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4.9 Optical parametric amplification (OPA)

Already for difference-frequency generation 1t became obvious, that in this fre-
quency mixing process, gain can be achieved. We inspect this process now
more generally taking into account losses and without the assumption of per-
fect phase matching. This will allow us to derive the underlying equations
cgoverning the amplification process, 1ts gain bandwidth and associated amph-
fier noise. We keep the assumption of a constant pump wave at wy. Then i1t

holds
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iﬁi N arE(ws) = —jraE (w3) E™ (w1) 2%, (4.116)

We again look for an exponential solution E (w1) ~ Ep(wq)eY*+i8k/2 and
E (wy) ~ Ey (wy) e¥*H78%2/2 with suitable initial values denoted by the index
0. It follows
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From the determinant condition, 1t follows
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For the case of phase matching and no losses, we find

W’g = Kik9

1

E (ws) ‘2 (4.120)

For the case of equal losses a1 = ay = a, we obtain

Y = —a<{y = (Ak/2)2}? = —a +g, (4.121)

where 1;’?
g = {’;, — (Ak/2)? } (4.122)
The solutions of the coupled equations (4.115)-(4.116) are of the form

-

E (wy, £) = e at+i(Ak/2)¢ { o (wy) cosh gf + B sinh g{} (4.123)

E (wn, £) = e—t-3(Ak/2)E {E.;. (ws) cosh gf + D sinh gf’} (4.124)



Insertion into the coupled equations (4.115)-(4.116) yields

Ak -
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Note the symmetry between both solutions. Anyway, the two waves are gen-
erally called signal and idler wave. If the optical parametric amplifier (OPA)
1s seeded by one wave only and if w; # wq, then this wave 1s amplified inde-
pendent of the phase
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(4.127)
We define the parametric gain as
E (wy f) e ’ 5 sinh? gl
Gy(l) = - — 1= G () = () (4.128)
Ey (w1) (90)°

Note that for small gain, 1.e., v < Ak, the gain has the form g becomes
Imaginary:
sin? { [(Ak/2)2 — 42" E} sinh — sin

Gy () = (v0)° (4.129)
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that can me further simplified to
Gy (0) = (10’ sin? (Ak(/2)

(AkL/2)?

for v < Ak/2. In the opposite limit for large gain v > Ak/2

9 sinh? gl 1

Gy (£) = (7f) 0" — 4599’-”. (4.130)

We define the bandwidth of the OPA wvia
[(Ak/2)2 -2V o =n (4.131)
that for small gain 1mphes Ak = 27 //, as we already found for frequency

doubling. In general, we obtain from Eq. (4.131)

omAf N2 1/2
= Ak = {1+ (W) } (2r /1) (4.132)

C

This means that the bandwidth increases with the gain. For the ratio between
the bandwidths at high and low gain, we obtain

& ) .
legh Gain _ {1 + (T{/ﬂ_)E}ler - (4133)
ﬁchrw Gain

Fig. 4.15 shows the gain as function of Akf for various values of «£.
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Figure 4.15: Gain of an optical parametric amplifier (OPA) as function of the wave
number difference and gain.



4.10 Optical parametric oscillation (OPO)

In a single pass through a parametric amplhfier medium, which 1s described
by Eqs. (4.123)-(4.126), the signal and idler waves grow when phase-matched
(Ak = 0) according to
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E (wi, 0) e™* = Eg (wy) cosh £ — j%E (w3) Eg (wo) sinh ¢ (4.134)

E (wo, £) e®* = Ej (wg) cosh ¢ — _}EE (ws) By (w1) sinh L. (4.135)
v

Most often parametric amplifiers only permit gain for passage in a single di-
rection. In the other direction, only damping occurs

Er (w-hf) = Eﬂ (w-l) et

E' (wy, £) = Ey (wp) e

If feedback of the parametric amplhifier 1s realized by means of a Fabry-Pérot
resonator and 1if the field 1s larger after a round trip than at the beginning, so
the amplifier 1s turned nto a self-starting oscillator. The threshold condition
1s that the losses must equal the gain

