plane-wave approximation. Dots
represent calculations based on the Green’s function method. Inset: far-field THz
intensity profiles at different ξ for a 1-cm-long GaAs.
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Cascading and red shift

THz-wave generation via OR is a parametric process of self-mixing, in which a
photon from the blue (high-frequency) wing of the femtosecond optical pulse
decays into a THz photon plus a red-shifted photon, corresponding to the
low-frequency wing of the same optical pulse. From the photon energy con-
servation argument, it follows (if we neglect losses) that the center of weight
of the optical pulse spectrum will be red-shifted by ∆ω/ω0 ∼ ηTHz, where ω0

is the central optical frequency. When optical-to-THz photon conversion effi-
ciency approaches 100%, the red shift will be on the order of the THz frequency
Ω. Once the optical pulse becomes red-shifted, it can still contribute to THz
generation – the same process of cascaded optical down-conversion continues
to transfer optical energy to lower frequencies, as long as the phase mismatch
∆k is small. Accordingly, cascaded down-conversion will be the most efficient
when the pump wavelength is close to the point of zero group-velocity disper-
sion (GVD). Quantitatively, the number of cascading cycles can be expressed
as N = 0.5 × (acceptance bandwidth) / (terahertz frequency). Here accep-
tance bandwidth is with respect to the pump frequency and can be found by
differentiating (11.17):

d∆k

dω
=

Ω

c

dng,opt (ω)

dω
=

Ω

c

dng,opt (λ)

dλ

dλ

dω
(11.42)

=
Ω

c

dng,opt (λ)

dλ

λ2

2πc
(11.43)

from the condition for the acceptance bandwidth ∆ωacc

d∆k

dω
L∆ωacc = 2π

we obtain

∆ωacc =
2πcω

LΩ

(
λ
dng,opt (λ)

dλ

)−1

. (11.44)

From Fig. 11.14, we can see that the number of THz cascading cycles in GaAs
at 2-3.5 µm pump can be >10. At pump wavelength near 6.6 µm, where the
GVD reaches zero, N can be even higher. Thus, THz conversion efficiency can
be significantly above the Manley-Rowe limit. The possibility of overcoming
quantum-defect-related limitations on the efficiency of THz-wave difference-
frequency generation, for the case of mixing two discrete near-IR frequencies,
was suggested by Cronin-Golomb [27].
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Figure 11.14: Number of THz cascading cycles as a function of THz frequency and
pump wavelength for GaAs, L = 1 cm.

Summary

From the above discussion, we can introduce a set of figure of merits (FOMs)
that help to judge the maximum efficiency achievable with the materials sum-
marized in Tables 11.1 and 11.2. One such number that characterizes the
material with respect to its capability for THz generation efficiency, see Eq.
(11.32) and Tables 11.1 and 11.2, was chosen as [10]

FOM1=
d2eff

np,optαTHz

(11.45)

or

FOM2=
d2eff

n2
p,opt(np,THz − ng,opt)

. (11.46)

If the maximum propagation distance is limited by the Kerr effect, the critical
FOM becomes

FOM3=
λopt d

2
eff

n2
p,optnp,THzαTHzn2

. (11.47)
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Chapter 12

High-harmonic generation and
attoscience

High-harmonic generation (HHG) is an extreme nonlinear optical technique
for producing spatially and temporally coherent extreme-ultraviolet (XUV)
light, as well as light pulses with durations down to below hundred attosec-
ond (1 attosecond (as) = 10−18 seconds). To support pulses with such short
durations, light with a frequency higher than the inverse pulse duration is re-
quired corresponding to XUV wavlengths of tenth of nanometers and shorter.
Construction of lasers at these wavelengths is challenging and other means of
producing significant XUV radiation, such as synchrotrons and Free-Electron
Lasers (FELs) are rather expensive. HHG has the potential for generating
significant coherent XUV radiation, even in the form of ultrashort pulses with
attosecond duration opening up the new field of ultrafast and in particular
attosecond XUV/X-ray spectroscopy [1, 2, 3].

HHG occurs when an intense pulsed laser beam is focused into a (noble) gas
jet (or solid as will be discussed in Chapter 13). The intensity of the laser light
is chosen such that its electric field amplitude is comparable to the electric field
in the atoms (or molecules). Such fields are able to detach electrons from atoms
by tunnel ionization, as opposed to photo-ionization by a weak field with high
enough photon energy. The detached electron is accelerated in the field and
under certain conditions has significant probability to hit the parent ion left
behind upon return. The ”recollision” results in the emission of high-energy
photons. This description is called the three-step model of HHG [4, 5, 6, 7]
and is schematically depicted in Fig. 12.1.
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Figure 12.1: Three-step model of high-order harmonic generation in gases. [1]

12.1 Atomic units

The dynamics of electrons in electric fields of atomic strength is most con-
veniently described in atomic units. Then typically atomic magnitudes are
numbers of order one, which is very convenient. Atomic units are used in
the vast majority of atomic physics literature, and in particular in the HHG
literature (e.g., in [1, 2, 3]).

In atomic units, Planck’s constant ~, the free electron mass m, and the
electron charge q are set to one. Mass, charge and angular momentum are
therefore measured relative to these magnitudes, and once three of them are
given, the atomic unit for every other physical magnitude can be defined. In
order to gain some intuition about atomic units, it is instructive to think
about the Bohr hydrogen atom, with the electron moving around the proton
in a circular orbit, whose radius is the Bohr radius (see Fig. 12.2). Table 12.1
lists the definitions of some atomic units and conversion ratios to SI units.

+

–
E=1

R
adius=1

m
= 1

q
= 1

Figure 12.2: Definitions of atomic units via the Bohr model of the hydrogen atom.
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Atomic unit of... definition in SI units

electric charge the electron charge 1.602× 10−19 C

mass the electron mass 9.109× 10−31 kg

length the Bohr radius 5.2917× 10−11 m

time 1/2π of the first Bohr orbit period 24.189 as

energy the potential energy of the elec-
tron in the first Bohr orbit

27.21 eV =
4.359× 10−18 J

electric field the electric field at the first Bohr
orbit

5.142× 1011 V/m

Table 12.1: Definitions of atomic units (a.u.) for some often used quantities and
conversion to the SI system.

For example, the hydrogen ionization energy is 1
2
a.u., and that of helium

is about 0.9 a.u. Another example is the dielectric susceptibility of matter.
Ignoring for the moment tensorial and non-instantaneous effects we can write
for the polarization of a medium

P = ϵ0
(
χ(1)E + χ(2)E2 + χ(3)E3 + ...

)
(12.1)

The nonlinear susceptibilities in SI units are of the order of 10−12 for χ(2) and
10−23 for χ(3). When P and E are expressed in atomic units, all the χ-s are
of order one, because the electric field is then expressed in units of the electric
field in an atom. We can argue that once the electric field reaches atomic fields,
all harmonics of the fundamental laser wave will be observed, with intensities
of similar orders of magnitude. Indeed HHG occurs only when such intensities
are reached.

A typical field amplitude for HHG in helium is 0.3 a.u. ≈ 1.7× 109V/cm.
The corresponding intensity is 0.5·E2/377Ω ≈ 4×1015W/cm2. For a Ti:sapphire
beam (800 nm wavelength) focused to a 25 µm2 spot and for a pulse duration
of 10 fs, we find that the pulses should carry about 0.1 mJ of energy.

12.2 The three-step model of HHG

HHG photon energies achieved today reach up to ∼1.6 keV (corresponding to
∼59 a.u., harmonic order n>5000) [8] obtained from helium and a 10-mJ 75-fs
∼4-µm OPCPA. If we adopt the familiar picture (see Fig. 12.1), according
to which a photon at certain energy is emitted when an electron “falls” from
an excited state to the ground state, we see that the electron must “fall”



284CHAPTER 12. HIGH-HARMONIC GENERATION ANDATTOSCIENCE

from a very highly excited free state (50 times the binding energy). Since the
potential is negative, high energy necessarily means high kinetic energy i.e.,
high velocity.

In order that a force of ∼1 a.u. accelerates the electron to such high kinetic
energy, it should travel a long distance away from the atom. According to
the three-step model, the electron is released from the atom by the laser field,
accelerated in the free field away from the atom, then accelerated back towards
the parent ion and collides with it. The energy lost in the collision shows up as
an XUV/X-ray photon. The sequence of tunnel ionization, acceleration in the
laser field and recollision is the called the three-step model of HHG [4, 5, 6, 7].

In order to estimate the energy acquired by the accelerated electron, we
consider a free electron in a harmonic field of amplitude E and angular fre-
quency ω. The ponderomotive energy, i.e., the optical-cycle-averaged kinetic
energy, equals

Up =

(
qE

2mω

)2

=

(
E

2ω

)2

∝ λ2I, (12.2)

where the first expression is in general units (q is the electron charge) and the
second one in atomic units. Note that this is a purely classical object since it
does not involve ~.

In order to achieve high ponderomotive energy, ω must be a small number,
that is, the optical frequency of the laser pulses must be much slower than
atomic time scales. Eq. (12.2) immediately explains the great interest of the
attoscience community in the development of high-energy IR OPCPA systems.

12.2.1 Ionization

There are three regimes of strong-field ionization [9] of an atom by an optical
field. We consider here only fields of frequency ω such that ω < Ip (~ω <
Ip in general units. Ip is the ionization potential of the atom). Therefore,
photoionization by a single photon is impossible.

1. Multi-photon ionization (MPI)

This is the dominant regime for ”small” fields, i.e., large Keldysh parameter
γ = ω

√
2Ip/E = ωτK > 1 [10, 1, 9]. τK is the Keldysh tunneling time (for

detailed discussions on the various definitions of tunneling time and its atto-
clock measurements, see [11]). It is characterized by a power-law dependence
of the ionization rate on the laser intensity, where the exponent is the minimal
number of photons required for ionization (see Fig. 12.3). This regime is of less
importance for HHG and attoscience and therefore we do not discuss it further
here. The multi-photon regime takes place, when E ≪ 1 a.u. and Up ≪ Ip.
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n

Figure 12.3: Multi-photon ionization (MPI) by n photons.

2. Tunneling regime

Tunneling is the dominant regime, when Up & Ip, i.e., γ < 1, but E is small
enough such that the barrier-suppression regime (see regime 3 below) is not yet
reached, see Figs. 12.4 and 12.5. The electron is released through tunneling.
This regime is characterized by an exponential dependence of the ionization

Figure 12.4: Tunnel ionization. The shaded area is the barrier, the classically for-
bidden region. The rate of tunnel ionization is exponential in the ”area” under the
barrier.
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rate on the instantaneous electric field [12]

w(E) ∼ exp

(
−2(2Ip)

3/2

3E

)
, (12.3)

where the ‘∼’ sign stands for ”equal up to a sub-exponential factor in E”. It is
crucial to note that the exponential dependence of the ionization rate on the
instantaneous electric field is responsible for the tight synchronization of driver
pulses and emitted high-harmonic radiation, which is underlying most of the
experimental techniques (e.g., attosecond streaking) of attoscience [1, 2, 3].

3. Barrier-suppression regime

This regime is reached when the field is strong enough such that the there is
no energy barrier separating the electron from free space (see Fig. 12.5). The
barrier suppression regime is characterized by a nearly linear dependence of
the ionization rate on the incident electric field.

When ω ≪ Ip, the two last regimes are well described by the quasi-static
approximation. The reason for this terminology is that the variation of the laser
field is so slow that the instantaneous ionization rate coincides with a static
one. Let then w(E) be the static ionization rate as function of the electric
field. In the tunneling and the barrier-suppression regimes, with ω ≪ Ip, we
therefore have

|a(t)|2 = exp

−
t∫

0

w(E(t′))dt′

 , (12.4)

Figure 12.5: Ionization in the barrier-suppression regime.
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Figure 12.6: Static ionization rate for hydrogen on a linear and logarithmic scale.

where a(t) is the probability amplitude of finding the atom in the ground state.
Note, that for ωt ≫ 1 the ionization rate does not depend on ω. This is in
contrast with the multi-photon regime, where the rate exponentially decreases
as ω → 0.

The static ionization rate w(E) is well described in the tunneling regime by
the Ammosov-Delone-Krainov (ADK) formula [12]. For hydrogen and helium,
w(E) has been numerically calculated to high precision, as shown in Fig. 12.6.
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Figure 12.7: Static ionization rate for helium on a linear and logarithmic scale.
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Other frequently used ionization models are Perelomov-Popov-Terent’ev
(PPT) [13] and nonadiabatic tunnel ionization by Yudin and Ivanov [14].

12.2.2 Propagation

According to the correspondence principle, at high energies quantum mechan-
ics should resemble classical mechanics. Indeed it turns out that the propa-
gation of the freed electron can be very well described classically. Since the
Coulomb force exerted on the electron by the ion is negligible compared to the
laser field during most of the electron excursion, the motion of the electron
is well described by a free electron accelerated in the presence of the electric
field of the laser pulse. If we expect that the electrons do not reach relativistic
speeds, we can neglect the Lorentz force. It also turns out that the right after
the tunneling, the velocity of the electron vanishes, i.e., the electron starts
with zero velocity in the external field

Time

E
le

ct
ro

n 
po

si
tio

n

E(t)

Most energetic trajectory

Figure 12.8: The position of the electron as function of time for different ionization
times t0. The most energetic trajectory refers to the solution, for which the electron
encounters the nucleus with the maximal kinetic energy.
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ẍ(t) = E0 cosωt (12.5)

ẋ(t) =
E0

ω
sinωt− E0

ω
sinωt0 (12.6)

x(t) = −E0

ω2
cosωt− (t− t0)

E0

ω
sinωt0 +

E0

ω2
cosωt0, (12.7)

see Fig. 12.8. Here, t0 is the time at which the electron was released from
the atom. It is assumed that the electron is released with zero initial velocity.
This assumption can be justified quantum mechanically. Since the electron
is a quantum particle, it is released at all possible times t0 “together”. Each
moment there is a probability amplitude to be released, depending (in the
quasi-static approximation) on the electric field at that moment.

According to the three-step model, the energy lost by the electron when it
recollides with the nucleus is released as an HHG photon. We therefore wish
to know how much kinetic energy the electron has when it returns. To this
end, we need to solve Eq. (12.5) for x(t) = 0 for some t and compute the
kinetic energy ẋ2(t)/2 at that instant.

The solution cannot be expressed in terms of elementary functions. How-
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Figure 12.9: Kinetic energy upon return to the nucleus as function of the ionization
time. The maximum is achieved at ∼0.31 radians after the peak of the electric field.
For that case, the kinetic energy upon return reaches 3.17Up. The dashed curve is
the electric field.
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ever, it can be easily found on a computer. It is easy to see that electrons
re-encounter the nucleus only if they are released when the magnitude of the
field is decreasing (see Fig. 12.8). The kinetic energy upon the first encounter
of the electron with the nucleus is plotted in Fig. 12.9 as function of the ion-
ization time t0. It reaches a maximum for ωt ≈ 0.31, and the maximum

approximately equals 3.17Up, with the ponderomotive energy Up =
(

E
2ω

)2
of

an electron in the laser field.

12.2.3 Recombination

A proper description of the recombination stage requires a quantum mechanical
treatment of the rescattering problem and the emission of radiation. We need
to start from the Schrödinger equation of an electron bound to the atom, later
partially tunnel ionized and accelerated. This is described by the Schrödinger
equation of a single-active electron in dipole approximation

i
d

dt
|ψ⟩ = H |ψ⟩ − E(t)x (12.8)

with the atomic Hamiltonian

H = −1

2
∇+ V (r⃗), (12.9)

where V (r⃗) is the effective atomic potential confining the electron to the atom.
Due to the interaction with the laser field we expect that the wavefunction of
the electron, that is initially in the ground state |0⟩ with energy eigenvalue
−Ip, where Ip is the ionization potential, evolves into a superposition state
between the ground state with probability amplitude a(t) and a wavefunction
describing the freed electron

|ψ(t)⟩ = a(t) |0⟩+ |φ(t)⟩ . (12.10)

The freed electron together with the remaining ion forms a dipole and the
expectation value of the dipole moment is like for a two-level atom

d⃗(t) = ⟨ψ(t)| x⃗ |ψ(t)⟩ . (12.11)

However, what acts as the source for electromagnetic radiation is not the dipole
moment but rather the dipole acceleration. With the Ehrenfest theorem in
quantum mechanics, which is simply the Heisenberg equation of motion for
the electrons kinetic momentum

··
x⃗ = −∇V (r⃗) + E(t) (12.12)
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and neglecting the external field coming from the laser, since it does not contain
harmonics, the dipole acceleration contributing to HHG can be written as

··

d⃗HHG(t) = −⟨ψ(t)|∇V (r⃗) |ψ(t)⟩ (12.13)

= − |a(t)|2 ⟨0|∇V (r⃗) |0⟩ − a(t) ⟨φ(t)|∇V (r⃗) |0⟩
−a∗(t) ⟨ψ(t)|∇V (r⃗) |0⟩ − ⟨φ(t)| ∇V (r⃗) |φ(t)⟩ . (12.14)

∼ −a∗(t) ⟨φ(t)|∇V (r⃗) |0⟩ − a(t) ⟨0|∇V (r⃗) |φ(t)⟩ (12.15)

= ξ̈(t) + ξ̈∗(t), with ξ̈(t) = −a∗(t) ⟨φ(t)|∇V (r⃗) |0⟩ (12.16)

The first term vanishes, because of inversion symmetry of the atomic ground
state and the last term is neglected, because it is expected to be small.

After some calculations, the result is [15]

ξ̈(t) = 23/2π (2Ip)
1/4 eiπ/4

∑
n

a(tnb(t))a(t)
√
w(E(tnb(t)))

E(tnb(t))(t− tnb(t))3/2
α⃗rece

−iSn(t).

Here, the probability amplitudes of the ground state enter at the birth time
tnb(t) and t, if t is the recollision time of the trajectory. The recombination
matrix element α⃗rec = ⟨k(t)|∇V (r⃗) |0⟩ and Sn(t) = 1

2

∫ t

tnb(t)
k(t′)2dt′ + Ip(t −

tnb(t)) is the classical action, the electron picks up during acceleration. The
sum over n denotes the sum over all trajectories arriving at time t.

It is plausible that the energy released during recombination equals the
kinetic energy the electron acquired plus the ionization potential, since the
electron makes a transition from the continuum to a state with energy −Ip. In
particular, we can expect the maximal energy released in the collision to be

ωhmax = Ip + 3.17Up. (12.17)

Figure 12.10 shows the Fourier transform of the calculated dipole acceleration
for hydrogen excited by Ti:sapphire (800 nm, corresponding to ω = 0.057
a.u.) pulses with an ideal sinusoidal single-cycle pulse (E(t) = E0 sinωt). The
field amplitude used is shown near each spectrum. (ωhmax = Ip + 3.17Up in
atomic units). Remarkably Eq. (12.17), which is obtained from very simple
considerations, gives the correct prediction for the cutoff of the spectrum. No
harmonics above ωhmax are observed1, see Fig. 12.10. However, below the
cutoff energy we observe oscillations in the high harmonic spectrum. This
results from interference of contributions from the long and short trajectories,
which contribute to the same frequency, energy, as can be seen from Fig.
12.8. Figure 12.11 shows the kinetic energy normalized to the ponderomotive
potential that each trajectory contributes as a function of arrival time.
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Figure 12.10: Simulated HHG spectra for hydrogen excited by Ti:sapphire (800 nm,
corresponding to ω = 0.057 a.u.) pulses with an ideal sinusoidal single-cycle pulse
(E(t) = E0 sinωt). The field amplitude is denoted near each spectrum.