E} (w1) = Eo (w1)

EE; (wo) = ED (w2)
or inserted into Eqs. (4.134)-(4.135) it follows with e 2% ~ 1 — 2a/
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Again the solution of this equation system 1s only non-zero, if the determinant
of the coefficient matrix vanishes, 1.e.,
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For a1 = as = a and the case of small losses or small gain af, v/ < 1, it
follows 2

€T
(v0)? = 4adl. coshz =1+ - (4138)

One distinguishes between doubly resonant parametric oscillators (DROs) and
singly resonant ones (SRO). In the first case, both signal and idler waves are
resonant, i the second case only the signal wave. The threshold for SROs 1s
many times higher than for DRO. Nevertheless, most OPOs are singly reso-
nant, because 1t 18 much more difficult to operate a DRO.




Chapter 5: Electro-optic effect and modulators
5.1 The linear electro-optic effect

In an arbitrary coordinate system we can express the index ellipsoid (sometimes
also called optical indicatrix) or the inverse dielectric susceptibility tensor as

_s Boyd qu?dratic fol‘ml (11/n2),- connelcted to diellectric perm?ability tensor g;
2 2 2 _ . oy —
(), (), 1+ (), 72 (o) w2 () =2 () 7o
(5.1)

mtroducing the contracted notation using 1-6. If the coordinate system co-
imcides with the principle-axis system of the index ellipsoid, the mixed terms

vanish. For the case of the linear electro-optic effect, an applied electric field
leads to a deformation of the imdex ellipsoid according to

3
1

j=1
with B4 = E, , Fo = E,, E3 = E,. It thus follows, e.g.,
1
A (E) 1 = ri1 By + roEy + risE;, (5.3)
or
( A(1/n?); f T T2 T13 \
A (1/n?%), ra1 T2 T23 E
A1/ ”2)3 _ T3y T3z T3 EE (5.4)
A(1/n?), T4l T4 T3 Ey
A (1/?12)5 sy Tra Tr3 N
K 3(1/”2)5 / \ Ter Te2 T63 /



The coefficients r;; are typically of the order 1 pm/V. The form of the r-matrix
depends, as the second-order susceptibility or piezoelectric tensor, on crystal
symmetry. The polarization as a result of mechanical forces can be described

by
( T11 \
099
P, diy dyg diz dyg dis dig 033
P, | = | do da doz dog dos dog 093
P, d31 d3o d3z d3a dss dsg 013
13

\ 012 )

Here the o;; are the tensile, compressional, and shear stress, and the coefhi-
cients d;; represent the piezoelectric tensor. Table 5.1 provides examples of

the electro-optic coefhicients of the 7 crystal systems.
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For an applied field, the index ellipsoid changes according to
[t AGE)] 2+ [+ AGE),] v+ [ + A (R),) 2
$2| L+ A (L) 2[R+ A, e 2|+ A (D) =1,
If the crystal 1s oriented along the principle axes, 1t follows
P A G2+ [+ A )] o+ [+ 8 () :
+2A (%)iyz + 2A (%)5 rz + A (n_ﬁ)ﬁ Ty = 1.

It becomes 1immediately clear, that the linear electro-optic effect can only occur
in non-centrosymmetric media, otherwise it would require

3 3
1
N (E) = _ruli == riyE; (5-7)

j=1 J=1

1.e., all coefhcients would vanish. In general, changes in the index ellipsoid can
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electric field generates also stress in a crystal due to the mnverse piezo-electric
effect. For low frequencies, the crystal displacements can follow the stress due
to the electric field. For high frequencies that 1s not necessarily the case and
therefore one has to expect that the coeflicients for this process are different
for low and high frequencies

dc hf
Tij + Tij -

For an 1sotropic medium with photo-elastic effect, we have

1 1
2 n_ﬁ = ps, (5.8)
or 1 short
n

where p 1s the photo-elastic or elasto-optic coefficient, and S 1s the deformation.
Eq. (5.9) is for example useful to describe the index change due to an acoustic
wave. In the anisotropic case, the photo-elastic effect 1s described by

i}
1
A (E) = > Tk, (5.10)
! k=1

where ;. denotes the elasto-optic coefficients and o the stress values.
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5.1.1 Longitudinal electro-optic effect and modulators