Figure 12.11: Kinetic energy of long and short trajectories versus arrival time.

Figure 12.12 shows the Fourier transform of the calculated dipole accelera-
tion for hydrogen excited by Ti:sapphire pulses with a secant hyperbolic pulse
shape, 5-fs FWHM duration and a maximal field amplitude of 0.12 a.u. The
spectrum is the cumulative effect of several cycles, where in each half cycle a
small fraction of the atoms are ionized, see Fig. 12.13.

1To be more precise, quantummechanical analysis reveals that the cutoff formula ωhmax =
1.28Ip + 3.17Up.
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Figure 12.12: Simulated HHG spectra for hydrogen excited by Ti:sapphire (800 nm,
corresponding to ω = 0.057 a.u.) pulses with a secant hyperbolic pulse with 5-fs
FWHM duration and a maximal field amplitude of 0.12 a.u.

Figure 12.13: High-harmonic generation dynamics in a multi-cycle pulse. [16]

12.3 Attosecond pulses

The electron which acquires the largest amount of kinetic energy leaves the
atom 0.31ω−1 after each peak of the field and hits the nucleus back at time
4.4ω−1 (about 3/4 of a cycle) after that peak (see Figs. 12.8, 12.14). Electrons
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Figure 12.14: A single cycle, with a single recollision, leading to an isolated attosec-
ond pulse. Most energetic trajectory (dash dotted line).

that hit the nucleus later (short trajectories) or earlier (long trajectories) have
less kinetic energy upon return. Thus the HHG radiation emitted by the
recolliding electron has two contributions, one from the long and one from the
short trajectories, both of which are down or up chirped (see Fig. 12.15).

There are several possibilities to select isolated attosecond duration pulses
from this emission [17]. First it was proposed to select isolated attosecond
pulses (IAPs) by using about two-cycle driver pulses and using high-pass fil-
tering of the emitted HHG radiation to select the cutoff spectrum produced by
the highest field cycle. Such a filtering is possible by using a multilayer MoSi-
mirrors. Fig. 12.16 shows simulated electric field amplitude of the emitted
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Figure 12.15: Neighborhood of the most energetic trajectory, which is responsible
for the highest frequency radiation emitted.
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Figure 12.16: Same as Fig. 12.15, before and after high-pass filtering.

HHG radiation before and after high-pass filtering. At the output of the filter
we observe isolated pulses of several hundreds of attoseconds [18, 19]. Other
possibilities are to use polarization gating to achieve HHG in a single cycle
from a few-cycle pulse and select the emission from the short or long trajec-
tories and compression of these chirped emission using material dispersion in
thin metal films [20]. The gating techniques [17] have been further refined over
the last years to schemes called (generalized) double-optical gating [(G)DOG]
where both polarization and second-harmonic field is used to further constrain
HHG within a multi-cycle pulse [21, 22].

12.3.1 The intensity challenge

HHG was discovered in 1987 [23, 24]. Due to the progress in short-pulse high-
energy Ti:sapphire lasers (30fs, few mJs) it became possible to expose atoms
to very high field strength before complete ionization, and in 1998, soft-X-ray
radiation down to 2.5 nm wavelength was demonstrated using HHG [25]. The
shortest HHG wavelength demonstrated so far is 7.7 Å [8].

12.3.2 The necessity of short driver pulses

Short pulses are a necessity for HHG in order to avoid depletion of the ground
state during previous pulse maxima.

Fig. 12.17 shows the population of the ground state of helium calculated
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Figure 12.17: Ionization of helium in the presence of a linearly polarized electric
field of a laser pulse with 800 nm wavelength and a peak intensity 4× 1015W/cm2:
(a) electric field; (b) fraction of ionized electrons; (c) instantaneous ionization rate.
The thin and the thick lines represent pulses of durations of 50fs and 5fs FWHM,
respectively. [1]

with Eq. (12.4). If the pulses are not short enough (50 fs in that particular
example), most of the ground state is already depleted before the peak of the
pulse is reached. Therefore, the HHG radiation is only released by electric
fields of lower amplitude compared to the peak of the pulse, and most of the
intensity of the pulse is ”wasted”.

The shorter the pulses, the higher will be the ground-state population when
the atom experiences the peak of the electric field. Therefore, short (few-cycle)
pulses are a necessity for HHG, even when sufficient peak power is available.

12.3.3 Quantum diffusion

The simple classical picture of the propagation stage gives the correct cutoff
law. However, quantum mechanically the electron propagates along many
trajectories at the same time. In particular, there is an uncertainty in the
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Figure 12.18: Transverse quantum diffusion and its effect on single-atom HHG yield:
The 3D surface plots show snapshots of the electron wavefunction, when the recol-
liding electron wavepacket returns to its parent ion. The longitudinal and transverse
dimensions are both scaled to 1 Bohr radius = 0.53 Å. As the driving laser wave-
length (optical period) is increased (here from 0.8 µm to 1.3 µm), the electron
wavefunction more strongly spreads transversely due to quantum diffusion, which
rapidly reduces the single-atom HHG yield. [26]

lateral initial velocity of the electron, and it therefore has returning electron
wave packet has components that miss the nucleus.

The above described behavior is called quantum diffusion: free electron
wavepackets expand as they propagate, just like a light pulse in a dispersive
medium. The electron wavepacket expands as

√
τ (τ is the time of propagation

between ionization and recombination) in each spatial direction. Therefore the
amplitude in the center of the wavepacket decreases as τ−3/2. The amplitude
of the emitted HHG electric field therefore scales like τ−3/2, and the intensity
like τ−3. The travel time is about an optical cycle.

The intensity of the HHG radiation therefore cubically decreases with in-
creasing drive wavelength. However, the spectral cutoff energy quadratically
increases with it and the ionization of the atom can be reduced. The question
what is the ideal driver wavelength to achieve maximum HHG for a desired
wavelength range is not yet resolved.

12.3.4 Propagation effects – phase matching

In order to achieve efficient HHG, the contributions from single atoms emitting
at different cycles and positions in the medium must interfere constructively
with each other. Just like in second-harmonic generation or optical parametric
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Figure 12.19: (A) Theoretically predicted and experimentally observed HHG phase-
matching cutoffs versus laser wavelength from the UV to mid-IR. Solid circles show
the observed cutoffs, open circles the predicted cutoffs for Ar and Ne [which cannot
be reached due to inner-shell absorption, as shown in panel (B)]. Solid squares on the
left show the ionization potentials (Ip) of the different atoms. (C) Unified picture of
optimal phase-matched HHG including microscopic and macroscopic effects. [8]
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amplification, phase matching is required. Phase matching is achieved, if the
refractive index of the generated XUV radiation is equal to the index experi-
enced by the driver laser pulse in the gas. The XUV radiation only weakly
interacts with the gas and therefore propagates at the speed of light. However,
the driver laser pulse experiences the dispersion from the gas, which increases
the refractive index and the negative index of the free electrons generated
(plasma). Choosing the proper ionization level and gas pressure is therefore
important to achieve phase matching of the driver pulse and the generated
XUV radiation.

Because of the phase mismatch and also because the spatial profile of the
driver pulses, the pulse is distorted by the index profile of the free electrons,
i.e., plasma defocusing of the laser beam occurs. Another limitation on the
length comes from absorption: the longer the gas jet, the more it begins to
absorb the HHG photons. These effects severely limit the HHG conversion
efficiency.

To achieve phase-matched HHG into the ’water-window region’ (between
the K edges of C and O, i.e., 284-543 eV) crucially important for biological
imaging and beyond into the keV regime, two phase-matching geometries have
been demonstrated: (i) the Midorikawa group at RIKEN have developed the
loose-focusing geometry [27, 28, 29]. Most importantly, by combining two-color
waveform synthesis and an energy-scaling method of HHG based on the loose-
focusing geometry, the generation of intense isolated attosecond pulses with
500-as duration, 1.3-µJ energy and 2.6-GW peak power was demonstrated,
that are sufficiently strong for attosecond-XUV-pump/attosecond-XUV-probe
spectroscopy [30, 31, 32]. (ii) The Kapteyn-Murnane group at JILA have
pioneered phase-matched HHG in high-pressure gas-filled waveguides [8, 26, 33]
that achieved the the highest photon energy HHG of 1.6 keV so far [8] as shown
in Fig. 12.19.

Very recently, Popmintchev et al. [34] furthermore made the surprising
discovery that efficient, UV-driven, phase-matched HHG up to 280 eV can be
achieved in multiply ionized argon (observed up to Ar5+).

12.3.5 Optimizing HHG using cycle-sculpted driver wave-
forms

As mentioned already in Section 9.10.2, there is currently a huge interest
in the attoscience community in tailoring the first ionization step and the
second propagation step of HHG by using custom-sculpted driver waveforms
[30, 31, 32, 35, 36, 37, 38, 39, 40, 41, 42, 43]. With different waveforms, different
goals can be optimized (e.g., HHG cutoff energy, HHG yield, phase matching
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of long or short trajectory). Note, that tailored waveforms do not only af-
fect the single-atom HHG response, but also the macroscopic phase matching
conditions. This opens up a huge parameter space for optimizing the HHG
process and strong-field interactions in general.

12.3.6 RABBITT, attosecond streaking, FROG-CRAB

Once attosecond pulses in the XUV or soft-X-ray region are generated in an
experiment, the next big challenge is to spectro-temporally characterize them.
The immediate idea would be to transfer pulse-characterization techniques
well-established in the VIS or IR regions into the XUV and soft-X-ray re-
gions, e.g., autocorrelation, FROG or SPIDER. The implementation, how-
ever, faces severe difficulties: the HHG conversion efficiencies are typically
low (10−4 or even much lower) and two-photon XUV absorption cross-sections
very small, therefore the generated XUV pulses are typically too weak to in-
duce XUV nonlinearities and to permit XUV autocorrelation measurements.
Note that a few proof-of-principle experiments demonstrating autocorrelation,
FROG and attosecond-XUV-pump/attosecond-XUV-probe spectroscopy were
reported [44, 45, 46, 47, 48, 49, 50, 30, 31, 32, 51]. The big hurdle for realizing
an XUV SPIDER is to create two frequency-sheared but otherwise identical
replicas of the attosecond pulse [52].

For all these reasons, IR-XUV cross-correlation techniques have been devel-
oped to establish attosecond metrology, namely Reconstruction of Attosecond
Beating By Interference of Two-photon Transitions (RABBITT) [53, 54], at-
tosecond streaking [57, 18, 58, 59, 20, 19, 61], and Frequency-Resolved Optical
Gating for Complete Retrieval of Attosecond Bursts (FROG-CRAB) [70, 72,
75]. In the following, we will have a closer look at these techniques and their
relationship.

RABBITT

The idea underlying the RABBITT technique for the characterization of at-
tosecond pulse trains (APTs) can be understood by the energy-level diagram
shown in Fig. 12.20. An APT corresponds to a comb of harmonics at odd mul-
tiples of the laser frequency ωlaser. If the APT together with a superimposed
weak dressing laser field two-photon ionize the target gas (e.g., Ar), interfer-
ence of four pathways gives rise to sidebands at the positions of even harmonics
of ωlaser. For weak dressing intensities (typically a few 1011W/cm2), second-
order perturbation theory can be used, then each harmonic has only a single
sideband on each side. The interference between the different pathways then
leads to an oscillation of the q-th sideband intensity with XUV-NIR delay ∆t



12.3. ATTOSECOND PULSES 301

Figure 12.20: Energy-level diagram of the RABBITT technique: a sideband is cre-
ated in between two harmonics by a four-pathways interference involving absorp-
tion/emission of laser photons ωlaser and harmonics ωq+1 and ωq−1. [54]

Figure 12.21: RABBITT setup: a high-energy Ti:sapphire laser beam is spatially
separated into two parts using holey mirrors: The outer annular part generates HHG
in the generation gas jet, whereas the small inner part, is used as weak dressing beam
to create sidebands in the detection gas jet. The NIR-XUV delay is controlled by a
piezoelectric translation stage. This interferometric setup allows convenient control
of the delay, intensities, polarizations, spectral phases etc. The harmonics emitted
on axis and the dressing beam are refocused into a detecting gas jet using a toroidal
mirror, the annular beam is blocked with a diaphragm. Photoelectron spectra are
detected as function of delay by a time-of-flight (TOF) spectrometer. [55]
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Figure 12.22: RABBITT measurement of the emission time of harmonics in Ar
driven by a Ti:sapphire pulse with peak intensity IIR = 1.2 × 1014W/cm2. (A)
Photoelectron spectrum versus XUV-NIR delay. The spectra are normalized and
displayed on a nonlinear color scale. The thick white line is a guide to the eye
indicating the sideband maxima; the thin line indicates a fixed delay. (B) Extracted
harmonic emission time: measurements (blue crosses with error bars) and theoretical
predictions by single-atom response (red dots). Linear fits (blue and red curves)
yields the emission time shift between consecutive harmonics as texpe = (106± 8) as
and ttheoe = (81± 3) as. The black line shows the measured harmonic intensity. [55]

according to

Iq(∆t) ∝ cos(2ωlaser∆t+ φq−1 − φq+1 + φatomic). (12.18)

φatomic is an electron-momentum dependent atomic phase originating from the
k⃗-dependence of the dipole matrix element d⃗(k⃗).

Fig. 12.21 shows a typical experimental setup for a RABBITT measurement
and Fig. 12.22 experimental results obtained with this setup. The sidebands
at the position of even harmonics oscillating with the delay are clearly visible
in Fig. 12.22(A). From the positions of the sideband maxima (indicated by the
thick white line), the emission time te of the individual harmonic orders can be
extracted (see Fig. 12.22(B)), which corresponds to the short trajectories seen
in Fig. 12.11. From the extracted harmonic phases and measured amplitudes,
the temporal intensity profile I(t) of the APT can be reconstructed [54].

Attosecond streaking

The standard technique for the characterization of isolated attosecond pulses
(IAPs) is attosecond streaking [56, 57, 18, 58, 59, 20, 19, 61, 62].

Fig. 12.23 shows the experimental setup of the first demonstration of at-
tosecond streaking [57]. In this experiment, the widely used collinear geom-
etry (i.e., the isolated XUX pulses and the NIR streaking pulses propagate
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Figure 12.23: Setup for streaking of isolated attosecond XUV pulses produced by
(ideally CEP-stable) few-cycle laser pulses: the photo in the inset shows the Ne
gas nozzle. A 200-nm-thick Zr-filter mounted on a nitrocellulose pellicle is used to
transmit on axis only the low-divergence XUV pulses. The intensity of the annular
streaking beam is controlled by a motorized iris. The XUV-NIR delay can be scanned
by a two-component mirror delay stage with Mo/Si multilayer for bandpass filtering
the XUV pulses. Streaked photoelectron spectra emitted from the Kr target are
recorded versus XUV-NIR delay by a time-of-flight (TOF) spectrometer. [57]

collinearly) was employed, which is beneficial for avoiding added timing jitter
between XUV and NIR pulses. However, nowadays also Mach-Zehnder-type
interferometer setups (often with active stabilization of the interferometer) are
very common [20, 61]. One key advantage of such setups is that a very broad-
band toroidal mirror can be used for focusing the XUV and NIR pulse into the
target gas jet, which makes the setup more flexible in terms of usable XUV
photon energy range and even allowed characterization of the shortest ever
IAPs with a record duration of 65 attoseconds [61].

Depending on the orientation of the laser polarization with respect to the
TOF electron spectrometer axis, one distinguishes between the parallel or per-
pendicular TOF detection geometry, as sketched in Fig. 12.24. The influence
of the detection geometry can be understood by a semi-classical treatment
integrating the classical equations of motion of an electron inside a laser field
(for details, see [56, 57, 2]). Within the slowly-varying envelope approximation
(SVEA, dẼL/dt≪ ωLẼL), one obtains for the final energy of the electrons

Wf =W0 + 2Up(td) cos 2θ sin
2 ωLtd ± αL

√
8W0Up(td) cos θ sinωLtd . (12.19)
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Figure 12.24: Detection geometries in attosecond streaking: (a) parallel and (b)
perpendicular TOF detection with respect to the laser polarization. The streaking
laser field EL(t) = −dAL/dt imparts an electron velocity change ∆v = −AL(t) in
the x-direction. The momentum transfer from the light field to the emitted photo-
electrons is illustrated by the final electron-velocity distributions and corresponding
electron-energy distributions collected within the detection cone (the acceptance an-
gle of the TOF detector is indicated by dashed lines) for three instants within one
period T of the streaking field, assuming XUV pulse duration ≪ T/2. [2]

W0 = ~ωXUV −Wb is the initial kinetic energy of the photoelectron, Wb the
atomic binding energy, θ is the angle between the final momentum of the
electron and the laser electric-field vector, and td the the XUV-NIR delay.
The prefactor of the third term

αL = {1− (2Up(td)/W0) sin
2 θ sin2 ωLtd}1/2 (12.20)

is close to unity if Up is much smaller than W0.
In the parallel detection geometry (θ = 0, Fig. 12.24(a)) and assuming

Up ≪W0, the second term in (12.19) can be neglected and the main effect is a
shift up and down of the electron energy relative to the field-free value. This
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Figure 12.25: Attosecond streaking of Kr 4p photoelectrons using the perpendicular
detection geometry, see Fig. 12.24(b). The isolated attosecond XUV pulse was cen-
tered at ∼90 eV, the binding energy of an Kr 4p electron is 14 eV. The ponderomotive
down-shift and the oscillating spectral broadening is clearly visible. [18]

Figure 12.26: Lightwave oscilloscope: (left) streaking spectrogram (kinetic en-
ergy spectra of photoelectrons emitted from Ne versus XUV-NIR delay) mea-
sured with isolated 250-as 93-eV XUV pulse in the presence of an intense <5-
fs, 750-nm laser field EL(t). The parallel detection geometry, as shown in Fig.
12.24(a), was used. The mean initial kinetic energy was p2i /2me ≈ ~ωXUV − Wb=
93 eV−21.5 eV=71.5 eV, with the electron’s binding energy Wb. The energy shift vs.
delay directly represents the laser vector potential AL(t). (right) EL(t) (red curve)
reconstructed from the streaking spectrogram shown in the left panel and computed
(grey curve) from the measured pulse spectrum (inset) assuming a flat phase, and
with peak field and CEP chosen for optimum match to the measured EL(t). [60]
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geometry offers the largest streaking, and permits to use large TOF collection
angles since cos θ does not vary much up to ±30◦. A drawback is that the
energy shift depends on W0, which can become a problem if the bandwidth of
the wavepacket becomes comparable to its mean energy [2]. This geometry is
used in most experiments.