To see how the electro-optic effect is used for the construction of modulators,
we consider the case of potassium dihydrogen phosphate (KDP, KHyPOy). The
related materials (KD*P, KDy;PO,), ammonium dihydrogen phosphate (ADP,

(NH4)(HoPOy)) or (AD*P, (NH4)(D2POy)) behave similarly. These materials
belong to the crystal class 42m and the electro-optic tensor has the form

(000

0
| o 0o o
- 41 0 0

0 0
K 0 Tél 7“63)

(5.11)

If we apply an electric field E = E e, + Eye, + E.e,, we obtain for the index

ellipsoid

.272—|—y2

2
Ny

ZZ

+ — +2raBpyz + 2ra bByxz + 2res oy = 1
n

(&

(5.12)
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If we have a field with only a z-component

24?22
2 + — + 2res By = 1. (5.13)

Since the equation is symmetric in x and y, the main axes are rotated by 45°
against the x-y-coordinate system and z is invariant (see Fig. 5.1)

r = ' cosdb® + y sin45°, (5.14)
y = —a'sind5° + vy cos45°. (5.15)

y

A

/(y
al X
N Ja5°
\\\

Figure 5.1: Rotation of the main axes for the 42m symmetry class for the case of an
electric field applied in z-direction.



Substitution into Eq. (5.13) leads to

1 1 2
<—2 — T63Ez) ,’L’lz -+ (—2 + T63Ez) y/Q + Z—2 = 1. (516)
"o "o e

Due to the applied field, the crystal becomes slightly biaxial and shows along
the main axes the refractive indices

2 2
n n

2 0 2 0 2 2

n:, = A ;N =n.. (5.17)

T 1—nirgaE, Y 14+niregE. 7 ¢

Since the changes in refractive index are small, i.e., nireFE, < 1,

1 1
Ny = N (1 + §n3T63EZ) ; Ty = Ny (1 — §n3r63Ez) My = MNe.  (5.18)
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If a wave propagates inside the crystal in z-direction, the different polarizations
experience a phase shift with respect to each other

2L, ,
Ap = TO(”m—”y) =

27an8r63Ez
Ao '

(5.19)

The crystal thus acts as a voltage-dependent waveplate. The half-wave voltage,
i.e., the voltage for a differential phase shift of m, is

A
Ve = -2

— 3 .
27107“63

(5.20)

For KDP with rg3 = —10.5 pm/V, ng = 1.51 at a wavelength of 632.8 nm,
the half-wave voltage is V,; = 8752 V. If the input wave is rotated by 45° with
respect to the 2/, 1/ axes, see Fig. 5.2, i.e., parallel to the = or y axis, then
the half-wave plate turns the polarization by 90°. If the voltage is continuously
increased to V., then the polarization evolves from initially linear to circular
and finally again linear polarization, see Fig. 5.3. The polarization evolution
can be used to construct a modulator.

19



input
polarization Ily ] :\

applied metal grating

Needs electrodes on input and output facets
Figure 5.2: KDP crystal orientation for a longitudinal electro-optic modulator.