In the perpendicular detection geometry (θ = 90◦, Fig. 12.24(b)), the
third term vanishes and Eq. (12.19) can be rewritten as Wf = W0 − Up(td) +
Up(td) cos 2ωLtd. When the delay td is scanned, the photoelectron peak expe-
riences a ponderomotive down-shift and oscillates between 0 and 2Up with a

Figure 12.27: Working principle of the attosecond streak camera: An initial time-
momentum distribution ne(pi, t) of electrons is emitted from atoms excited by an
isolated attosecond pulse. This initial distribution – created by direct XUV pho-
toionization or, e.g., an extremely fast (super-)Coster-Kronig Auger process – car-
ries time-domain information about the excitation and relaxation dynamics of the
atom. ne(pi, t) can be retrieved from a suitably chosen set of tomographic projec-
tions (streaked spectra, indicated by the colored areas) as follows: if no streaking
laser field is applied, the electron momenta are not changed (green curves) and
the detected final momentum distribution (green area) results from integration over
time. If a streaking laser field EL(t) = −dAL/dt is applied, the final momentum
distribution σ(p) is the projection of ne(pi, t) along the lines of constant canoni-
cal momentum p = pi + eAL(t). A linearly polarized few-cycle laser pulse creates,
for two different XUV-NIR delays (blue and red curves), different final momentum
distributions detected by the TOF in the longitudinal geometry. [59]
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Figure 12.28: Time-to-momentum mapping in the attosecond streak camera for two
cases of temporal electron emission profiles, an unchirped emission (green area) and
a linearly chirped electron momentum distribution. In the two upper panels, the
laser electric field EL(t) = −dAL/dt and momentum transfer ∆p = eAL(t) is shown.
For positive EL(t), the electric field points towards the TOF detector. The black
straight line indicates the linear chirp of the electrons’ initial momentum. If the
electron emission is confined between two zero crossings of EL(t), the unchirped
emission (green profile) is mapped into a similar distribution of final momenta (grey
areas) around the mean initial momentum p0. For the linearly chirped emission,
the field-free final momentum distribution is shown as black area; streaking with
opposite slopes leads to a broader (top) or narrower momentum distribution (lower).
This allows determination of the temporal profile, duration and momentum chirp of
electron emission. [59]



308CHAPTER 12. HIGH-HARMONIC GENERATION ANDATTOSCIENCE

period of T/2 corresponding to an oscillating spectral broadening. The per-
pendicular detection geometry was actually used in the first demonstrations of
attosecond streaking [57, 18], as shown in Fig. 12.25.

The streaking technique not only allows to fully characterize the few-cycle
driver pulses and isolated attosecond XUV pulses obtained from HHG [57, 18,
20, 19, 61], but it also permits to extract time-domain information about the
electronic excitation and relaxation dynamics in atoms, molecules and solids
[59, 2, 3]: for example, tracking an extremely fast Auger process in Kr [58], the
buildup of Fano resonances [63], control over both the direct ionization channel
and the double excitation channel in He autoionization [64], electron motion
in condensed-matter systems and on surfaces [65, 66], attosecond dynamics in
nanosystems [67], characterization of free-electron pulses at tens of keV and
beyond [68], single-shot characterization of soft X-ray pulses from FLASH at
DESY [69], and many more.

The working principle of the attosecond streak camera [59] is illustrated
and discussed in detail in Figs. 12.27-12.28. The final electron momentum
distribution (colored areas) in the presence of a streaking field are given by

σ(p) =

∫ +∞

−∞
dt ne(p− eAL(t), t) . (12.21)

Thus from a suitably chosen set of tomographic images, extremely fast attosec-
ond electronic dynamics can directly be traced in the time domain.

FROG-CRAB

In [70, 71], the deep connection between RABBITT and attosecond streaking
was revealed and unified to the more general FROG-CRAB technique. Within
the framework of the strong-field approximation (SFA) [7, 3], the transition
amplitude to the final continuum state |v⟩ of the electron with momentum v
can be expressed as [71]

a(v,∆t) = −i
∫ +∞

−∞
dt eiϕ(t)dp(t)EXUV(t−∆t)ei(v

2/2+Ip)t , (12.22)

ϕ(t) = −
∫ +∞

t

dt′[vAL(t
′) +A2

L(t
′)/2] . (12.23)

Here, EXUV(t) is the XUV electric field, AL(t) the laser vector potential of
the dressing pulse, p(t) = p + A(t), dp the dipole matrix element from the
ground state to a continuum state |p⟩, Ip the atom’s ionization potential. ϕ(t)
represents the quantum phase acquired by the electron in the continuum due to
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its interaction with the laser field. The measured spectrograms are then given
by the square modulus of the transition amplitude, i.e., S(v,∆t) = |a(v,∆t)|2.

As shown in [70, 71], Eq. (12.23) has an intuitive interpretation: the laser
electric field induces a phase modulation on the electron wavepacket during
its propagation in the continuum, after being created by the XUV field. In
RABBITT, for attosecond XUV pulse trains generated from multi-cycle laser
fields, the weak dressing field acts as a periodic phase modulator on the elec-
tron wavepacket, thus creating the sidebands that are used to retrieve the
harmonic phases. In attosecond streaking, for isolated XUV pulses generated
from few-cycle laser fields, the XUV pulse is significantly shorter than then the
optical period of the strong streaking laser field, thus creating the characteristic
streaking spectrograms.

The spectrograms S(v,∆t) = |a(v,∆t)|2 given by Eq. (12.23) resemble the
well-known FROG trace

S(ω,∆t) =

∣∣∣∣∫ +∞

−∞
dtG(t)E(t−∆t)eiωt

∣∣∣∣2 (12.24)

In standard FROG, G(t) represents a pure amplitude gate, and efficient algo-
rithms (e.g., the generalized projections algorithms) can be used to retrieve

Figure 12.29: RABBITT of an attosecond pulse train (APT): (a) FROG-CRAB
spectrogram at θ = 0 of a 12-fs train of nonidentical attosecond XUV pulses,
of period T/2 = 1.3 fs, gated by a 30-fs 800-nm (T = 2.6 fs) NIR laser pulse of
0.05TW/cm2 peak intensity, assuming a spectrometer resolution of 100 meV. The
attosecond pulses are shorter in the center of the train (≈ 250 as) compared to the
edges (≈ 400 as). The outer and inner sidebands are labelled So and Si, respectively.
(b) Comparison of the exact attosecond pulse train (red line) and the reconstruction
(dotted blue line) obtained from the FROG-CRAB spectrogram. [70]
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Figure 12.30: Attosecond streaking of an isolated attosecond pulse (IAP): (a) FROG-
CRAB spectrogram (photoelectron energy versus XUV-NIR delay) of a single 315-as
FWHM XUV pulse, having second- and third-order spectral phases (Fourier limit
250 as), gated by a transform-limited 6-fs 800-nm NIR laser pulse of 0.5TW/cm2

peak intensity. The photoelectrons are collected around θ = 0 (parallel TOF geome-
try) with an acceptance angle of ±30◦. (b),(c) A comparison of the exact attosecond
pulse and the laser-induced gate phase ϕ(t) (solid line) with the corresponding re-
constructions (dots) retrieved from the FROG-CRAB trace. The gate modulus
|G(t)| = 1. [70]

E(t) and the gate G(t) from the spectrogram. Inspection of Eq. (12.23) sug-
gests that in FROG-CRAB, G(t) = eiϕ(t) could be used as a pure phase gate for
the reconstruction. However, a requirement for the applicability of generalized
projections algorithms to FROG-CRAB is that there cannot be inseparable
terms inside the integrand of Eq. (12.23) that depend both on momentum and
time [72]. Obviously, two terms in Eq. (12.23) cause trouble: dp(t) and ϕ(t).
The standard remedy to fix this issue is to make the central momentum ap-
proximation (CMA), by substituting p(t) with the central momentum of the
unstreaked electrons p0 (and v by v0). The CMA is good as long as the band-
width of the attosecond pulse is much smaller than the central energy of the
photoelectrons. Interestingly, for recent state-of-the-art experiments [19, 20],
the CMA is only barely met, the isolated 65-as pulses in [61] already vio-
late this approximation. For such ultrabroadband XUV pulses novel retrieval
algorithms, that do not employ the CMA, have been developed, e.g, Phase
Retrieval by Omega Oscillation Filtering (PROOF) [73] and Volkov transform
generalized projections algorithm (VTGPA) [74] .

Coming back to FROG-CRAB: as can be seen by the reconstructions shown
in Figs. 12.29, 12.30, and 12.31, FROG-CRAB provides a unified framework
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Figure 12.31: Transition between streaking and RABBITT: (a) FROB-CRAB trace
at θ = 0 of a complex attosecond XUV field, whose spectrum (shaded curve) and
spectral phase (red line) are shown in panel (b). The spectrum consists of discrete
peaks spaced by ≈3 eV in its lower part, and a continuous component in its upper
part. In (c) and (d), the exact intensity profile of the attosecond field and the laser
electric field (full lines) are compared to the ones retrieved from the FROG-CRAB
trace (dots). [70]

to characterize APTs and and IAPs and even more complex fields.
One word of caution: as discussed in [75], a central assumption underlying

FROG-CRAB is that the input streaking spectrogram is composed of single
wave packets (created by single, unique pairs of XUV and laser fields), as
opposed to an ensemble of them with different parameters of the XUV and laser
fields fluctuating from shot to shot. Therefore, when streaking spectrograms
are recorded averaging over many laser shots, the experimental parameters
(CEP, XUV-NIR delay, center energy, bandwidth, relative phase and intensity
etc.) need to be extremely stable from shot to shot.

12.3.7 Transient XUV absorption spectroscopy

Another extremely powerful, versatile technique gaining increasing popularity
is attosecond transient XUV absorption spectroscopy: changes induced by a
first strong pump pulse are probed by the transient absorption changes of an
isolated attosecond XUV pulse. Prominent examples include the real-time ob-
servation of valence electron motion in Kr [76], observation of Autler-Townes
splitting and sub-cycle AC Stark shifts in He [77], laser control between sym-
metric Lorentzian and asymmetric Fano line shapes in He [78], and observation
and control of two-electron wave packets in He [79].
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12.3.8 Attosecond ion-charge-state chronoscopy

A third attosecond spectroscopy technique is attosecond ion-charge-state chro-
noscopy detecting the final number of ions in different charge states as observ-
able [80, 81]. One variant is attosecond tunneling spectroscopy [80] as shown
in Fig. 12.32. In [80], an isolated attosecond XUV pulse first excites Ne atoms.
The large excess photon energy leads to population of several shake-up states.
Afterwards a strong few-cycle probe pulse removes electrons from these shake-
up states by optical field ionization [14], thus producing Ne2+ ions that can be
detected with a time-of-flight (TOF) ion spectrometer.

The experimental trace in Fig. 12.33 exhibits characteristic step-like in-
creases in the Ne2+ yield, which are separated by half the laser period. This

Figure 12.32: Comparison of attosecond tunneling and attosecond streaking for
monitoring electron dynamics: streaking can be applied to electrons emitted, e.g.,
by valence and core-level photo-emission, Auger decays, and processes accompanied
by shake-up of another electron. For sufficiently strong probe laser fields, shake-up
electrons can be freed by optical field ionization. The temporal evolution of the
tunneling current contains information about the extremely fast electron dynamics
inside matter. In contrast to attosecond streaking, attosecond tunneling increases
the final charge state of the ion (as indicated). The observable for streaking is
the photoelectron momentum distribution, for tunneling it is the number of ions in
different charge states. [80]



12.3. ATTOSECOND PULSES 313

Figure 12.33: Light-field-induced electron tunneling observed in the Ne2+ ion yield
versus XUV-NIR delay: An isolated 250-as 95-eV XUV pulse first removes a valence
electron by photoemission, the excess photon energy results in population of several
shake-up states. A temporally delayed 5-fs 750-nm pulse with a peak intensity
of ∼7 × 1013W/cm2 probes the population of the shake-up states by optical field
ionization yielding doubly charged neon ions Ne2+. The ion yield rises fastest at the
electric field extrema, and remains constant at the zero crossing of the electric field
E(t). [80]

observation confirms that optical field ionization [14] is responsible for the
depletion of the shake-up states.

12.3.9 Multi-purpose attoscience beamlines

Modern state-of-the-art attoscience beamlines combine several of the attosec-
ond spectroscopy techniques discussed in the previous sections to tackle dif-
ferent physical questions and to gain deeper insights from monitoring different
observables. Two versatile attoscience beamlines are shown as examples in
Figs. 12.34 and 12.35.
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Figure 12.34: Attoscience beamline at MPQ Garching permitting a variety of differ-
ent attoscience spectroscopies on gas targets: TOF electron spectroscopy (attosec-
ond streaking), ion TOF spectroscopy (ionization studies), measurement of trans-
mitted XUV spectra (transient XUV absorption spectroscopy). MCP, multi-channel
plate. Background/operating pressures are indicated on the bottom. [82]

Figure 12.35: Attoscience beamline (left side) combined with a COLTRIMS (cold
target recoil-ion momentum spectroscopy) apparatus (right) at ETH Zürich. [83]
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Baltuška, B. Shim, S. E. Schrauth, A. Gaeta, C. Hernández-Garćıa, L. Plaja,
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”Volkov transform generalized projection algorithm for attosecond pulse
characterization,” New J. Phys. 18, 073009 (2016).

[75] J. Gagnon and V. S. Yakovlev, ”The robustness of attosecond streaking
measurements,” Opt. Express 17, 17678 (2009).

[76] E. Goulielmakis, Z.-H. Loh, A. Wirth, R. Santra, N. Rohringer, V. S.
Yakovlev, S. Zherebtsov, T. Pfeifer, A. M. Azzeer, M. F. Kling, S. R. Leone,
and F. Krausz, ”Real-time observation of valence electron motion,” Nature
466, 739 (2010).

[77] M. Chini, X. Wang, Y. Cheng, Y. Wu, D. Zhao, D. A. Telnov, S.-I. Chu,
and Z. Chang, ”Sub-cycle Oscillations in Virtual States Brought to Light,”
Sci. Rep. 3, 1105 (2013).

[78] C. Ott, A. Kaldun, P. Raith, K. Meyer, M. Laux, J. Evers, C. H. Keitel,
C. H. Greene, and T. Pfeifer, ”Lorentz Meets Fano in Spectral Line Shapes:
A Universal Phase and Its Laser Control,” Science 340, 716 (2013).

[79] C. Ott, A. Kaldun, L. Argenti, P. Raith, K. Meyer, M. Laux, Y. Zhang, A.
Blättermann, S. Hagstotz, T. Ding, R. Heck, J. Madroñero, F. Mart́ın, and
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Chapter 13

Strong-field physics in solids

In the first chapters, we elaborated on traditional, perturbative nonlinear op-
tics, for which the nonlinear response can easily be described in terms of non-
linear susceptibilities of certain order n. Later in Chapters 10 and 12, we
started to look into nonperturbative strong-field nonlinear optics, where a de-
scription in terms of susceptibilities is no longer helpful (as the terms of the
expansion (12.1) do not drop rapidly with order n) and instead a nonpertur-
bative description such as the optical Bloch equations or the three-step model
of HHG is required.

Chapter 12 looked into nonperturbative strong-field physics in gases. In
this chapter, we now want to inspect strong-field physics in solids In fact,
many physical processes currently of interest in this research field have already
been known in theory for decades, but only thanks to the advent of modern
state-of-the-art intense few-cycle pulses, in particular also in previously inac-
cessible regions such as the mid-IR or THz, they can now experimentally be
investigated. For example, Herbert Kroemer wrote in his Nobel Prize autobi-
ography (2000): ”...it became obvious that the huge fields required for Bloch
oscillations in a bulk semiconductor could never be reached.”

Beside the advent of novel light sources, also the rapid progress in the
field of novel quantum materials [8], in which quantum effects have important
ramifications, opens up exciting new research avenues. The aim of this chapter
is to provide insights into the general concepts of strong-field physics in solids,
discuss a few paradigmatic phenomena and thereby give entry points into the
extensive literature of this emerging frontier research field.
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13.1 Prototype examples: the semiconductors

GaAs and ZnO

For the later discussions, it is instructive to first look into the basic physical
properties of two prototype semiconductors, GaAs and ZnO [2].

The III-V semiconductor GaAs is a direct gap semiconductor with a room
temperature band gap energy of Eg = 1.42 eV. GaAs has a zinc blende crystal
structure (see Fig. 13.1(a)) with point group Td (Schönflies notation), the crys-
tal structure has no inversion symmetry. GaAs has two atoms per unit cell,
one As atom at (0,0,0) and one Ga atom at (a/4, a/4, a/4) with the lattice
constant a = 0.565 nm, i.e., the crystal structure consists of two face-centered
cubic (fcc) lattices separated from each other along the [111] axis by a quarter
of the diagonal length. Ga has 31 electrons and an electronic configuration
[Ar] 4s2 3d10 4p1 with three outer-shell electrons, As has 33 electrons and an
electronic configuration [Ar] 4s2 3d10 4p3 with five outer-shell electrons. The
eight outer-shell electrons of Ga and As with 4s and 4p orbitals hybridize to
sp3 orbitals which lead to the tetrahedral covalent bonds between the Ga and
As atoms.

This sp3 hybridization also leads to a splitting of the atomic energy levels
into so-called bonding and antibonding levels. In a solid, the bonding and anti-
bonding orbitals of each atom in the crystal overlap with those of its neighbors.
As a result, the bonding and antibonding orbitals are broadened into bands.
Now also including spin-orbit interaction in our discussion, the antibonding
s orbitals, which are not occupied by electrons, form the spin-degenerate Γ6

conduction band corresponding to a total angular momentum J = 1/2. The
valence bands with symmetries Γ8 and Γ7 are formed by the bonding p or-
bitals, which are occupied by electrons. At the Γ point (i.e., k⃗ = 0), the

Figure 13.1: (a) Zinc blende structure of GaAs [9]. (b) Band structure of GaAs [10].
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Γ8 valence band with J = 3/2 is fourfold degenerate, the Γ7 valence band is
twofold spin degenerate (J = 1/2, Jz = ±1/2), separated by 0.341 eV due to
spin-orbit interaction and therefore termed split-off band. When leaving the Γ
point (i.e., k⃗ ̸= 0), the fourfold degeneracy of the Γ8 valence band is lifted due
to the reduction of symmetry, yielding the twofold spin-degenerate heavy-hole
(J = 3/2, Jz = ±3/2) and light-hole (J = 3/2, Jz = ±1/2) valence bands.
Near the Γ point, all bands have approximately a parabolic dispersion relation
with the effective electron mass me = 0.067 × m0, effective heavy-hole mass
mhh = 0.45×m0, and effective light-hole mass mlh = 0.082×m0.

Within the point group Td, the dipole operator transforms like Γ5. Group
theoretic considerations [11] then show that all one-photon transitions between
the Γ7,8 valence bands and the Γ6 conduction band are allowed.