H ==

V=V 2

Figure 5.3: Change in polarization state along propagation through the crystal due
to the electro-optic phase retardation as shown in Fig. 5.2.
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5.1.2 Transverse electro-optic effect and modulators

( 0 —T22 T13 \ _
. . . O ° Li
lithium niobate: ; ""82 "3 « b

. o 733

LINbO3 r = 0 e 0 ®o
crystal class 3m rs1 0 0 |

\ —T929 0 0 ) ? °‘ :

The index ellipsoid for the crystal without applied voltage has the form
2 2 2
s+ —5+—5=1 (5.22)

With a field applied in y-direction, the index ellipsoid reads
2

1 1 2
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Figure 5.4: Orientation of a LiNbOg crystal to implement a transverse electro-optic
modulator.
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Figure 5.5: Rotation of the main axes in LiNbQOg, if an electric field is applied along

the y-axis.

Because of the cross-term yz, the main axes are not preserved, and we
transform to a new system, see Fig. 5.5, via

€Tr =

/
X

y' cosf — 2’ sinf

Z' cosf + y sin 6.

(5.24)
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The r-axis remains mmvariant and stays a main axis. Substitution into Eq.
(5.23) leads to the following condition, that the cross-term vanishes

1 1 . _
(_2 - — — -?‘ggEy) st cos O + g By (2 cos? 6 — 1)=0. (5.25)
n: nj

Typically, the nonlinear coeflicients are small and therefore also the necessary
angle of rotation # 1s small. 1.e., # ~ smnf and cosé ~ 1, and therefore 6
simplifies to
—r51 By
2 2 Ty
(1/n2 —1/n§ —raky)

With the corresponding values for lithium niobate, r5; = 28 - 107?m [V, rog =
3.4-10712m/V, n, = 2.21. ng = 2.3 and an applied voltage of 1 kV across a
I-mm-thick crystal, we obtam

- (5.26)

9. 12 6
o — 28 x 1077 > 10 — 1.78 mrad = 0.1°.

(53:)7 = (&) — 3.4 x 10712 x 106

Thus. the angle @ 1s really small. Since LINbOj3 1s a negative uniaxial crystal,
1.e.. n. < ng, the angle 6 1s negative. For the index ellipsoid i the new

24



<%2) TQQE ) 213/2 -+ [(nl% —+ TQQEy) COS2 6 -+ sigze

For 6 ~ sinf and cosf) ~ 1, we obtain

(nig — TQQEy) 37/2 + (n%% + TQQEy —+ 2T51Ey9 + z_z) y/2

+ T51Ey sin 29} y/2
+ K? + ngEy) sin? 0 + Cos# — 151y sin 29} 22 =
0

L.

+ [(# + TQQEy) (92 — 2T51Ey9 -+ %:| 2/2 = 1.
0 e
So we read off for the indices of the main axes
1 1
ni/ — n_g — 7“22Ey7
1 1 2
5 = ——I-’T’QQE —|—2T51E8—|—
Ty ng ng
1 1 1
n2 = (n —|—T22E ) H 27“51E 9—|‘$
2/ 0

(5.27)

(5.28)

(5.29)
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Since 6 is very small, we can neglect the terms proportional to 6

22 2 2
=1 5.30
n2 i n’ i n? (5:30)
with
Mo 1 9
Ng = =ng | 1 + =ngrol ) :
\/]. — n(Q)T22Ey ( 2 Y
Mo 1 9 )
Ny = =ng|1—=ngroek, |, 5.31
y N 0( 522 By (5.31)

n, = TNe,

Again, if a wave propagates along the z-direction with polarization along the
x- or y-direction, see Fig. 5.4, then the two polarizations pick up a differential
phase shift

2 L 27TLn3T22V
and the corresponding half-wave voltage is
Aod
V= ————. 5.33
2LTL8T22 ( )
For the values d = 5 mm, L = 10 mm, n, = 2.3, 790 = 3.4- 107 m/V at a
wavelength of A\g = 530 nm, we observe the half-wave voltage V, = 1600 V.