The II-VI semiconductor ZnO is a direct gap semiconductor with a room
temperature band gap energy of Eg = 3.3 eV. ZnO has a wurtzite crystal
structure (see Fig. 13.2(a)) with point group C6v and exhibits a tetrahedral ar-
rangement of four equidistant nearest neighbors. The unit cell of ZnO contains
four atoms, two Zn and two O atoms. The wurtzite lattice can be considered as
two interpenetrating hexagonal close-packed (hcp) sublattices A and B (with
lattice constants aa = 0.325 nm, ac = 0.521 nm, ac/aa = 1.60 for ZnO [13]),
each corresponding to one kind of atom, and the sublattices are stacked in a
...ABABAB... sequence. ZnO has a c⃗-axis without inversion symmetry and it
is birefringent (electric field E⃗∥c⃗ and E⃗⊥c⃗ are inequivalent). In the wurtzite

Figure 13.2: (a) Wurtzite structure of ZnO, the crystallographic c⃗-axis is indicated
[12]. (b) Band structure of ZnO [13]. In this band-structure calculation, spin-orbit
interaction was not included. The inset illustrates the points and directions of high
symmetry of the Brillouin zone.



328 CHAPTER 13. STRONG-FIELD PHYSICS IN SOLIDS

structure, the c⃗-axis is the quantization axis and the energy bands can to some
extent be characterized by the z-component of the total angular momentum
Jz [11].

Zn has 30 electrons and an electronic configuration [Ar] 4s2 3d10 with two
outer-shell electrons, O has 8 electrons and an electronic configuration 1s2 2s2 2p4

with six outer-shell electrons. The 4s states of Zn lead to one conduction band
having Γ7(1) symmetry [The indices in parentheses indicate the symmetry in-
cluding crystal-field splitting but ignoring spin-orbit interaction. In ZnO, the
crystal-field splitting is large compared to the spin-orbit splitting], the 2p states
of O give rise to three valence bands with symmetries Γ7(5), Γ9(5), and Γ7(1).
The symmetries Γ7 and Γ9 correspond to Jz = 1/2 and Jz = 3/2, respectively.
The energetic ordering Γ7(5) > Γ9(5) > Γ7(1) is anomalous compared to other II-
VI wurtzite semiconductors, where the top two valence bands are interchanged.
This is the result of an effective negative spin-orbit coupling due to the scarcely
deeper lying 3d-electrons of Zn [14]. The resulting band structure of ZnO is
depicted in Fig. 13.2(b), the effective electron mass is me = 0.24×m0.

Within the point group C6v, the dipole operator transforms like Γ1 for E⃗∥c⃗
and like Γ5 for E⃗⊥c⃗. In experiments with few-cycle Ti:sapphire laser pulses
or IR pulses, one-photon transitions can not occur as the band gap energy
of Eg = 3.3 eV is much larger than the photon energies of the laser pulses.
However, multi-photon transitions are possible: Group theoretic arguments
show that, e.g., two-photon transitions between the Γ(1) valence band and
Γ(1) conduction band shown in Fig. 13.2 are allowed for both polarizations.
In contrast, two-photon transitions between the Γ(5) valence band and Γ(1)

conduction band are forbidden.

13.2 Energy scales of light-matter interactions

in solids

From the band structures and related optical properties of the two examples
GaAs and ZnO discussed in the previous section, we intuitively expect that
strong-field nonlinear interactions in solids can be much more complex than in
gases [2, 3]. In gases, few-cycle driver pulses are always far off-resonant with
respect to the relevant energy scale given by the ionization potential Ip, and a
single physical mechanism, as described by the three-step model of HHG, can
nicely capture the underlying physics. In contrast, as we will see in this section,
in solids the excitation conditions for interband and intraband transitions and
the resulting dynamics depend sensitively on driving wavelength (UV to mid-
IR to THz) and applied electric field strength E. Consequently, depending on
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Figure 13.3: Scheme of the valence and the conduction band of a direct gap semi-
conductor in the first Brillouin zone, i.e., for wave numbers k ∈ [−π/a,+π/a], a
is the lattice constant. At each k, the optical interband transition resembles that
of a two-level system with transition energy ~Ω = Ec(k) − Ev(k). Close to the
center of the Brillouin zone, the bands are nearly parabolic and the effective-mass
approximation is justified. Eg is the band gap energy. [2]

the excitation conditions, a description of the light-matter interactions needs
to take into account the relevant valence and conduction bands and consider
interband and intraband dynamics as the physical situation demands.

For sake of clarity in the following discussion, let’s consider here the sim-
plified physical situation shown in Fig. 13.3, in which only one valence band
(index v) and one conduction band (index c) needs to be considered. Exci-
tation of the solid with a strong laser pulse can lead to interband transitions
(i.e., transitions in between two bands) and intraband transitions (i.e., tran-
sitions within one band). The strength of these nonlinear interactions can be
quantified by three energy scales: the Rabi energy (section 13.2.1), the pon-
deromotive energy (section 13.2.2), and the Bloch energy (section 13.2.3). The
Rabi energy quantifies the strength of interband transitions, the ponderomo-
tive and Bloch energies the strength of intraband transitions.

13.2.1 Rabi energy

In Chapter 10, we already discussed the nonlinear response of two-level sys-
tems and introduced the Rabi energy. In a (direct gap) semiconductor (see
Fig. 13.3), the valence band represents the ground state and the conduction
band the excited state of the two-level system, and Rabi flopping has been ob-
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served in many semiconductor systems such as bulk semiconductors [15, 16, 17,
18], (multiple) quantum wells [19, 20, 21, 22], single quantum dots [23, 24, 25],
and microcavities [26].

Neglecting at this point coupling between different k⃗ states (as will be
discussed later in Section 13.3), we introduce the optical transition energy

~Ω(k⃗) = Ec(k⃗)− Ev(k⃗) (13.1)

and the Rabi energy

~ΩR(r⃗, k⃗, t) = dcv(k⃗)E(r⃗, t) , (13.2)

which is proportional to the electric field and proportional to the dipole ma-
trix element dcv. Note that the Rabi frequency itself oscillates with the light
frequency ω0, i.e., ΩR(t) periodically changes its sign.

The Rabi frequency represents a natural measure for the strength of the
electric field and has to be compared with the light frequency. For example, we
consider the situation for the model semiconductor GaAs: One cycle of light,
2π/ω0, corresponding to the room temperature band gap energy, Eg = 1.42 eV,
has a period of

h/Eg = 2π/ω0 = 2.9 fs , (13.3)

with Planck’s quantum
h = 2π × 0.658 eV fs . (13.4)

The regime of carrier-wave Rabi flopping in GaAs (Section 13.4) is charac-
terized by the condition, Rabi frequency equal to light frequency (ΩR = ω0),
which actually means that the semiconductor turns into a metal after half
an optical cycle (1.45 fs=2.9 fs/2), returning to a semiconductor after another
1.45 fs [1, 2, 3]. In addition, the corresponding peak electric field is of the or-
der of 4× 109 V/m, equivalent to about two Volts per lattice constant a, with
a ≈ 0.5 nm for GaAs.

As discussed already in Chapter 10, the dynamics of the two-level system
can be described by the optical Bloch equations for the transition amplitude(

∂

∂t
+ iΩ(k⃗)

)
pvc(k⃗) +

(
∂

∂t
pvc(k⃗)

)
scat

= iΩR(r⃗, k⃗, t)
[
fv(k⃗)− fc(k⃗)

]
(13.5a)

and for the distribution function of the conduction band

∂

∂t
fc(k⃗) +

(
∂

∂t
fc(k⃗)

)
scat

= 2ΩR(r⃗, k⃗, t)Im
(
pvc(k⃗)

)
. (13.5b)

(1−fv(k⃗)) can be interpreted as the occupation of holes and obeys an equation

similar to fc(k⃗). In Eq. (13.5b) we have assumed a real Rabi energy. We remind
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the reader that the transition amplitude pvc(k⃗) and the occupation factors fc(k⃗)

and fv(k⃗) are connected to the components of the Bloch vector (u, v, w)T via u
v
w

 =

 2Re(pvc(k⃗))

2 Im(pvc(k⃗))

fc(k⃗)− fv(k⃗)

 , (13.6)

with equation of motion (relaxation omitted, r⃗ and k⃗ dependances suppressed
for clarity)  u̇

v̇
ẇ

 =

 0 +Ω 0
−Ω 0 −2ΩR(t)
0 +2ΩR(t) 0

 u
v
w

 . (13.7)

13.2.2 Ponderomotive energy

We have seen in the previous section 13.2.1 that the electric field of a laser pulse
can promote electrons from the ground state (valence band) into the excited
state (conduction band). In addition, the electric field can also accelerate
electrons within the bands, classically speaking, or, quantum mechanically,
it can modify the states, i.e., the band structure – an aspect, which is not
contained in the Hamiltonian underlying the optical Bloch equations. This
leads to the dressed electron picture within the effective-mass approximation
(section 13.2.2) and to the Wannier-Stark ladder beyond the effective-mass
approximation (section 13.2.3).

Note that in general, the effective mass is a tensor defined as(
1

me

)
ij

=
1

~2
∂E(k⃗)

∂ki∂kj
with i, j = x, y, z (13.8)

Here we assume that the effective-mass approximation applies and consider a
1D case. Then, classically, Newton’s second law1 for the electron displacement,
x, gives

me ẍ(t) = ~k̇x(t) = −eE(t) , (13.9)

Inserting the electric field2 E(t) polarized along the x-direction

E(t) = Ẽ0 cos(ω0t+ ϕ) , (13.10)

1Here we have already omitted the term −e v⃗ × B⃗ from the Lorentz force. In a medium,
|B⃗| = |E⃗|/c holds. Thus, |v⃗ × B⃗| becomes comparable to |E⃗|, if |v⃗| ≈ c, i.e., for relativistic
velocities. For the parameters relevant for solids, the electron velocities |v⃗| are small com-
pared to the medium light velocity c. However, for gases and extremely large intensities,
the force −e v⃗ × B⃗ can become important.

2For clarity, we suppress the spatial dependence as well as the vector character of the
electric field.
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we obtain the solution

x(t) =
eẼ0

meω2
0

cos(ω0t+ ϕ) . (13.11)

For the velocity v(t) this results in

v(t) = − eẼ0

meω0

sin(ω0t+ ϕ) . (13.12)

Averaging the kinetic energy Ekin(t) = 1
2
mev

2(t) over an optical cycle T =
2π/ω0, we obtain the ponderomotive energy

Up = ⟨Ekin⟩ =
1

4

e2Ẽ2
0

meω2
0

. (13.13)

As we had already seen in Chapter 12, the ponderomotive energy is directly
proportional to the light intensity I ∝ Ẽ2

0 , the peak kinetic energy of the
electron is twice the ponderomotive energy. Compared to the gas case, see
Eq. (12.2), for solids the effective mass of the crystal electron me enters the
ponderomotive energy (13.13), that is typically (much) smaller than the free
electron mass m0 (compare values given in Section 13.1).

Quantum mechanically but still within the effective-mass approximation,
the problem of a crystal electron in a laser field (oscillating in time) is somewhat
analogous to that of a laser pulse with carrier frequency ω0 in a mode-locked
laser oscillator as discussed in Section 9.10.1. There, the electromagnetic wave
packet periodically oscillates back and forth between the laser mirrors with
the corresponding round-trip frequency fr. This leads to sidebands of ω0,
i.e., to the frequency comb. These sidebands are rigidly shifted by the CEO
frequency fCEO as a result of the phase slip ∆ϕ of the electromagnetic wave
packet from one round trip to the next according to Eq. (9.56). In analogy to
this, semiclassically speaking, an electron wave packet in a periodic laser field
acquires a quantum phase during one optical cycle, ∆ϕe, which is given by the
cycle-average3

∆ϕe =

⟨
2π

(vphase − vgroup)
2π

ω0

λe

⟩
, (13.14)

with the electron deBroglie wavelength λe = 2π/kx and the period of light
T = 2π/ω0. With the dispersion relation of, e.g., conduction band electrons
within the effective-mass approximation

Ec(kx) = ~ωe(kx) =
~2k2x
2me

, (13.15)

3Note that λe, vphase, and vgroup vary in time since kx = kx(t).
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and with vphase = ωe/kx and vgroup = dωe/dkx, we obtain the phase slip of the
oscillating electron wave packet from one optical cycle to the next

∆ϕe =

⟨
2π

(
~kx
2me

− 2
~kx
2me

)
2π

ω0

2π/kx

⟩
= −2π

⟨
~2k2x
2me

⟩
~ω0

= −2π
Up

~ω0

. (13.16)

Note that the minus sign arises from the fact that the electron group velocity
is larger than its phase velocity, while for photons the situation is usually
reversed, i.e., their group velocity is smaller than their phase velocity.

According to Eq. (13.16), the phase slip becomes appreciable in magnitude
if the ponderomotive energy Up approaches the carrier photon energy ~ω0.
Furthermore, in analogy to the light field in a laser cavity, we expect that the
density of states of the combined system electron plus light field, i.e., of the
so-called dressed electron, exhibits photon sidebands of the electron density of
states at ±m ~ω0 with integer m, which in analogy to Eq. (9.56) are shifted
according to

−~ω0
∆ϕe

2π
= Up . (13.17)

Thus, the entire spectrum is shifted towards higher energy by the ponderomo-
tive energy Up [27, 28, 29, 30]. This Up shift for electrons is analogous to the
fCEO shift for photons.

Note that, since the static Franz-Keldysh effect [32, 33] can be thought of
as photon-assisted tunneling of electrons from the valence to the conduction
band, the dynamical Franz-Keldysh effect (characterized by Up ≈ ~ω0) can be
thought of as the point where the tunneling time is comparable to the light
period of the excitation laser field [30, 31].

For semiconductors, however, the concept of the ponderomotive energy
of the crystal electron is only meaningful within the range of validity of the
effective-mass approximation. Note that the effective mass starts to deviate
from a constant value for larger values of Up, typically already above several
0.1 eV (compare Fig. 13.3 and Eq. (13.8)). This limits the importance of the
ponderomotive energy for crystal electrons under extreme conditions.

For electrons in atoms, on the other hand, it is always a valuable quantity.
There, however, for the same laser intensity I, the ponderomotive energy is
substantially smaller than in solids because the free electron mass m0 is larger
than typical effective electron masses by about an order of magnitude. Also,
for atoms, the ponderomotive energy has to be compared with the ionization
energy (13.6 eV for the hydrogen atom), which is at least one order of magni-
tude larger than typical transition energies in solids. Thus, with the combined
effect of both aspects, the laser intensities in atoms have to be two to three
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orders of magnitude larger than in solids to make the ponderomotive energy
comparable to a characteristic energy scale.

13.2.3 Bloch energy

The failure of the concept of the ponderomotive energy in solids for large
laser intensities asks for a more general quantity which reflects the kinetic
energy of the electrons within the bands without employing the effective-mass
approximation. We first consider a static electric field E (again parallel to
the x-direction), which accelerates the electron according to the acceleration
theorem, ~k̇x = −eE (in 1D). If the electrons are accelerated so much that
their wave number kx reaches the boundary of the first Brillouin zone, i.e.,
kx = ±π/a with the lattice constant a, they are Bragg-reflected to kx = ∓π/a,
i.e., their momentum changes sign (compare Fig. 13.3). From Eq. (13.9) for a
constant electric field E starting from electron wave number kx(0) = 0, we get

kx(t) = − e

~
E t . (13.18)

For half a Bloch oscillation period, π/ΩB, the electron wave number hits the
boundary of the Brillouin zone, i.e., kx(π/ΩB) = −π/a, and we obtain for the
Bloch energy

~ΩB = a eE . (13.19)

Thus, even for a constant electric field, the electron performs a ballistic motion
in k-space accompanied by a real-space oscillation of the electron position,
which is known as Bloch oscillation [34, 35]. The Bloch oscillation is associated
with a Bloch period TB = 2π/ΩB and Bloch energy (13.19), which is simply
the potential drop over one unit cell with lattice constant a. Note that the
Bloch frequency does not depend on the particular dispersion relation (i.e., the
band structure) of the crystal electron.

The generalization to time-dependent electric fields E(t) is straightforward
[1, 3]: introducing the instantaneous Bloch frequency via ~ΩB(t) = aeE(t), the
acceleration theorem can be rewritten as ak̇ = −ΩB(t), and its formal integra-
tion yields k(t) = k0 + eA(t)/~ with the initial wave number k0 and the laser
vector potential A(t) = −

∫ t

−∞ dt′E(t′). Thus, similar to attosecond streaking
spectrograms (in the parallel detection geometry) as shown in Fig. 12.26, the
k-space dynamics directly mirrors the vector potential A(t), however, folded
into the first Brillouin zone via Bragg reflections at the zone boundaries.

The Bloch oscillation picture in k-space is equivalent to the Wannier-state
ladder picture [36] in real space: in the field-free case, the electron wave func-
tions in a solid are delocalized and the energy spectrum of band states is



13.3. SEMICONDUCTOR BLOCH EQUATIONS 335

continuous. When a strong electric field is applied, for which |aeE| is large
compared with the width of the band ∆, the electron wave functions become
localized and the discrete energy spectrum consists of the Wannier-state lad-
der, whose eigen energies

Em = Eref +ma eE , (13.20)

(with the energy of a reference state Eref and m = 0, ±1, ±2, ... ) are equidis-
tantly spaced by the Bloch energy ~ΩB. Thus, an electronic wave packet is a
superposition of these Wannier-Stark states, and the Bloch oscillation are the
quantum beating between these states in time [1, 3]. Importantly, Rossi [37]
established that the Bloch oscillation and Wannier-state ladder pictures are
two totally equivalent rigorously quantum-mechanical representations, which
simply correspond to different vector- and scalar-potential gauges, respectively.

Note that Eq. (13.20) is analogous to the frequency comb of mode-locked
laser oscillators described by Eq. (9.62), where ΩB/2π plays the role of the
repetition frequency fr.

13.3 Semiconductor Bloch equations

So far we have neglected the Coulomb interaction between the photoexcited
carriers. The interacting electrons and holes within a strongly excited solid
have to be treated as a system far from equilibrium. The equations of motion
for the system’s dynamics, the semiconductor Bloch equations [38], treat the
Coulomb interaction consistently on a Hartree-Fock level, and include many-
body and phase space effects such as, e.g., band-gap renormalization, Pauli
blocking, and screening. The semiconductor Bloch equations can be derived by
help of nonequilibrium Green’s functions [39, 40, 41], by applying projection-
operator techniques [42], or cluster-expansion theory [43, 44].

In the following, to provide a simple sketch how the semiconductor Bloch
equations can be derived (along the lines of Ref. [38, 42]) and to keep the
situation transparent, we ignore intraband driving for the moment. In this
case, the starting point is the two-band many-body Hamiltonian (in second
quantization [44])
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H =
∑
k⃗

Ec(k⃗)c
†
ck⃗
cck⃗ +

∑
k⃗

Ev(k⃗)c
†
vk⃗
cvk⃗

+
1

2

∑
k⃗,⃗k′,q⃗ ̸=0

v(q⃗)
[
c†
c,⃗k+q⃗

c†
c,⃗k′−q⃗

cck⃗′cck⃗ + c†
v,⃗k+q⃗

c†
v,⃗k′−q⃗

cvk⃗′cvk⃗ + 2c†
c,⃗k+q⃗

c†
v,⃗k′−q⃗

cvk⃗′cck⃗

]
−E(r⃗, t)

∑
k⃗

[
dcv(k⃗)c

†
ck⃗
cvk⃗ + h.c.

]
. (13.21)

In the first line, Ec,v(k⃗) are the single-particle energies of electrons in the con-
duction (c) and valence (v) band, respectively (i.e., the band structure). In
the second line, the first two terms describe the interaction of the electrons
within each band due to the Coulomb potential v(q⃗), i.e., intraband Coulomb
scattering effects, the third term describes the Coulomb interaction between
the carriers in the valence and conduction band, i.e., interband Coulomb ef-
fects. Finally, the interband coupling to the laser field E(r⃗, t) is described in

dipole approximation via the dipole matrix element dcv(k⃗) for an optical tran-

sition at electron wave vector k⃗. The fermionic creation c† and annihilation c
operators create and annihilate crystal electrons in the indicated band (c,v) at

the indicated momentum4 (k⃗).
The equation of motion of the optical transition amplitudes

pvc(k⃗) = ⟨c†
vk⃗
cck⃗⟩ (13.22)

(depending on time t as well as parametrically on the spatial coordinate r⃗)
and those of the occupation numbers in the conduction band

fc(k⃗) = ⟨c†
ck⃗
cck⃗⟩ (13.23)

and in the valence band
fv(k⃗) = ⟨c†

vk⃗
cvk⃗⟩ (13.24)

are easily calculated from the Heisenberg equation of motion for an arbitrary
operator O according to

−i~
∂

∂t
O = [H,O] , (13.25)

while employing the usual fermionic anticommutation relations, i.e.,

[c
ck⃗
, c†

ck⃗′
]+ = δk⃗k⃗′ , [c

vk⃗
, c†

vk⃗′
]+ = δk⃗k⃗′ , (13.26)

4The momentum index includes the spin index, thus summation over k⃗ implies sum-
ming over the two spin orientations. Note that the Coulomb interaction does not alter the
orientation of the spin.
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and that all other anticommutators are zero. The resulting equations of
motions include couplings to higher-order correlations. With the help of a
quantum-mechanical projection-operator technique it was shown in Ref. [42],
that (without approximation) the density matrix can be projected into a ”co-
herent contribution” and a ”scattering contribution”, respectively, and that
the time evolution of an arbitrary operator O is governed by

∂

∂t
⟨O⟩ = ∂

∂t
⟨O⟩coh +

∂

∂t
⟨O⟩scat . (13.27)

After some lengthy but straightforward operator algebra this leads to the
semiconductor Bloch equations for the transition amplitude(
∂

∂t
+ i~−1

[
Êc(k⃗)− Êv(k⃗)

])
pvc(k⃗)+

(
∂

∂t
pvc(k⃗)

)
scat

= iΩ̂R(r⃗, k⃗, t)
[
fv(k⃗)− fc(k⃗)

]
,

(13.28)
for the distribution function of the conduction band

∂

∂t
fc(k⃗) +

(
∂

∂t
fc(k⃗)

)
scat

= −2Im

(
Ω̂R(r⃗, k⃗, t)p

∗
vc(k⃗)

)
, (13.29)

and a corresponding equation for the distribution function of the valence band.
The terms with subscript ”scat” describe dephasing and relaxation originat-
ing from many-body interactions beyond the Hartree-Fock level. As we will
see later, on a time scale close to an optical cycle, these terms can become
appreciable under extreme excitation conditions.

Within the framework of the semiconductor Bloch equations, the Coulomb
interaction leads to a renormalization5 of the energies according to

Êc(k⃗) = Ec(k⃗)−
∑
k⃗′

v(k⃗ − k⃗′)fc(k⃗
′) (13.30)

Êv(k⃗) = Ev(k⃗) +
∑
k⃗′

v(k⃗ − k⃗′)fv(k⃗
′) (13.31)

as well as to a renormalized Rabi energy

~Ω̂R(r⃗, k⃗, t) = dcv(k⃗)E(r⃗, t) +
∑
k⃗′

v(k⃗ − k⃗′)pvc(k⃗
′) . (13.32)

Thus, the carriers do not react to the applied laser field E(r⃗, t) alone, but to
the applied laser field plus the ”internal” field which is the sum over interband

5Renormalized quantities are indicated by a hat.
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transition amplitudes pvc times the Coulomb interaction v. Furthermore, the
renormalization terms lead to a coupling of different k⃗ states.

The optical polarization, which enters the Maxwell equations, is given by

P (r⃗, t) =
∑
k⃗

dcv(k⃗)
(
pvc(k⃗) + c.c.

)
+ Pb(r⃗, t) , (13.33)

Sometimes, a background polarization Pb(r⃗, t) = ε0χb(r⃗)E(r⃗, t) = ε0(εb(r⃗) −
1)E(r⃗, t) is employed, which approximately accounts for all ”very” high-energy
optical transitions not explicitly accounted for in the underlying Hamiltonian.
It can be expressed in terms of the background dielectric constant εb(r⃗).

The dipole matrix element dcv is approximately k⃗-independent and can be
estimated on the basis of known material parameters by the ”rule of thumb”
from k⃗·p⃗-perturbation theory [38, 45]

|dcv|2 =
~2e2

2Eg

(
1

me

− 1

m0

)
. (13.34)

Now, including additional terms in the Hamiltonian (13.21), that also take
into account intraband driving

Hintra = ieE(r⃗, t)
∑
k⃗

[
c†
ck⃗
∇k⃗cck⃗ + c†

vk⃗
∇k⃗cvk⃗ + h.c.

]
(13.35)

[but ignoring electron-phonon coupling in this section, since on time scale of
the light period (i.e., the relevant scale we are interested in here in this section)
electron-phonon coupling is not expected to be important (as typical phonon
periods are on the order of ∼100 fs)], one can derive the semiconductor Bloch
equations for the coupled interband and intraband dynamics [46, 47, 48] given
by (

∂

∂t
+ i~−1

[
Êc(k⃗)− Êv(k⃗)

])
pvc(k⃗) +

(
∂

∂t
pvc(k⃗)

)
scat

= iΩ̂R(r⃗, k⃗, t)
[
fv(k⃗)− fc(k⃗)

]
+ e~−1E(r⃗, t)∇k⃗pvc(k⃗) , (13.36)

and

∂

∂t
fc(k⃗) +

(
∂

∂t
fc(k⃗)

)
scat

= −2Im

(
Ω̂R(r⃗, k⃗, t)p

∗
vc(k⃗)

)
+ e~−1E(r⃗, t)∇k⃗fc(k⃗) ,

(13.37)
plus again a corresponding equation for the distribution function of the valence
band. We immediately identify the terms related to interband transitions, Ω̂R,
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and to intraband transitions, E∇k⃗. Beside the optical polarization (13.33),
one has an additional source term in Maxwell’s equations given by the induced
intraband current

J(r⃗, t) = e
∑
k⃗

(
vcg(k⃗)fc(k⃗) + vvg(k⃗)fv(k⃗)

)
, (13.38)

where v⃗ig(k⃗) = ∇k⃗Ei(k⃗)/~ denotes the group velocities6 of the valence and
conduction bands (i = v, c), respectively. From the Maxwell’s equation, it
follows that the radiated spectrum is given by

Irad(ω) ∝ |ω2P (ω) + iωJ(ω)|2 (13.39)

It is immediately clear from the semiconductor Bloch equations (13.37)-(13.37)
combined with Eq. (13.39), within this theoretical framework interband and
intraband transitions are inherently coupled in a nontrivial way, which gen-
erally leads to complex coupled dynamics for strong excitations, in particular
for the case of high-harmonic generation from solids (see Section 13.6). Thus,
it is crucial to realize, that in the general strong-field interaction case, it is not
possible to experimentally isolate either interband or intraband dynamics and
study them in an independent, decoupled way.

13.4 Carrier-wave Rabi flopping

First we look into the case of pure interband dynamics. Intuitively, we ex-
pect that interband transitions are dominant for (near) resonant excitation of
a semiconductor band gap. The notion of carrier-wave Rabi flopping was in-
troduced by S. Hughes, who discussed an ensemble of identical and uncoupled
two-level systems in vacuum [50, 51]. It refers to Rabi flopping under the con-
dition that the Rabi frequency is approximately equal to the light frequency
(ΩR ≈ ω0). As one is interested in the system’s dynamics on a time scale of
one period of light or less, both the slowly varying envelope approximation
(SVEA) and the rotating wave approximation (RWA) must obviously not be
used. The theoretical work of S. Hughes was based on the theoretical frame-
work of Ref. [52], i.e., on numerical solutions of the coupled Maxwell-Bloch
equations in one dimension.

6As an aside, note that the semiclassical transport equations of an electronic wave packet

within a single band driven by an electric field E⃗(t) more generally read ~ ˙⃗k = −eE⃗ and

˙⃗r = ∇k⃗E(k⃗)/~− ˙⃗
k × Ω⃗(k⃗), where the Berry curvature Ω⃗(k⃗) originates from the dependence

of the periodic part of the Bloch function on k⃗ [49].
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Figure 13.4: (a) Illustration of conventional Rabi flopping for resonant excitation,
i.e., Ω = ω0. The rotating wave approximation (RWA) is not used. The box-shaped
pulse has a duration of 20 optical cycles, envelope pulse area is Θ̃ = 2π. (b) Same
for carrier-wave Rabi flopping. Pulse duration is 2 optical cycles, Θ̃ = 4π. In (a)
and (b), the trace of the Bloch vector on the Bloch sphere, the electric field E(t)
(the electric field envelope is indicated by the grey area), the component u(t), and
the inversion w(t) are depicted. The optical polarization P (t) is proportional to
u(t). The period of light corresponding to the room temperature band gap energy
of GaAs is 2.9 fs. [2]

What are the anticipated signatures of carrier-wave Rabi flopping? The
condition Rabi period equal to the light period corresponds to a huge intensity
(for a solid) as discussed in section 13.2.1. While it might be possible to
reach this condition with pulses of several tens of femtoseconds in duration,
it is not very likely that the samples will survive the large deposited energy
(= intensity× duration). Thus, it seems favorable to study excitation with
very short pulses, ideally with only one or two cycles of light in duration with
minimum deposited energy. Remember that, for GaAs parameters, the period
of light corresponding to the room temperature band gap energy is 2.9 fs. To
highlight the general aspects of carrier-wave Rabi flopping, we first review the
behavior for an ensemble of uncoupled and identical two-level systems, which
is the level of sophistication of Refs. [50, 51, 52, 53].

For reference, Fig. 13.4(a) schematically depicts conventional Rabi flopping,
i.e., the Rabi frequency is much smaller than the light frequency (ΩR ≪ ω0).
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For clarity, we neglect any damping at this point. The components of the
Bloch vector (u, v, w) have already been explained in section 13.2.1. In the
Bloch sphere representation, the optical oscillation corresponds to an orbiting
of the Bloch vector parallel to the equatorial plane (uv-plane) with the optical
transition frequency Ω (here, for resonant excitation, Ω = ω0 = 2π/2.9 fs),
the oscillation of the inversion to a motion in the vw-plane. For a box-shaped
pulse with envelope pulse area Θ̃ = 2 π, starting from the south pole, i.e.,
all electrons are in the ground state (valence band), the Bloch vector spirals
up to the north pole, i.e., all electrons are in the excited state (conduction
band) and back to the south pole. This leads to a modulation of the optical
polarization P (t)∝u(t), which is roughly similar to a quantum beating. Thus,
the spectrum of the optical polarization would exhibit two sidebands centered
around the transition frequency. The inversion w(t) nearly reproduces the
classical result of I. I. Rabi according to w(t) = − cos(Ω̃Rt). A closer inspection
does, however, reveal a small superimposed staircase-like structure, which is
due to deviations from the RWA used by I. I. Rabi. Fig. 13.4(b) shows the
results for Θ̃ = 4 π and for a much shorter pulse, such that the Rabi period
equals the light period (ΩR = ω0). Here, both the optical polarization and the
inversion exhibit significant dynamics on the time scale of one cycle of light –
in contrast to conventional Rabi flopping shown in Fig. 13.4(a). Two related
aspects are obvious: First, though Θ̃ = 4π, the Bloch vector does not come
back to the south pole. In this sense, the usual definition of the envelope pulse
area Θ̃ fails. Hence, also the area theorem of nonlinear optics, which is based
on this definition, fails [50]. Despite this failure, we quote Θ̃ for reference in
this chapter. Second, it is obvious that the optical polarization P (t)∝u(t)
becomes strongly distorted during7 the two cycles of the optical pulse.

Thus, harmonics are being generated, the most prominent of which, for
an inversion symmetric medium, is the third harmonic. For low intensities,
this is nothing but the resonantly enhanced third-harmonic generation. As
discussed already in Section 10.8, for very high intensities, i.e., for carrier-wave
Rabi flopping, Mollow sidebands around the fundamental transition frequency
(ω = ω0) and around the odd harmonics (ω = (2n + 1)ω0 with integer n)
result from the modulation of the optical transition with the Rabi frequency
ΩR. Hence, the Mollow sidebands appear at (2n+ 1)ω0 ± ΩR.

Fig. 13.5(a) illustrates the anticipated radiated intensity (i.e., the square
modulus of the Fourier transform of the second temporal derivative of the
optical polarization P (t)) versus spectrometer frequency ω and peak Rabi fre-

7Note that no harmonics are generated after the two cycles of the optical pulse (see
Fig. 13.4(b)). Here one merely has a free oscillation of the optical polarization with the
transition frequency of the two-level system Ω.
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Figure 13.5: Grey-scale plots of the radiated light intensity Irad (normalized) cor-
responding to the Bloch equations versus spectrometer frequency ω. (a) Position
of the peaks of the fundamental and the third-harmonic Mollow triplet versus peak
Rabi frequency ΩR in units of the laser carrier frequency ω0 for Ω/ω0 = 1 with
~ω0 = 1.5 eV and for an N = 30 cycle long box-shaped optical pulse (see center in-
set exemplifying the electric field for N = 3). (b) Dependence on the integer number
of cycles N = 1, 2, . . . , 30 in the pulse for fixed ΩR/ω0 = 0.5. Note the occurrence
of additional side maxima for few-cycle pulses. [2]

quency ΩR as obtained from the Bloch equations of the two-level system for a
pulse containing N = 30 cycles of light and with constant intensity in the pulse
(see illustration in the center of Fig. 13.5). The three peaks around the fun-
damental, i.e., around ω/ω0 = 1 in Fig. 13.5(a), are the usual Mollow triplet.
In addition, carrier-wave Rabi flopping also leads to a corresponding triplet
around the third harmonic of the laser carrier frequency, i.e., around ω/ω0 = 3.
Also note that above ΩR/ω0 = 1 and ω/ω0 ≈ 0, an additional peak appears
in Fig. 13.5(a). It arises from the contribution at carrier frequency −ω0, the
envelope of which develops a sideband which appears at positive spectrometer
frequencies ω. Fig. 13.5(b) shows the dependence of the optical spectra on the
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pulse duration. Here, the peak Rabi frequency is fixed to ΩR/ω0 = 0.5 and the
integer number of cycles N in the pulse is varied from 1 to 30. Clearly, the en-
ergy of the pulse increases by a factor of 30 from N = 1 to N = 30. It becomes
obvious that the spectra for long pulses, i.e., for N → ∞, exhibit sharp peaks
corresponding to the fundamental Mollow triplet and the carrier-wave Mollow
triplet around the third harmonic as in Fig. 13.5(a), whereas the behavior is
more complicated for short pulses, i.e., for N → 1. Here, additional peaks oc-
cur which are related to the pulse duration as well as to the pulse shape. The
resulting spectra (Fig. 13.5(b)) roughly look like a convolution of the result for
long pulses (N → ∞) with the laser spectrum – which, however, is not a strict
statement.

Carrier-wave Rabi flopping was first experimentally observed for resonantly
exciting the GaAs band gap with intense 5-fs (two-optical-cycle) Ti:sapphire
laser pulses [53]. Interferometric measurements were performed by splitting
the laser pulses into two interferometer arms and actively stabilizating the
relative time delay to within 50 as. The laser pulses were then focused onto the
semiconductor to a 1-µm-radius spot using a high-numerical-aperture reflective
microscope objective reaching in the focus an intensity (for one interferometer
arm) of I0 = 0.6 × 1012 W/cm2, corresponding to a peak of the electric field
envelope (in vacuum) Ẽ0 = 2.1×109 V/m for one arm, or 4.2×109V/m for two
constructively interfering arms of the interferometer at τ = 0. With a dipole
matrix element of dcv = 0.5 e nm for GaAs, this translates into an envelope
pulse area

Θ̃ = ~−1 d Ẽ0 × 5 fs = 8.1 > 2 π (13.40)

for one arm (I = 0.601× I0 corresponds to 2π pulse area), and Θ̃ > 4π (two
Rabi periods) for two constructively interfering arms of the interferometer. For
a 5 fs pulse and a 2.9 fs band gap period, this corresponds to a Rabi frequency
which even slightly exceeds the light frequency. It is also interesting to give
a very rough estimate for the excited carrier density under these conditions.
The GaAs band-to-band absorption coefficient is α = 104 cm−1. If all the light
was absorbed according to this number – certainly an upper limit – one arrives
at a carrier density of

neh = α I0 × 5 fs / 1.42eV = 1.3× 1020 cm−3 . (13.41)

For constructive interference of the two arms of the interferometer, this number
needs to be multiplied by a factor of four. Thus, the highest carrier densities
approached 1020 cm−3.

Let’s first discuss results for single pulses only, i.e., one arm of the interfer-
ometer was blocked. Fig. 13.6 shows spectra at the third harmonic for different
pulse intensities I in multiples of I0, as defined above. At low intensity, i.e.,
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Figure 13.6: Measured spectra of light emitted into the forward direction around
the third harmonic of the GaAs band gap. The spectra are shown on a linear scale,
vertically displaced, and individually normalized (from top to bottom: maxima
correspond to 5664, 439, 34, and 4 counts/s). Excitation with 5-fs pulses. The
intensity I of the pulses is indicated (normalized to I0 = 0.6× 1012W/cm2). [53]

for I = 0.017× I0, we observed a single maximum around 300 nm wavelength
which was interpreted as the usual third-harmonic generation which is reso-
nantly enhanced by the GaAs band edge here.

With increasing intensity, we found a second maximum emerging at the
long wavelength side, which gains more and more weight. At the highest
intensity, i.e., I = 0.779 × I0, the 10× magnification reveals an additional
smaller maximum around 340 nm wavelength. In Ref. [53], we interpreted this
overall behavior as a signature of carrier-wave Rabi flopping. Note that the
intensities revealing a double-peak structure in the third-harmonic spectrum
correspond very well to our above simple estimates, i.e., we estimated a full
Rabi flop for an intensity of I = 0.601× I0.