Another possibility to build a modulator from LiNbQOj is given by the fact
that a light wave propagates into y-direction and applying the field along the
z-axis. The index ellipsoid then reads

1 1 1
(_2 + 7‘13Ez> x® + (—2 + 7“13Ez> y* + <_2 + 7“33Ez> 2 =1 (5.34)
n n

ng 0 e

In this case, the main axes remain

1 1
— = (= E. ), 5.35
ng (n%”” ) 539
1 1

With ri3E. < 1/n? and r33E., < 1/n? we obtain the following refractive
indices along the main axes

p %) 1 2 )
ng = =ng|1—=risnjk, |, 5.360
! \/1-|-7“13n(2)Ez 0( 2 1070 ( )
e 1
n’e = e = Ne (1 — —ngngEz) .
\/1 + ngngEz 2
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With these expressions, we obtain for the differential phase shift between or-
dinary and extraordinary wave

2m L
Ap == (0l —nj) (5.37)
Ao

2 L 1
A¢ = ki ne —ng + = (rssn, — rizn) B, | . (5.38)

Ao 2

The half-wave voltage is then
Aod

V, = (5.39)

L (7“3372,2 — 7”13?7,3) .
With the values d = 5 mm, L = 10 mm, r33n? — rizng = 224 pm/V at a
wavelength of A\ = 530 nm, we obtain a half-wave voltage V, = 1183 V.
Despite the fact that this arrangement shows a lower half-wave voltage than
the previous one evaluated by Eq. (5.33), it has a decisive disadvantage. The
wave does not propagate along the optical axis, and therefore the crystal acts

already as a waveplate even without an applied voltage. The field-independent
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Birefringence compensation

phase shift A¢py = % (ne — ng) depends on temperature, which leads to a
temperature-dependent bias. This problem can be mitigated by using two
crossed crystals in sequence (o- and e- waves are exchanged in the second
crystal, see Fig. 5.6), which cancels the field-independent bias. To avoid
cancelation of the field-dependent effect, the field in the second crystal must

be poled in reverse.

NG

7 AN
— y | — /1', T

ST V

Figure 5.6: Transversal electro-optic modulator using two LiNbOj3 crystals rotated

by 90° to compensate the field-independent birefringence.
29



5.2 Electro-optic amplitude modulator

How is phase retardation converted into a amplitude modulation?

0 direction V(t)

T 7
HOT(
7///////{»

input polarizer wave plate LiNbO3 output polarizer

Figure 5.7: Transversal electro-optic amplitude modulator from LiNbOs5.
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Here, A¢y p is the phase retardation due to the field-independent birefrin-
gence or due to an additional wave plate as SHown in Fig. 5.7, and a 1S & Co-

efficient describing the relationship between field-dependent phase retardation
and applied voltage. Usually we use 5 = 45° to achieve 100 % transmission

[ out
I n

= £ {1~ cos[Agwp +aV ()]} (5.43)
= % {1 — cos Apwpcos[aV (t)] + sin Apwpsin[aV (2)]} .

There are various applications for modulators. If the transmission through
the modulator should be linearly dependent on the applied voltage, we use a
bias A¢wp = 7/2 and obtain for aV < 1 (see also Fig. 5.8)

Iout 1
= — 11 V(t)|. 5.44
7= S+ aV (1) (5.44)
For a sinusoidal voltage
V (t) = Vo sinw,,t (5.45)
and constant input intensity, we obtain a sinusoidally varying output intensity
IOU 1 .
T = 5 (1+ aVysinw,,t). (5.46)

The constant a can easily be replaced by the half-wave voltage V.