In the second set of experiments, we studied the third-harmonic spectra
for excitation with phase-locked pulse pairs with time delay τ , i.e., we open
both arms of the interferometer. Note that Θ̃ is the same for τ = 0 and for,
e.g., τ equal to two optical cycles – because the two optical fields simply add.
Yet, the corresponding Rabi frequency is larger for τ = 0. For low intensities
(Fig. 13.7(a)), i.e., for small Rabi frequency as compared to the light frequency,
the third-harmonic spectrum is simply modulated as a function of τ due to
interference of the laser pulses within the sample leading to a period of about
2.9 fs. In contrast to this, for higher intensities (Fig. 13.7(b)–(d)), where the
Rabi frequency becomes comparable to the light frequency, the shape of the
spectra changes dramatically with time delay τ . For, e.g., τ = 0 in Fig. 13.7(b),
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Figure 13.7: Experiment: Same as Fig. 13.6, however, using pairs of phase-locked
5 fs pulses. The signal around the third harmonic of the band gap is depicted versus
time delay τ in a color-scale plot (note the saturated grey scale on the RHS). (a)–
(d) correspond to different intensities I as indicated. I refers to one arm of the
interferometer. [53]

the two pulses simply interfere constructively and we find the same spectral
double-maximum structure as in the single-pulse experiments (Fig. 13.6). For
larger τ , i.e., after one or two optical cycles, this double maximum disappears
and is replaced by one prominent and much larger maximum. For the highest
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intensity, i.e., for Fig. 13.7(d) – which corresponds to an envelope pulse area Θ̃
of more than 4 π – the behavior is quite involved with additional fine structure
for |τ | < 1 fs. Note that the spectra for τ = 0 nicely reproduce the behavior
seen in Fig. 13.6.

Apart from the interference of the laser pulses in the sample, at larger time
delays |τ | one additionally observes interference of the third-harmonic signals
corresponding to the two phase-locked pulses on the detector leading to periods
around one femtosecond in Fig. 13.8. It can also be seen from Fig. 13.8 that
the splitting in the spectra gradually approaches zero for large time delays. As
reasoned above, this is due to the decreasing electric field, hence decreasing
Rabi frequency with increasing |τ |.

Additional experiments performed with deliberately introduced positive/
negative group-delay dispersion (not shown here) confirmed that it is not just
the large bandwidth of the pulses but the fact that they are extremely short
(two optical cycles) which is important for the observation of carrier-wave Rabi
flopping [53].

Later numerical calculations [54] predicted that the CEP of the pulses
should be detectable via the interference between sidebands from different-
order Mollow triplets and also revealed the importance of extremely thin GaAs
samples. Repeating the experiments with improved GaAs samples with 100-
nm thickness only permitted the observation of a clear Mollow triplet (see
Fig. 13.9) and CEP detection (Fig. 13.10) originating from the interference
between the Mollow sidebands with a simultaneously emitted (perturbative)
surface SHG [55].

Figure 13.8: Similar to Fig. 13.7(c), however, for a larger range of the time delay τ .
Around τ = 0 the interference of the laser pulses within the sample dominates, while
we additionally observe interference of the third-harmonic signals corresponding to
the two phase-locked pulses on the detector for larger |τ |. [2]
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In Fig. 13.10, the peak at 81MHz arises from the repetition frequency fr of
the laser oscillator. From the optical spectra depicted in Fig. 13.9 one expects
an optimum interference of the high-energy fundamental Mollow sideband with
the surface SHG around λ = 465 nm and an optimum interference of the surface
SHG with the low-energy third-harmonic Mollow sideband around λ = 340 nm.
At these wavelengths, Fig. 13.10 does indeed show peaks at the CEO frequency
fCEO and at the mixing frequency (fr − fCEO). The value of fCEO changes
from measurement to measurement. This is partly due to the fact that the
laser oscillator was not CEO-frequency stabilized. Furthermore, the intra-
cavity prism near the high-reflector was intentionally moved to demonstrate
the influence of intra-cavity dispersion on the results. For other detection
wavelengths λ shown in Fig. 13.10, no corresponding peaks are observed, even

Figure 13.9: Emission spectra of a 100-nm-thin GaAs film for excitation with a pair
of 5-fs pulses with time delay τ . Excitation intensity (a) I = 0.24 × 1012W/cm2,
(b) I = 2.8 × 1012W/cm2. The contribution centered around 425-nm wavelength
is due to surface SHG. The single peak in (a) centered around 300-nm wavelength
(the third harmonic of the GaAs band gap) evolves into three peaks in (b), which
are attributed to the carrier-wave Mollow triplet. The corresponding three white
lines are a guide to the eye. The black curve at the top (another guide to the eye)
indicates the position of the high-energy peak of the fundamental Mollow triplet.
For (b) we estimate that the peak Rabi energy is given by ΩR/ω0 = 0.76. [55]
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though the absolute signal levels are larger (see larger fr peak). Note that
the fCEO and (fr − fCEO) peaks in the RF power spectrum are less than 8 dB
smaller than the fr peak, indicating that the relative modulation depth of the
beat signal versus time is as large as 40%. Similar results are observed for the
l = 50 nm thin sample (see lowest data set in Fig. 13.10).

The so-called light-induced gaps arising from coherent band mixing as pre-
dicted in [56, 57] were first observed in [58]: they are the analog of the two-level
atom Mollow triplet from quantum optics for excitation within the bands of
a semiconductor (see Fig. 13.11). In the semiconductor band case, the light-
induced gap in, e.g., the conduction band arises because the original conduc-
tion band and the one-photon sideband of the valence band lead to an avoided
crossing. The corresponding Hopfield coefficients determine the amount of
conduction band admixture [59]. It is crucial to note that this admixture can
be finite even far away from the fictitious crossing point. This statement be-
comes particularly important for Rabi energies ΩR approaching the photon
energy ω0, while it can be neglected for small Rabi energies. Importantly, as a
result of this finite admixture, optical transitions between the induced bands

Figure 13.10: Measured RF power spectra (logarithmic scale), 10 kHz resolution
and video bandwidth, for various optical detection wavelengths λ and two GaAs
film thicknesses l as indicated. The peaks at the CEO frequency fCEO and at
(fr − fCEO) are highlighted by grey areas. [55]
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are possible throughout an appreciable fraction of momentum space. Conse-
quently, the transitions acquire considerable spectral weight. Again, two out
of the four sets of possible optical transitions are energetically degenerate and
a triplet results, which we will refer to as the two-band Mollow triplet in the
following.

In Ref. [58], we reported fully dynamical solutions of the semiconductor
Bloch equations (13.28)-(13.29) (intraband driving ignored for this resonant
excitation case) for full tight-binding bands and without employing the RWA.
Most importantly, on the time scale of a few femtoseconds, the dissipative
kinetics in strongly excited semiconductors is governed by Coulomb electron-
electron scattering and electron–LO-phonon scattering (so-called excitation-
induced dephasing, for details see [38, 40, 43, 44]). Coulomb electron-electron
scattering dominates at excited carrier densities of 1020 cm−3 in these experi-
ments. A full quantum kinetic treatment along the lines of Ref. [60] was (in
2000) numerically too demanding under these conditions, since without per-
forming the RWA the numerics obviously needs to discretized and computed on
a fine step size below the optical light period. Hence, a semi-phenomenological
description, with parameters based on earlier findings [60, 61], was employed.

Figure 13.11: (a) Scheme of the two-level system Mollow triplet for resonant excita-
tion, i.e., Ω = ω0. (b) Light-induced gaps (grey areas) are the analog for excitation
within the bands of a semiconductor. The square modulus of the Hopfield coeffi-
cients [59] of the four resulting bands is superimposed onto them by a grey scale:
Black corresponds to 1, white to 0. GaAs parameters are used and the peak Rabi
energy ~ΩR is chosen as ~ΩR/Eg = 0.5, with the GaAs band gap energy Eg = 1.42
eV, ~ω0/Eg = 1.1. The dashed curves show the original conduction and valence
band, respectively. Both panels (a) and (b) assume monochromatic excitation as
well as negligible damping and are based on the rotating wave approximation. [58]
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Figure 13.12: Computed inversion for various excess energies above the band gap
versus time t for a peak electric field of 1.65×109 V/m. For t = 20 fs, the carrier
density equals 1.1× 1020 cm3. The lower trace shows the laser field E(t). [58]

Using GaAs parameters, it was found that the light-induced gaps in the orig-
inal bands lead to a background-free replica of the two-band Mollow triplet
around the third harmonic of the fundamental band gap [58]. The computed
emission spectra were in almost quantitative agreement with corresponding
measurements on the 100-nm-thin GaAs films as used in Fig. 13.9. This excel-
lent agreement of experiment and theory thus delivered the first unambiguous
observation of light-induced gaps in semiconductor band-to-band transitions.

Fig. 13.12 illustrates the importance of excitation-induced effects. At small
excess energies (see, e.g., the 4 meV trace) close to the GaAs band edge, the
inversion nearly performs a complete Rabi flop during the first half of the
pulse (t < 0 fs). A second Rabi flop roughly between t = −1 fs and t = 6 fs is
already very heavily damped. At later times, dissipative rather than coherent
kinetics dominates and the low-energy states are filled from above. At large
excess energies, where the dephasing is stronger (due to the larger number of
available final states in scattering processes), only an irreversible increase of
the inversion is left after the pulse has passed [58]. This demonstrates that for
strong-field excitations, electron-electron and electron–LO-phonon scattering
can be effective on the time scale of the optical period.

Finally, we mention recent studies on carrier-wave Rabi flopping and light-
induced gaps (also in other systems), e.g., see [62, 63, 64, 65, 66, 67].
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13.5 THG in disguise of SHG

What happens in extreme nonlinear optics for nonresonant excitation of the
band gap energy? In Section 10.8, we already discussed the effect ”THG
in disguise of SHG” [68]: to briefly recapitulate our earlier findings, SHG,
corresponding to a contribution with carrier frequency 2ω0, is forbidden in
an inversion-symmetric material. In traditional nonlinear optics, the spectral
width of the envelope of the generated wave is much smaller than ω0. Thus,
a peak at spectrometer frequency 2ω0 cannot occur. In contrast to this, in
extreme nonlinear optics, the spectral width of the envelope can approach ω0 or
even exceed it. Equivalently, the electric field itself governs the behavior rather
than the light intensity. Thus, the envelope of THG with carrier frequency
3ω0 can, e.g., lead to a low-frequency sideband (or a strong contribution) at
spectrometer frequency 2ω0 – even for an inversion-symmetric material.

But how could one experimentally unambiguously distinguish ”THG in
disguise of SHG” from usual SHG? The laser pulse itself has phase ϕ (i.e., the
CEP) by definition, the usual SHG has phase 2ϕ (even if it originates from, e.g.,
a χ(4)-process) and the third harmonic has phase 3ϕ – although it may exhibit
a peak at spectrometer frequency 2ω0. Thus, the beat note of the usual SHG
with the fundamental has difference phase ϕ, that of the ”THG in disguise
of SHG” and the fundamental has difference phase 2ϕ. For pulses out of a
mode-locked laser oscillator, ϕ oscillates with the CEO frequency fϕ. Hence,
usual SHG would lead to a beat note at frequency fϕ in the RF spectrum,
”THG in disguise of SHG” to a beat note at 2fϕ. Thus, a peak at frequency
2fϕ is an unambiguous experimental signature of ”THG in disguise of SHG”.

Fig. 13.13(a) shows the square modulus of the optical polarization P versus
spectrometer frequency ω and versus transition frequency Ω. For example
Ω/ω0 = 0.95 on the vertical axis corresponds to the band gap of GaAs, Ω/ω0 =
2.2 to that of ZnO and Ω/ω0 = 3.7 to that of diamond. Let’s for example
consider a transition frequency Ω/ω0 = 2, which is near the ZnO band gap.
The corresponding cut (white curve) in Fig. 13.13(a) exhibits a pronounced
peak at spectrometer frequency ω = 2ω0 (see arrow). This contribution to the
optical polarization leads to a wave at spectrometer frequency ω = 2ω0 – in
an inversion-symmetric medium. The origin of this unusual ”THG in disguise
of SHG” is a resonance enhancement of the THG at the two-level transition
frequency Ω. For pulses containing many cycles of light, the laser spectrum and
the usual THG contribution centered at ω/ω0 = 3 are rather narrow and the
overlap of the usual THG spectrum with the resonance at frequency Ω/ω0 = 2
is negligible and ”THG in disguise of SHG” does not occur. This aspect is
further illustrated by the dependence on the pulse duration tFWHM depicted in
Fig. 13.13(b).
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Figure 13.13: False-color image of the square modulus of the optical polarization P
(normalized) versus spectrometer frequency ω in units of the carrier frequency ω0

with ~ω0 = 1.5 eV. The peak Rabi frequency of the exciting sinc2(t) pulses with
duration tFWHM is ΩR/ω0 = 0.76. (a) Signal versus transition frequency Ω for a
fixed CEO phase ϕ = 0 and tFWHM = 5 fs. The white curve is a cut through the
data at Ω/ω0 = 2 (linear scale). The laser pulse spectrum is shown as the grey area
on the RHS. (b) Signal versus pulse duration tFWHM for fixed Ω/ω0 = 2 and ϕ = 0.
(c) Signal versus ϕ for fixed Ω/ω0 = 2 and tFWHM = 5 fs. [68]
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Figure 13.14: THG in disguise of SHG: excitation of ZnO with Ẽ0 = 6 × 109V/m
at τ = 0. (a) False-color image of the light intensity (normalized) emitted into the
forward direction versus spectrometer photon energy ~ω and time delay τ . The CEP
ϕ is not stabilized. The black thin lines are a guide to the eye. The white curve
labelled IAC is the interferometric autocorrelation of the laser pulses, obtained from
an independent measurement using a BBO SHG crystal. (b) RF power spectrum
SRF of the intensity in the spectral interval indicated by the grey area on the LHS
in (a), τ = 0. [69, 68]

With increasing intensity or increasing ΩR, the ”THG in disguise of SHG”
contribution rises roughly with the third power of the laser intensity, which
eventually overwhelms the usual SHG, which scales with the second power of
the laser intensity. This resonant enhancement is clearly different from the
behavior around Ω/ω0 = 1 on the vertical axis of Fig. 13.13(a), which is due
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to carrier-wave Rabi flopping, i.e., due to the large splitting of the sidebands
centered around ω/ω0 = 1 and ω/ω0 = 3, arising from a modulation of the
two-level system with the Rabi frequency

Fig. 13.13(c) shows the dependence on the CEO phase ϕ for a selected tran-
sition frequency of Ω/ω0 = 2. All other parameters are as in Fig. 13.13(a). It
becomes obvious that a part of the interference occurs in between the funda-
mental, i.e. ω/ω0 = 1, and ω/ω0 = 2. (In this interval one would also expect
the interference of usual SHG and the fundamental.) Note that the period of
the signal versus ϕ is π rather than 2π, equivalent to a peak at frequency 2fϕ
in the RF spectrum.

If one interprets the transition energy ~Ω in Fig. 13.13(a) as the band gap
energy Eg of a semiconductor, the lower RHS triangle formed by the Ω = ω
line experiences strong reabsorption in the semiconductor band-to-band con-
tinuum, while the upper LHS triangle is in the transparency regime of the
semiconductor. ”THG in disguise of SHG” overlaps with this line.

The experiments were performed with the same experimental setup as the
carrier-wave Rabi flopping experiments discussed in the previous section. Now
the pulses were focused onto a 350 nm thin epitaxial layer of ZnO on a sapphire
substrate [69, 68]. The ZnO crystallographic c⃗-axis was perpendicular to the
layer. Fig. 13.14 shows the experimental results reported in [69, 68].

The observed beat notes at twice the CEO frequency were reproduced by
theoretical modeling employing Maxwell-Bloch equations similar to the GaAs
case, and a detection artifact was carefully ruled out. These experiments thus
represent an unambiguous signature of third-harmonic generation in disguise
of second-harmonic generation – a phenomenon, which does not occur in tra-
ditional nonlinear optics.

13.6 High-harmonic generation from solids

Early in the ZnO experimental campaign [68, 69], some quick estimates re-
vealed that the photon energy, the ponderomotive energy, the Bloch energy,
and the Rabi energy all become comparable in these experiments [2, 3, 69]: For
ZnO parameters and the experimental conditions (me = 0.24×m0 and ~ω0 =
1.5 eV), we obtain from Eq. (13.13) a ponderomotive energy of Up = 1.27 eV at
a peak electric field of 6× 109 V/m, corresponding to a peak kinetic energy of
2.54 eV. For the same peak electric field and the lattice constant ac = 0.521 nm
(along the c⃗-axis), we find from Eq. (13.19) for the Bloch energy ~ΩB = 3 eV
equivalent to a Bloch oscillation period of 2π/ΩB = 1.4 fs. As this is just half a
cycle of light (T = 2π/ω0 = 2.8 fs for ~ω0 = 1.5 eV), one approaches the point
at which the carriers might experience Bragg reflections within one optical cy-
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cle, i.e., the electron kinetic energy reaches the top of the conduction band or
the boundary of the first Brillouin zone [2, 3]. In addition to these intraband
transitions, interband transitions can also occur. While one-photon absorption
is clearly not allowed – the band gap of ZnO (Eg =3.3 eV) is much larger than
the photon energies of the laser pulses – multi-photon transitions become pos-
sible at large Rabi energies ~ΩR as defined by Eq. (13.2). With a ZnO dipole
matrix element of dcv = 0.19 e nm (calculated with Eq. (13.34)), the Bloch en-
ergy is ΩB = 2.6× ΩR in ZnO for arbitrary intensities, e.g., ~ΩR = 1.1 eV for
a peak electric field of 6× 109V/m.

The above early estimates [2, 3] stimulated hope to observe Bloch oscil-
lations and Wannier-Stark ladders also in bulk solids : Bloch oscillations and
Wannier-Stark ladders were first experimentally observed in semiconductor
superlattices, but meanwhile also in a variety of other artificial systems such
as ultracold atoms in standing light waves, Bose-Einstein condensates, de-
generate atomic Fermi gases, optical waveguide arrays, optical and ultrasonic
superlattices, mesoscopic Josephson junctions, and elastic systems (see [70] for
references). However, no clear experimental evidence for Bloch oscillations and
Wannier-Stark ladders had been reported for conventional bulk solids yet.

Although the formal mathematical problems subject of this Bloch oscil-
lation controversy have been solved [37], interband Zener tunneling [35] and
scattering processes (electron-electron, electron-phonon, impurity scattering
etc.), which we ignored in our discussion so far, could impede the observation
of Bloch oscillations and prevent the existence of Wannier-Stark ladders. Thus,
the key question was, if it is possible to make the Bloch period TB shorter than
typical scattering times. In 1998, Rossi arrived at the following answer [37]:
”...in the absence of scattering events, Bloch oscillations exist and, contrary to
the early papers by Rabinovitch and Zak, they are not significantly affected by
Zener tunneling, both for bulk and superlattices. On the contrary, due to scat-
tering events, Bloch oscillations are fully suppressed in bulk semiconductors
but they still survive in superlattices...” Nevertheless, even though the impos-
sibility to observe Bloch oscillations in bulk solids had been common sense
for a long time (as also illustrated by Herbert Kroemer’s quote on page 325),
recent dramatic progress in the generation of intense ultrashort electric fields
provided good new reasons for optimism to observe them also in bulk solids.

Bloch-oscillating electrons lead to nonperturbative high-order harmonic
generation (HHG) of the driving field [3, 71, 72]. A simple analytic model
[3] shows, that for a cosine tight-binding band, the HHG cutoff order is given
by Ncutoff = ΩB/ω0. From the above estimates it was immediately clear that
with 0.8-µm Ti:sapphire lasers there would be little hope to generate a larger
number of higher harmonics, and it was also expected that HHG with photon
energies above the band gap would be reabsorbed in the solid.