T QWLngrgg
— — 5.47
¢ V. Aod ( )
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1,0 e e —

0 /2 T 3n/2 27
retardation A¢p —

Figure 5.8: Transmission characteristic of the modulator shown in Fig. 5.7 as a
function of phase retardation.

where we used Eq. (5.33). With A¢wp = 0, the relationship between output
intensity and applied voltage is

1. 1
L= 21— cos(aV (1))], (5.48)
L, 2
and, for small voltages aV (t), we obtain a quadratic dependence
Iout 1 27 72
= — t). 4
T 19 VE(t) (5.49)
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5.3 Electro-optic phase modulator

If the wave plate and polarizers in Fig. 5.7 are removed and only the ordinary
or extraordinary wave is excited, then the electric field after the crystal is

Ey (t) = Egcos [wt + ¢ (t)], (5.50)
with ;
o) =22V (1), (5.51)

With a sinusoidal voltage and from Eq. (5.45), we obtain
E? (t) = FEycos(wt+ msinwp,t) (5.52)

= Ej[coswt cos (msinw,,t) — sinwt sin (m sin w,,t)],

with modulation depth m

3
m = (mom) V. (5.53)
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With the generating functions for the Bessel functions

cos (msinwy,t) = ) + 2 Z Jor, (m) cos (2kwpt) ,

sin (msinwpt) =2  Joper (m) sin [(2k + 1) wpet]
k=0

and the addition theorem

2sin Asin B = cos (A — B) —cos (A+ B),

2cos Acos B =cos(A— B)+cos(A+ B),

the spectrum of the output field is

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)



The spectrum consists of sidebands at multiples of the modulation fre-

quency w,,. An example is shown in Fig. 5.9.

sideband amplitude —

®-30p

used in Pound-Drever-Hall

0+20, o+3op

equency —=

Figure 5.9: Phase-modulated spectrum with a modulation depth of m = 1.
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5.4 Microwave modulator

High-speed or microwave signals are typically supplied by strip-lines or copla-
nar lines, see Eq. 5.10. For efficient modulation, the index modulation must
copropagate in phase with the optical signal (group velocity, however, here we
neglect dispersion, thus group velocity is equal to phase velocity).

coplanar strip electrode terminating resistor

A
7

<<//4%
waveguid

Figure 5.10: Electro-optic traveling wave modulator.

electro-optic
substrate

Let’s assume the microwave signal

V(z,t) = Vjcos (wmt _ Emlm z) : (5.59)
Co

with phase velocity



If we consider the time slot of the optical wave that enters the crystal at
t = 0, and copropagate with that time slot in the signal in the waveguide with
effective index n, this time slot will experience the applied voltage

V (2) = Vj cos [% (n — nm)] (5.61)

Co

at time t = zn/cy. The refractive index change experienced along the waveguide
1S

An(z) =aV (2), (5.62)
and the total integral phase change from input to output is
0
A
Ap = / win(z) . (5.63)
0 €o
Vow [* m
_ ¢ OM/ COS [w z (n—nm)] dz,
Co Jo Co
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or

A¢ =

W E:@a‘_/() ) S [w—M (n - nm)] - (5.64)

Co
As shown by Eq. (5.64), the phase modulation is the largest for arg=7, i.e.,

wnl(n—nmy,) 7w

— 5; and w,, = w,. (565)

Co

which determines the optimum length of the modulator. For LiNbOj3, with
Ny = 4.2, n = 2.146 and ¢ = 10 mm, the maximum usable frequency is
w, = 22.9 GHz. The electric field acts on the waveguide as shown in Fig. 5.11.
The waveguide can be fabricated, for example, by indiffusion of titanium. A
buffer layer of Al,O3 or SiOs protects the optical field to interact with the
metal electrodes to avoid losses. Typical data for a modulator are: waveguide
width 7 pm, thickness of the buffer layer 260 nm, and thickness of the Cr/Au-
electrodes is 3 um. The index difference between core and cladding is about
0.01-0.02. Typical waveguide losses are 1 dB/cm at A = 633 nm or 0.3 dB/cm
for 1320 nm. The electro-optic tensor for LiNbOj3 is

0 =34 8.6
( 0

3.4 8.6
|l o 0 308 e
r = 0 0% 0 x 107"mV™". (5.66)

280 0
\ 34 0 0 )
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Figure 5.11: Geometry of a LiNbO3 waveguide modulator: a) z-cut, TM mode b)

x-cut, TE mode.

40