356 CHAPTER 13. STRONG-FIELD PHYSICS IN SOLIDS

Figure 13.15: (a) Measured HHG spectra from 500-µm-thin ZnO crystal (optical axis
perpendicular to surface) driven by 3.25-µm OPA pulses. The indicated pulse ener-
gies 0.52 µJ and 2.63 µJ correspond to (vacuum) electric field strength of 2.7V/nm
and 6V/nm, respectively. The inset shows a zoom into the cutoff region on a linear
scale. (b) Linear scaling of the HHG cutoff with laser electric field strength. [73]

The situation dramatically improved in 2011, when Ghimire et al. [73]
observed HHG from solids up to 25th harmonic order extending to >9.5 eV
photon energy (see Fig. 13.15), when driving a 500-µm-thin ZnO crystal with
9-cycle-long pulses from a mid-IR OPA (∼100-fs, 3.25-µm, 0.38-eV pulses with
up to 2.63µJ energy). Focused field strengths up to 6V/nm were achieved,
exactly the same value as in our earlier ZnO experiments with 0.8-µm pulses
(see estimates above) [69]. Three observations made in [73] are particularly
noteworthy here: (i) In contrast to HHG from gases, the cutoff scales linearly
with electric field strength (see Fig. 13.15(b)), as expected from Eq. (13.19).
(ii) The observation of HHG extending more than 6 eV above the ZnO band
gap (Eg∼3.3 eV) suggests that these harmonics are generated within a few tens
of nm near the output surface of the ZnO crystal. (iii) Interestingly, HHG up
to the 25th order was observed for experimental conditions corresponding to
ΩB/ω0∼5, which directly indicates the cutoff harmonic order for tight-binding
bands [3, 71, 72].
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Subsequent theoretical work [70] explored the opportunities of controlling
the time-frequency emission characteristics of Bloch-HHG by means of in-
commensurate two-color IR waveforms. Numerical computations solving the
Boltzmann equation [70] predicted, that driving the Bloch oscillation by a
quasi-single-cycle waveform synthesized from 2.3-µm and 3.6-µm optical fields
in combination with cutoff filtering permits the generation of an isolated HHG
pulse of ∼1.6-fs duration.

Fig. 13.16 shows numerical results for a Bloch-oscillating electron wave
packet in ZnO (me=0.24×m0 with free electron mass m0; a=0.521 nm for elec-

tric field E⃗||⃗c axis) driven by the two-color waveform E(t). Bragg reflections
at the zone boundaries are evident in f(k, t) and lead to strong nonlinearities
in the current j(t), which can be controlled within a single optical cycle via the
CEP values ϕ1,2. Note that for ϕ1=ϕ2=0 [red curves in Fig. 13.16(a),(c)], the
Bloch oscillation is driven by a quasi-single-cycle waveform and, close to the
peak of the electric field at t=0 fs, the resulting current changes from −1 to +1
within 640 attoseconds only! Intuitively, detrimental scattering processes are
not expected to prevent the Bloch oscillation on such a short time scale (this
expectation was supported by the experimental findings in Ref. [73]). More-
over, for a maximum experimentally permissible field strength, a single-cycle
driver field allows to concentrate the energy into a very short time interval,
reducing the risk of damaging the crystal. Since the source term of radiation in
the wave equation is given by ∂J(t)/∂t, the spectrum of the emitted radiation
can be calculated from Irad ∝ |ωJ(ω)|2 [3, 71, 72].

To gain deeper insights into the emission dynamics, we perform a time-
frequency analysis of the Bloch-HHG shown in Fig. 13.17 employing the Gabor
transform G(ω, t) = |Ft′ {[∂J(t′)/∂t′] exp[−(t− t′)2/T 2

G]}|
2
, where Ft′ denotes

the Fourier transform in t′. Note the inherent trade-off between time and
frequency resolution depending on the time window TG. As can be seen from
the Gabor transforms in Fig. 13.17, the lower-order harmonics are emitted at
several instants during one optical cycle. In contrast, the highest harmonics are
only emitted at the extrema of the electric field [compare Fig. 13.16(a)], which
can be controlled via the CEPs ϕ1,2. Importantly, it does not seem feasible to
compress the total bandwidth to an isolated attosecond pulse because of the
complicated time-frequency structure of the Bloch-HHG.

These findings suggested that, in analogy to the generation of isolated at-
tosecond XUV pulses via HHG in gases, filtering out the cutoff radiation should
permit one to generate an isolated Bloch-HHG pulse as Fig. 13.18 illustrates.

HHG from solids is sensitive to details of the band structure [47]. This influ-
ence can be studied with a modified band structure, ~ωe(k) = α [1− cos(ka)]+
β [1− cos(2ka)] as in [47], whose parameters, α=(−~4 + 2mea

2~2δ) /(2m2
ea

4δ)
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Figure 13.16: Bloch-oscillating electron wave packet driven by a two-color IR wave-
form: (a) Electric field E(t) for ϕ1 = 0 and two values of ϕ2. Note the quasi-single-
cycle waveform for ϕ1=ϕ2=0. (b) Distribution function f(k, t) obtained from the
Boltzmann equation for the ϕ2 = 0 case [red curve in (a)]. (c) Resulting current
J(t). Parameters are (17 fs, 2.3µm), (r2 = 0.5, 25 fs, 3.6µm), Ẽ0=6.2V/nm. [70]

and β=~2/(4mea
2) − α/4, allow one to individually tune the width of the

band ∆ and the effective mass me at the Γ-point (i.e., k = 0). The results
in Fig. 13.19 reveal that ∆ and me have a strong influence on the spectra and
time-domain structure of the Bloch-HHG. As argued in [46], the broadness of
HHG emission is mainly determined by the maximum steepness of the band
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Figure 13.17: Time-frequency analysis of the Bloch-HHG: the Gabor transforms
G(ω, t) are calculated for the parameters in Fig. 13.16, TG=0.7 fs, (a) ϕ2 = 0 and
(b) ϕ2 = π. [70]
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Figure 13.18: Cutoff filtering of Bloch-HHG: arrows in panel (a) showing the Bloch-
HHG spectrum indicate the position of the cutoff filter Ecutoff used to obtain the
temporal intensity profiles in (b). Parameters as in Fig. 13.16, ϕ1=ϕ2=0. [70]

dispersion ωe(k) since for a steeper dispersion the intraband acceleration leads
to a faster variation of the electron energy via k(t). Vampa et al. [74] later pro-
posed to use this sensitivity of HHG from solids to details of the band structure
for band-gap tomography, an all-optical technique to reconstruct momentum-
dependent band gaps.
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Figure 13.19: Influence of the band structure on the Bloch-HHG: the horizontal
panel groups (a) and (b) show the influence of the bandwidth ∆ and effective mass
me, respectively. The results for a tight-binding (TB) band with effective mass me of
ZnO is compared to results for modified band structures for (a) different bandwidth
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in Fig. 13.16, ϕ1=ϕ2=0. [70]
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As Golde et al. [46] demonstrated within the framework of two-band semi-
conductor Bloch equations (13.37)-(13.37) together with Eq. (13.39), inter-
band and intraband dynamics are nontrivially coupled. Their complex inter-
play leads to a strong enhancement of HHG towards much higher frequencies
[46] (this could naturally explain the observation of HHG up to 25th order for
only ΩB/ω0∼5 in [73]) and is also expected to have a profound influence on
the time-frequency characteristics of the HHG.

The concept of tailored-waveform-driven HHG from solids [70] was recently
experimentally demonstrated in [75, 76]. In [75], HHG up to 40 eV was ob-
served from free-standing (polycrystalline) SiO2 films as thin as ∼120 nm (see
Fig. 13.20). When the electron wave packet is driven by the field in the lowest
conduction band along the Γ–M direction of the Brillouin zone, higher (up to 6)
spatial-harmonic components of the band dispersion E(k) contribute to HHG.
The streaking results shown in Fig. 13.21 provide unambiguous evidence of an
isolated 472-as XUV pulse generated in this experiment and corroborate the
dominance of intraband over interband dynamics for these experimental con-
ditions. These experiments extend attosecond high-harmonic spectroscopy to
the solid phase, opening up new opportunities for tracing and attosecond con-
trol of strong-field electron dynamics at petahertz bandwidth in solids [75, 76].

Figure 13.20: Waveform-driven HHG from SiO2 films up to 40 eV: (a) An electron
wave packet driven by the synthesized field transient in the lowest conduction band
along the Γ–M direction of the Brillouin zone. (b) Higher (up to 6) spatial-harmonic
components of the band dispersion E(k). (c) Computed contributions to the HHG
spectra from each of the spatial harmonics for a peak field of 8 V/nm, resulting in
the total HHG spectrum (black curve). (d) Computed HHG spectra for the realistic
band shown in (a) for increasing peak field strength. [75]
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Figure 13.21: Attosecond streaking spectrograms of isolated attosecond pulses gen-
erated in a ∼120-nm-thin SiO2 film: streaking spectrogram (a) measured using Ar
(Ip=15.8 eV), (b) reconstructed from the experimental data. (c) Retrieved temporal
XUV (blue trace) and optical (red trace) pulse profiles, the dashed green curve indi-
cates the envelope of the XUV pulse. (d) Retrieved spectral phase (blue dashed) and
intensity (orange dashed) of the XUV pulse. The green curve shows the spectrum
of the XUV pulse without optical probe. [76]

New fascinating opportunities also emerge with the availability of high-
field THz transients as discussed in Chapter 11. In Refs. [77, 78], THz-driven
HHG from 220-µm-thick bulk GaSe crystals was investigated. Surprisingly,
a nonperturbative two-path quantum interference effect in GaSe leads to the
emission of both odd and even harmonic orders, as visible in the HHG spectrum
shown in 13.22. As can seen from the time-frequency analysis data shown in
Fig. 13.23 experimentally achieved by a sum-frequency upconversion technique,
due to this quantum interference, the emission bursts occur at the times of
positive electric field extrema only. Most importantly, no attochirp is observed
in Fig. 13.23, which rules out an underlying three-step model recollision-type
mechanism to be responsible for HHG in this experiment, too.
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Figure 13.22: THz-driven HHG from bulk GaSe: The blue dashed curve shows
the computed HHG resulting from a 30THz pump field by using the five-band
model shown in the inset. The shaded area shows the corresponding measurement.
The observed HHG covers more than 22 harmonic orders, reaching into the visible
spectral range (above the indicated band gap). [77]

Figure 13.23: Emission dynamics of THz-driven HHG from bulk GaSe: (Top)
Driving THz electric field (black trace) and HHG intensity (green shaded area).
(Bottom) Time-frequency analysis data obtained from a sum-frequency upconversion
technique. [78]
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13.6.1 Ab-initio simulations based on time-dependent
density-functional theory (TDDFT)

As discussed by Tancogne-Dejean et al. [87, 88], in contrast to HHG from gases,
the microscopic mechanism underlying HHG from solids is still controversially
debated in the attoscience community. Various competing simplified models
have been proposed but they often are based on strong approximations and
a priori assumptions, often stating that there is a strong similarity with the
processes underlying atomic-gas HHG emission. However, it is clear that many-
body effects due to the crystalline structure of solids and the fermionic nature
of interaction electrons play a decisive role that fundamentally distinguishes
the solid from the gas case.

As discussed in Chapter 12, the process of HHG from gases is well under-
stood in terms of the three-step model, in which electrons are first promoted
from the ground state of the atom (or molecule) to the continuum, then ac-
celerated as free electrons by the electric field and finally recombine with the
parent ion. With this simple, intuitive model most of the observed effects are
well described, in particular the dependence of the harmonic cutoff energy on
driver wavelength and intensity. In the case of solids, electrons are promoted
to discrete conduction bands, where they do not evolve freely. This leads, for
instance, to a different linear field dependence for the cutoff energy [73], dif-
ferent time-frequency characteristics of the harmonic emission between atoms
and solids [70, 48, 78], and a different ellipticity dependence [73].

The competing models, that have been proposed and used to explain HHG
from solids, can be categorized into (a) HHG arising from pure (or being
dominated by) intraband dynamics (Bloch oscillations) [71, 72, 3, 73, 70, 75],
(b) HHG being dominated by interband dynamics (analogous to three-step
model) [79, 80, 81], (c) HHG arising from the complex coupled interplay be-
tween interband and intraband dynamics (semiconductor Bloch equations)
[46, 47, 48, 77, 78] and other models [82, 86]. Often the unresolved controversy
casts doubts on the validity of the proposed microscopic model and results in
confusion about the correct interpretation of experimental data. And even if
the full semiconductor Bloch equations have been successfully applied to some
materials, such as GaSe [77, 78] or SiO2 [75, 76], basic questions remain con-
troversial and/or unresolved, e.g, which bands (compare band structures in
Figs. 13.1 and 13.2) are involved in the HHG dynamics [83]. All these issues
hamper the predictive power of the model and the full microscopic understand-
ing of the HHG process.

In order to address these important questions, Tancogne-Dejean et al. [87]
used an ab-initio approach based on time-dependent density-functional theory
(TDDFT) [90] to investigate the microscopic origin of HHG in solids (also
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see [89]). Effects stemming from the full electronic structure (valence and
conduction bands) and the real crystal structure are properly accounted for.

First some exact analytical results (for details, see supplemental informa-
tion of [87]). Let us consider a general interacting many-electron Hamiltonian
Ĥ of the form

Ĥ(t) = T̂ + V̂ (t) + Ŵ , (13.42)

where T̂ is the kinetic energy, V̂ (t) is the time-dependent external laser po-
tential, and Ŵ is the electron-electron Coulomb interaction (the ionic motion
was not considered in [87] for sake of simplicity). In second quantization, we
have [91, 92]

T̂ = −1

2

∫
d3rψ̂†(r)∇2ψ̂(r), (13.43)

V̂ (t) =

∫
d3rψ̂†(r)v(r, t)ψ̂(r), (13.44)

Ŵ =

∫
d3r

∫
d3r′w(|r− r′|)ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r). (13.45)

The current operator is defined by

ĵ(r) =
1

2i
{ψ̂†(r)∇ψ̂(r)− (∇ψ̂†(r))ψ̂(r)}, (13.46)

and its equation of motion is given by [91]

∂

∂t
j(r, t) = −i⟨Ψ(t)|[̂j(r), Ĥ(t)]|Ψ(t)⟩, (13.47)

where |Ψ(t)⟩ is the state evolving from the initial state |Ψ0⟩ under the influence
of Ĥ(t). As shown in Refs. [91, 92], the exact equation of motion for the total
microscopic current can be rewritten as

∂

∂t
j(r, t) = −n(r, t)∇v(r, t) + Πkin(r, t) + Πint(r, t), (13.48)

where Πkin(r, t) and Πint(r, t) are the kinetic and the interaction contribu-
tions to the momentum-stress tensor [91, 92]. In second quantization, the
k-component of Πkin(r, t) and Πint(r, t) are given respectively by

Πkin
k (r, t) = ⟨Ψ(t)|1

2

∑
i

∂i{∂iψ̂†(r)∂kψ̂(r) + ∂kψ̂
†(r)∂iψ̂(r)

−1

2
∂i∂k[ψ̂

†(r)ψ̂(r)]}|Ψ(t)⟩ (13.49)
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and

Πint
k (r, t) = ⟨Ψ(t)|

∫
d3r′ψ̂†(r)ψ̂†(r′)∂k w(|r− r′|)

×ψ̂(r′)ψ̂(r)|Ψ(t)⟩. (13.50)

Also, n(r, t) is the time-dependent electronic density of the system driven by
the external strong laser pulse, which is given by

n(r, t) = ⟨Ψ(t)|n̂(r)|Ψ(t)⟩, (13.51)

with n̂(r) = ψ̂†(r)ψ̂(r).
Equation (13.48) just represents the local momentum conservation law, and

shows that only external forces contribute to the total momentum, in accor-
dance to Newton’s third law. As the two contributions to the momentum
stress-tensor Πkin(r, t) and Πint(r, t) are internal forces [91, 92], Eq. (13.48)
reduces to

∂

∂t

∫
Ω

d3r j(r, t) = −
∫
Ω

d3rn(r, t)∇v(r, t), (13.52)

where Ω denotes the volume of the physical system. In Eqs. (13.48) and (13.52),
the external potential v(r, t) accounts for both the electron-nuclei potential
(v0(r)) and the externally applied time-dependent laser field. In the velocity
gauge, we have

v(r, t) = v0(r) + ϕ(r, t) +
1

2c2
A2(r, t)− 1

2c

(
∇.A(r, t) +A(r, t).∇

)
(13.53)

where ϕ and A are respectively the scalar and vector potentials, related to the
laser electric field by

E(r, t) =
1

c

∂

∂t
A(r, t)− ∂

∂r
ϕ(r, t). (13.54)

n(r, t) is the time-dependent electronic density of the system driven by the ex-
ternal strong laser pulse thereby generating the higher harmonics. Eq. (13.52)
provides an exact relation, valid for atoms, molecules as well as solids, that
allows one to obtain a new formula for the HHG spectra. Using the current

expression for the HHG spectra, namely HHG(ω) =
∣∣FT{∫

Ω
d3r ∂

∂t
j(r, t)

}∣∣2,
and plugging now Eq. (13.52), we obtain a general expression for the HHG
spectra

HHG(ω) ∝

∣∣∣∣∣FT
{∫

Ω

d3r
(
n(r, t)∇v0(r)

+n(r, t)E(r, t) +
j(r, t)×B(r, t)

c

)}∣∣∣∣∣
2

, (13.55)
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where the last two terms correspond to the Lorentz force exerted by the exter-
nal laser on the electronic system [92]. If we now make the dipole approxima-
tion, Eq. (13.55) further simplifies and we finally obtain the important result

HHG(ω) ∝

∣∣∣∣∣FT
{∫

Ω

d3rn(r, t)∇v0(r)

}
+NeE(ω)

∣∣∣∣∣
2

. (13.56)

Ne is the number of electrons contained in the volume Ω. Note that the HHG
spectra depend only on the electronic density. The second term does not
result in a non-perturbative nonlinearity and thus can not create a plateau-
like HHG spectrum. The more interesting and relevant term for HHG is the
first one in Eq. (13.56). It shows that higher harmonics are generated by two
competing terms, the spatial variation of the total electronic density (n(r, t))
and the gradient of the electron-nuclei potential (∇v0(r)), the latter being time
independent, as ionic motion is neglected here. In gases, the gradient of the
electron-nuclei potential is important, but the electronic density is low. In
the case of solids, the electronic density is higher, but the potential is rather
homogeneous, resulting in a smaller gradient of the potential than in the atomic
case. In fact, in the limit of a homogeneous electron gas, the gradient becomes
zero, and no harmonics are generated, irrespective of the value of the electronic
density. In this case the bands are parabolic, thus we recover the known result
that parabolic bands do not yield non-perturbative harmonics [73].

Since the gradient electron-nuclei potential is frequency-independent, it
contributes equally to all harmonics and therefore could be used to enhance the
entire HHG spectra. As consequence, Tancogne-Dejean et al. [87] predicted a
higher harmonic yield when one has strong spatial fluctuations of the electron-
nuclei potential, as can be realized at surfaces or interfaces. This also means
that layered materials, such as 2D transition-metal dichalcogenides (TMD)
[93, 94], should be good candidates for HHG.

Finally, note that a similar expression, valid only for atoms, was obtained
in Ref. [95]. Their equation (9) was used to explain the dependence of HHG
yield on atomic number Z for noble gases only. Eq. (13.56) suggests that the
yield of HHG in solids will also increase with the atomic number Z as in
atoms. This corroborates the idea that layered TMD are good candidates for
improving the yield of HHG. These results might therefore guide the search of
better materials for HHG from solids, as not only bulk crystal properties but
also nanostructure engineering aspects are important for optimum HHG.

Next Tancogne-Dejean et al. [87] discussed numerical results of their first-
principles TDDFT calculations. Being interested in the microscopic origin
of HHG in solids, macroscopic propagation effects were neglected in their
quantum-mechanical simulations, thus making a sudden approximation, and
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only the intrinsic bulk contribution was considered. However, the TDDFT
framework is more general and can be used to include extrinsic effects or dis-
sipation. As most previous works had described HHG from solids in terms
of the dynamics of non-interacting electrons, these simulations explored how
the Coulomb interaction and electron-electron correlations affect the HHG in
solids. The pulse parameters used in the simulations were 25-fs duration,
with a sin-square envelope of the vector potential, peak intensity inside matter
I0 = 1011Wcm−2 (and higher), a carrier wavelength λ = 3.0µm (correspond-
ing to a carrier photon energy of 0.43 eV), the CEP was taken to be zero.
The evolution of the wave-functions and the evaluation of the time-dependent
current was computed (computational details can be found in [87]) by propa-
gating the Kohn-Sham equations within TDDFT, as provided by the Octopus
package [96], in the local-density approximation (LDA).

Simulations were performed in [87] for the prototype system bulk silicon
(and AlAs in the supplementary material), which exhibits a richer and more
complex band structure close to the Fermi energy than previously studied
materials, such as ZnO, GaSe and SiO2 as already discussed in this chapter.
Moreover, it is highly relevant for semiconductor technology. It was therefore
the material of choice for investigating the origin of HHG in solids.

From Fig. 13.24, we find that the HHG spectrum of bulk silicon does not
change if we consider either the full evolution of the Hartree and the exchange-
correlation parts of the Kohn-Sham Hamiltonian or the time evolution in a
static ground-state potential. This means that, in silicon, electrons evolve

Figure 13.24: HHG spectra from bulk silicon, for polarization along ΓX, computed
within the LDA (LDA; black line) and within the LDA, but freezing the Coulomb
and exchange-correlation terms to their ground-state value (LDA-FreezeHXC; red
line). [87]
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mainly as independent particles in the ground-state potential for the exci-
tation conditions mentioned above. In the language of atomic HHG, this is
similar to the widely used single-active electron (SAE) approximation. This re-
sult has two important implications: First, it justifies the independent-particle
approximation assumed in most previously published HHG models. Second, it
implies that ground-state information of the crystal, such as the band struc-
ture, might be retrieved from the HHG spectra. However, the band-structure
information could be altered by light propagation effects in the solid, possibly

Figure 13.25: (a) Calculated TDDFT anisotropy map of the HHG spectra obtained
by rotating the laser polarization around the [001] crystallographic direction, from
0◦ (ΓX) to 45◦ (ΓK) to 90◦ (ΓX). (b) HHG spectra for the ΓX polarization di-
rection (red line) and the ΓL direction (blue line). The bottom panel shows the
corresponding joint density of states (JDOS). The red and blue dashed lines indi-
cate the position of the cutoff energy (Ec) for ΓX and ΓL directions, respectively.
The shaded areas are guides to the eye. [87]
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including impurity or lattice scattering.
We now investigate the effect of the laser polarization on the HHG emission.

For sake of simplicity, let us consider a general cubic material. In this case,
the laser electric field is driving the electrons along the direction of the laser
polarization. Orienting the laser polarization along specific directions, corre-
sponding to high-symmetry lines of the 3D Brillouin zone (BZ) of the crystal,
thus results in different HHG spectra. Therefore, even cubic materials such as
silicon, will exhibit a strong anisotropic HHG emission. Moreover, the sym-
metries of the crystal, which are also the symmetries of the BZ, are reflected
in the anisotropy of the HHG emission. The TDDFT simulation results, dis-
played in Fig. 13.25(a), clearly predicts an anisotropic emission of harmonics
while rotating the polarization around the [001] crystallographic axis. In this
plane, the harmonic emission is maximum for a laser polarization along the
ΓK direction and minimal for the ΓX direction.

Considering the mechanism underlying HHG in solids, we first note that
harmonics emitted energetically below the band-gap energy can not originate
from the recombination of an electron with a hole present in the valence bands,
as this would lead to the emission of a photon with energy above the band-gap
energy. This indicates that below-band-gap harmonics cannot originate from
the interband contribution. In other words, below the band gap, the interband
emission channel is naturally suppressed. This is the case in experiments per-
formed on bulk GaSe [77, 78], for which the numerical calculations reproduce
quite well the clean shape of the harmonic peaks observed in the experiments
[77], and the temporal profile of harmonic emission [78].

Above the band gap, in contrast, it becomes energetically possible that
emitted harmonics originate from an interband electron-hole recombination. In
this situation, both interband and intraband dynamics contribute to harmonics
emitted above the band gap. Interestingly, clear above-band-gap odd-harmonic
peaks have been observed experimentally in ZnO [73] and SiO2 [75], whereas
the above-band-gap plateau has been found theoretically to be strongly mod-
ulated [48, 80, 81, 86, 98]. The absence of clean harmonics in the theoretical
works had previously been attributed to an infinitely long dephasing time [80],
to a metallization regime [86], to symmetry breaking [48], or to (in)elastic scat-
tering processes [98]. We point out that such a strongly modulated plateau can-
not originate here from inter-cycle or intra-cycle interferences, as observed in
above-threshold ionization (ATI) from gases, because such interferences would
affect the entire HHG spectra, and not only the above-band-gap region.

The emission of harmonics by interband transitions in solids is naturally
dictated by the discretization of the bands in solids. This represents one of the
biggest differences between atomic/molecular HHG and the HHG in solids.
In order to emit a photon at a given energy by interband transitions, the
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corresponding direct transition must be possible between two states. The
density of possible transitions at a given energy, namely the joint density of
states (JDOS), is thus intrinsically related to the interband mechanism. More
precisely, it is the JDOS corresponding to the region of the BZ explored by the
electrons which dictates the emission of harmonics by interband transitions.

Similarly to earlier theoretical studies [48, 80, 81, 98, 97, 86], the TDDFT
results do now exhibit clean odd harmonics above the band gap. Nevertheless,
we see in Fig. 13.25(b) that the noisy region (orange shaded area) is sup-
pressed, thus recovering clean odd harmonics (green shaded area), when the
JDOS (computed for the region explored by the electrons, assuming the ac-
celeration theorem discussed in Section 13.2.3) is very low, corresponding to
the situation, when the electron-hole recombination channel is drastically re-
duced. Interestingly, one observes that selecting the laser polarization along
the ΓL high-symmetry line leads to generation of harmonics up to the 17th
harmonic, whereas only the first 15 harmonics are generated when the laser
polarization is set along the ΓX high-symmetry line. Moreover, harmonics 11
to 17 are more intense for the ΓL case compared to the ΓX spectrum (see
Fig. 13.25(b)). This suggests that more intense and energetic harmonics are
obtained when suppressing interband transitions. Therefore, with knowledge
of the ground-state JDOS, a direct prediction of the optimal laser polarization
for HHG in solids is possible. This paves the way to control and improvement
of the yield of HHG in solids via band-structure engineering, for instance by
opening gaps between conduction bands.

Figure 13.26: HHG spectra versus center wavelength of the driver pulses, at
fixed peak intensity and laser pulse duration, for polarization along ΓX. White
dashed curves represent the harmonics and the red arrow indicates the wavelength-
independent harmonic cutoff. [87]
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Finally the ab-initio TDDFT simulations allow one to answer the still con-
troversial question about the cutoff scaling of HHG from solids: for three-step
model recollision-type HHG, as discussed in Chapter 12, one expects a wave-
length dependence [81, 97], whereas most studies found it to be wavelength
independent [73, 70, 82, 75]. The ab-initio quantum-mechanical simulations
displayed in Fig. 13.26 confirm that the HHG cutoff is independent of the
driver laser wavelength. When increasing the driver wavelength, the clear
perturbative harmonics disappear in Fig. 13.26 in a white-noise-type plateau,
characteristic of a non-perturbative regime.

To briefly summarize the findings by Tancogne-Dejean et al. [87]: it was
shown analytically that HHG in solids is enhanced by the inhomogeneity of the
electron-nuclei potential, and that the yield is increased for heavier atoms in
the solid. The ab-initio TDDFT simulations demonstrated that HHG in bulk
crystals is anisotropic, even in cubic materials. The simulations revealed that
it is possible to suppress interband transitions in favor of HHG arising from
intraband dynamics in solids, and most importantly to predict the optimal
laser polarization, based on the sole knowledge of the crystal’s band structure
and its JDOS. Finally, the simulations confirmed without making any model
assumptions that the cutoff of the HHG in solids is wavelength-independent.
Further investigations should address extrinsic effects such as the electron-
phonon coupling, propagation and surface effects. These findings and ab-initio
TDDFT simulations can guide the search of better materials for solid-state
high-harmonic sources and tailored HHG in solids.

13.7 High-order sideband generation

High-order sideband generation (HSG) is a strong-field phenomenon in solids
closely resembling the three-step model describing HHG in gases [99, 100], as
shown in Fig. 13.27: in the first step, an exciton [11] is prepared by interband
excitation, afterwards the wave packets of the electron and hole are accelerated,
and finally in the third step, the high-order sidebands are generated if the
electron and hole recollide [99, 100].

HSG was first observed using a terahertz free-electron laser facility [99],
but the advent of intense tabletop THz sources discussed in Chapter 11 make
such experiments meanwhile available for university-scale laboratories [100].

Langer et al. [100] studied the transition metal dichalcogenide WSe2, which
features strongly bound Wannier excitons [11] and unique spin-valley coupling
[102]. Bulk WSe2 has an exciton binding energy of ∼0.1 eV and a direct
bandgap, which means that these quasiparticles are stable at room tempera-
ture. Fig. 13.28 shows a HSG spectrum exhibiting sidebands up to 22nd order.
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Figure 13.27: High-order sideband generation (HSG) in WSe2: (A) An optical pulse
(red electric field) prepares a coherent exciton (quasiparticle of a bound electron-
hole pair), a strong multi-THz field (blue waveform) then accelerates and, depending
on the opt-THz delay, recollides the wave packets of the electron and hole within
their parabolic bands (grey parabolas). (B) The Feynman diagrams for two delays of
-4 fs and +7 fs illustrate the two cases of no collision (left) and HSG created during
recollision (right). This technique has been named a lightwave-driven quasiparticle
collider. [100]

The electron and hole wave packets can be steered by the THz field and studied
by quasiparticle collisions. It is conceivable that this technique can be applied
to various other complex quasiparticles in the future as well.

Figure 13.28: Measured intensity spectrum (red curve) of high-order sidebands
from 60-nm-thick WSe2 (at room temperature): The exciton is prepared by resonant
optical excitation at a frequency of 392THz (denoted by ’0’, scaled down by a factor
of 10−3). The sidebands (orders as indicated) are created by driving with a phase-
locked 23-THz transient with an external peak field strength of 17MV/cm. The
dashed line shows the theoretical curve computed from the semiconductor Bloch
equations. [100]

Recent work on GaAs/AlGaAs quantum wells also investigated dynamical
birefringence in high-order sideband generation [101] to measure Berry curva-
ture in solids [94].
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13.8 Dynamical Franz-Keldysh effect

We already mentioned the static and dynamical Franz-Keldysh effects in Sec-
tion 13.2.2. To recapitulate, the static Franz-Keldysh effect [32, 33] can be
thought of as photon-assisted tunneling of electrons from the valence to the
conduction band. The dynamical Franz-Keldysh effect is characterized by
Up ≈ ~ω0 and can be thought of as the point, where the tunneling time is
comparable to the light period of the excitation laser field [30, 3].

Several theoretical investigations [27, 28, 29, 31] and experimental obser-
vations [30, 103, 104, 105, 106] of the dynamical Franz-Keldysh effect have
been reported. As can be seen from Fig. 13.29, the dynamical Franz-Keldysh
effect manifests itself in three key features: (i) induced below-band-gap absorp-
tion (region I), (ii) blue shift (equal to Up) of the band edge causing induced
transparency (region II), (iii) oscillatory behavior above the band gap (region
III).

A recent attosecond transient XUV absorption experiment investigated the
dynamical Franz-Keldysh effect in polycrystalline diamond [106]. In the exper-
iment sketched in Fig. 13.30, a 5-fs IR pulse with a peak intensity (in vacuum)
of ∼ 6.5 × 1012W/cm2 induces interband and intraband dynamics in several
bands, that are highlighted in color in Fig. 13.31(a)-(b). The induced absorp-
tion changes caused by the dynamical Franz-Keldysh effect are then probed by
isolated 255-as XUV pulses with a spectrum covering 35-50 eV. In Fig. 13.31,
the IR-induced absorbance

Figure 13.29: Dynamical Franz-Keldysh effect: (Left) Interband absorption in a
direct-gap semiconductor near the band gap Eg without (solid line) and with (dashed
line) a strong driving field. (Right) Experimental data in GaAs and fit by Yacoby’s
[27] theory. [103]
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Figure 13.30: (A) Band structure and (B) density of states (DOS) of diamond. The
main valence bands (VB) and conduction bands (CB) relevant for the attosecond
dynamical Franz-Keldysh effect studied in [106] are indicated by thicker colored
lines. (C) Interband coupling and intraband motion induced by the IR pump and
interrogated by the attosecond XUV probe pulse. [106]

∆Abs(Eph, τ) = ∆α(Eph, τ)L = (αIR(Eph, τ)−α0(Eph))L = ln

(
It(Eph)

I IRt (Eph, τ)

)
.

(13.57)
extracted from the transient absorption data and obtained from theory is
shown. In here, Eph is the XUV photon energy, τ the IR pump-XUV probe
delay, L the sample thickness (50 nm polycrystalline diamond was used in the

Figure 13.31: Attosecond dynamical Franz-Keldysh effect in polycrystalline dia-
mond: Experimental (A) and calculated (B) IR-induced absorbance as function of
XUV photon energy and delay, ∆Abs(Eph, τ). (C) The top panel shows the IR
pump electric field retrieved from in-situ attosecond streaking measured simultane-
ously with (A) using Ne gas target in front of diamond sample. The three lower
panels show average ∆Abs for three energy bands with ∼2-eV width centered at the
photon energies indicated. [106]
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experiment), αIR and I IRt are the XUV absorption coefficient and transmitted
XUV intensity with IR pump on, α0 and It the corresponding static quantities
with IR pump off,

The ∆Abs data shown in Fig. 13.31 exhibit a very complex, rich behav-
ior. When the XUV and IR pulses overlap in time, the IR-pump-induced
changes oscillate at twice the IR fundamental frequency and, at a fixed delay,
one observes an increase (red colors) or bleaching (blue colors) of the absorp-
tion depending on XUV photon energy. Ab-initio calculations performed by
coupling time-dependent density-functional theory (TDDFT) [31] in real time
with Maxwell’s equations reproduce the experimental results well. Using an
orbital decomposition approach, the contribution of each electronic band can
systematically be studied [106].

13.9 Other strong-field phenomena in solids

For further reading in the field of attosecond strong-field physics in solids,
we refer the reader to recent work on optical-field-induced currents in solids
[107, 108, 109], attosecond band-gap dynamics in silicon [110], lightwave-driven
petahertz electronics [111, 112, 113], as well as attosecond strong-field nano-
physics [114, 115, 116, 117, 118, 119, 120].
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[95] A. Gordon, F. X. Kärtner, N. Rohringer, and R. Santra, ”Role of Many-
Electron Dynamics in High Harmonic Generation,” Phys. Rev. Lett. 96,
223902 (2006).

[96] X. Andrade, D. Strubbe, U. De Giovannini, A. H. Larsen, M. J. T.
Oliveira, J. Alberdi-Rodriguez, A. Varas, I. Theophilou, N. Helbig, M.
J. Verstraete, L. Stella, F. Nogueira, A. Aspuru-Guzik, A. Castro, M. A.
L. Marques, and A. Rubio, ”Real-space grids and the Octopus code as tools
for the development of new simulation approaches for electronic systems,”
Phys. Chem. Chem. Phys. 17, 31371 (2015).

[97] Z. Guan, X.-X. Zhou, and X.-B. Bian, ”High-order-harmonic generation
from periodic potentials driven by few-cycle laser pulses,” Phys. Rev. A
93, 033852 (2016).

[98] A. Kemper, B. Moritz, J. Freericks, and T. Devereaux, ”Theoretical de-
scription of high-order harmonic generation in solids,” New J. Phys. 15,
023003 (2013).

[99] B. Zaks, R. B. Liu, and M. S. Sherwin, ”Experimental observation of
electron-hole recollisions,” Nature 483, 580 (2012).

[100] F. Langer, M. Hohenleutner, C. P. Schmid, C. Poellmann, P. Nagler, T.
Korn, C. Schüller, M. S. Sherwin, U. Huttner, J. T. Steiner, S. W. Koch,
M. Kira, and R. Huber, ”Lightwave-driven quasiparticle collisions on a
subcycle timescale,” Nature 533, 225 (2016).

[101] H. B. Banks, Q. Wu, D. C. Valovcin, S. Mack, A. C. Gossard, L. Pfeiffer,
R.-B. Liu, and M. S. Sherwin, ”Dynamical Birefringence: Electron-Hole
Recollisions as Probes of Berry Curvature,” Phys. Rev. X 7, 041042 (2017).

[102] X. Xu, W. Yao, D. Xiao, and T. F. Heinz, ”Spin and pseudospins in
layered transition metal dichalcogenides,” Nature Phys. 10, 343 (2014).

[103] A. Srivastava, R. Srivastava, J. Wang, and J. Kono, ”Laser-Induced
Above-Band-Gap Transparency in GaAs,” Phys. Rev. Lett. 93, 157401
(2004).

[104] S. Ghimire, A. D. DiChiara, E. Sistrunk, U. B. Szafruga, P. Agostini, L.
F. DiMauro, and D. A. Reis, ”Redshift in the Optical Absorption of ZnO



386 BIBLIOGRAPHY

Single Crystals in the Presence of an Intense Midinfrared Laser Field,”
Phys. Rev. Lett. 107, 167407 (2011).

[105] A. Pashkin, F. Junginger, B. Mayer, C. Schmidt, O. Schubert, D. Brida,
R. Huber, and A. Leitenstorfer, ”Quantum Physics With Ultrabroadband
and Intense Terahertz Pulses,” IEEE J. Sel. Top. Quantum Electron. 19,
8401608 (2013).

[106] M. Lucchini, S. A. Sato, A. Ludwig, J. Herrmann, M. Volkov, L. Kasmi,
Y. Shinohara, K. Yabana, L. Gallmann, and U. Keller, ”Attosecond dy-
namical Franz-Keldysh effect in polycrystalline diamond,” Science 353, 916
(2016).

[107] A. Schiffrin, T. Paasch-Colberg, N. Karpowicz, V. Apalkov, D. Gerster,
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